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READER, 



T//^f' A/r. Mac-Laurin had^ matty 
Tears ago^ inten4ei to puhli/b a Trea* 
iifc M ibis SubfeSf^ appears from a Letter^ 
dated April 19, 1729* to his honoured Friend 
Martin Folkes, £/^i ww Prefident of the 
Royal Society ♦. And we find^ in one of bis 
Manufcrspts^ the Plan ofYuch a fTorkj agree* 
i^i* almoft in every Articie^ with fbe Qontents 
of this Volume. 

Had the celebrated Author fived to publijb 
bis own fForhy bis Name would^ alone^ have 
keen fufficimt to recommend it to the Notice of 
the Publick : But thai Tajt havings fy his 
lamented premature Deaths devolved to the Gen* 
tlomen whom be left entrufied with his Papers^ 
she Reader may reafonably expeS fome Account 
i?f the Materials of xvbicb it confi^s^ and of 
the Care that bos been taken in cotteBif^ and 

A 3 difpojttig 

^ Pba. TnmC 408, 
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difpojtng fbem^ fo as beft t0 anfwer the Atab9r^M 
Jnumion^ and fill up the Plan bi bad de^md^ 

He feenu^ in cnnp^fing ibis Treatife^ to bave 
bad tbefi three Oifeffj in view. 

I , Tv give tffe general Principles and Rules 
ef tbe'Science^ in tbe Jhortejl^ and^ at tbe fame 
timey tbe mefi elear and cemprebenjhe Man* 
ner tbat wa$ fcjfible. Agreeable to tbis^ tbough 
eivery Rule is properly exemplified^ yet be does 
not launch out into what we may catt^ a Tauto- 
logy of Examples. He rejeSs feme Applica- 
ttons of Algebra, tbat are commonly to he met 
witb in otber Writers \ becaufe tbe NustAer of 
fuch Applications is endlefs :' And^ bowever ufi" 
fill tbey may be in PraSice^ tbey cannot^ b^ 
tbe Rules if good Method, bave place in an 
Elementary Treatife. He has likewife omit-^ 
ted tbe 'Afgebraieal Solution of particular Geo- 
metrical Problems^ as requiring tbe Know^ 
ledge of tbe Elements of Geonietry 5 from 
fvbicb tbofe of Algebra ougbt to be kept, as 
tbey really are^ entirely difiinff % riferving ta 
bimfelf to treat of the mutual Relation of tbe 
two Sciences in bis Third Part, and^ more ge- 
nerally ftill^ in tbe Appendix, Ho migbt tbink 
too^ tbat fucb an Amplication was tbe left ne^ 
eeffnry^ tbat Sir Isaac NewtonV excellent 
ColleBion of Examples is in every body^s Hands j 
Md tbat tbero are few Matbematical Wri^ 

terf^ 
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i^i^ jffb^ 4$ ^f furmfi tmmters p/ the fame 
Kind. 

2. Sir Isaac NewtomV RuleSy in his 
Aricbmctica Univcrlalis, concerning $he K:fo^ 
luiion of tbc higher Equations^ and the ^jf.t-- 
iions of their Roots^ heing^ for the mcjl prrtj 
delivered without of^Demonfiration^ Mr. Mac- 
Lattrin bad dejignedy that his Ircatife fiiuU 
fproe as a Commentarj to that ff^c'rL For 
we here find all thofi difficult Paffages in S^r 
Is A AC 'j Book^ which have fo long perplexed 
the Students of Algebra^ clearly explained and 
demonfirated. How much fuch a Commentary 
was wantedj we may learn from the IVords of 
m late eminent Author *• ^^ The abkft Mathe- 
^^ maticians of the lad: Age ((ays he) di4 
^* not difdain to write Notes on the Geo* 
«^ mecry of Dzs Cartes; and furely Sir 
** Isaac Nbwton'j Arithmetic no Icfs de* 
^^ ferves that Honour, To excite fome one 
«* of the mai^ ..Ikilful Hands that our Tinges 
** afford .to undertake this Work, and to 
«' flicw the Ncccfljty^ of it, I give this Spe^ 
** cimen^ in an Explication of two Paflagcs f 
^^ of the Arithmetica Univerfalis ; which, 

A 4 ** however, 

* *$Gfavi/kfide in Pmfiit. ad Specimea Commenri im 
Aiitbm. UiuTerf. . 

f Fm- The finding .of DM/ars, and the Evoladon o{ 
BiM§mal Smds. 8ce ) 59---7a.. Part II. $ la;. Part I. 
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. \* however, are iwt the inoft difficult in llui^ 
V BDok:** 

fVhaS fbi$ horned Profejfqrfo eamejff wiflmd 
for J ^e at lafi fie ' executed ; nht fiparatelf^ 
nor in the kofi difiigreeMe Form which fiub 

. Commeniariei generally take^ lut in a Man^ 
ner equally natural and convenient \ every De^ 
monfiration being aptly in fir ted into the Body 
cj the H^crk\ as a neceffaiy and infiparable 
Member •, an Advantage vohichy voiih fime 
others^ obvious enough to an attentive Rea^ 
der^ will^ *tis boped^ diftinguijb this Per/or- 
mance fr^m every other ^ of the Kind, that bos 
hitherto appeared. 

^ 3. After having fuUy explained the Nature 
of Equations^ and the 'Methods of finding their 
Roots, either in finite Exprtffions^ ivhen it taie 
be donje^ or in ifffinife converging Series ^ // 
remained only to confider the Relation of Equa- 
tions involving tuo variable ^antities^ and of 
Geometrical Lines to each other ) the JOoSrine 
of /i^ Loci-, and the Conftruftion ^^ Equa* 
tions. Tbefi make the Subjeti of the l^bird 
Part. 

Vpcn this Plan Mr. Mac-Laurin compo- 

fed ^ a -Syjiem of Algebra, foon after his. beytg 

chcftn Trcfeffor of Mathematics in the Vniveir^ 

jSty of Edinburgh ; which he^ thenceforth^ made 
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if^ ff in his ^Jinary Courjk 9f LttHhru^ Mi 
was occqfionalfy impravif^ to the PitfiBi^n hi 
htetided is Jbtmld have, iefhre he tmimiiied H 
to the Prefs. And the hefi Cepies cf his Ma* 
nufitipt b^ng keen tranfmitted to the PtA^ 
fifier^ it was eajy^ iy comparing them^ to e/ta^ 
Uijb a correS and genuine Text. There wtre^ 
%efides^ feveral detached Papers^ feme of which 
were quite 'Jinijbed^ and wanted onhf to be in-^ 
jferted in their proper Places. In a few others^ 
the Demonjfrations were fo concifefy expreffeit 
and couched in Algebraical CharaSers^ thai it 
was necejfary to write them out at more Lengthy 
to make" them of a piece with the reft. And 
this is the only Liberty the Publijber has allowed 
himfelf to take ; excepting a few inconjiderable 
"Addiiions^ that feemed necejfary to render the 
Book more compleat within itfelf and to fave 
the Trouble of confuhing others who have writ* 
ten on the fame SubjeS\ 

The Rides concerning the Impoffiblc R6otft 
of Equations^ our Author bad very fully confi^ 
dered'y as appears from his Manufcript Papers : 
But as he had no where reduced atey thing ott 
that SttbjeS to a better Form^ than what was long 
ago publijbed in the Philofophical Tranfaftions, 
^- 394» ^^^ 408, we thought it beft to take 
the Sulfiance of Chap. 1 1 . Part IL from thence i 
efpecially as the latter of the fe Papers fumifbes et 
Dtmcnftratlon of the original RuUf wbicb frt' 
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CHAP I. 

jbefiftitioni and Ilbtftratiom* 



A 



§ K |4 L G £ B R A is a general Me- 

thod of Coiliputation by certain 
Signs and Siymbols which have 
been contrived for this Purpofe, 
and found convenient. It Iscalled an Ui^ i vs r* 
SAL Arithmetick^ and proceeds by Opefa^ 
tions and Rules fimilar Co thofe in Common A^ 
lithmetick^ founded upon the fame Principles^ 
This^ however, is no Argument againft its Ufe- 
fulncis or Evidence \ fince Arithmetick is not to 

B be 
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be the lefs valued that it is common, and is al- 
lowed to be one of the moft clear and evident 
of the Sciences^ But as a Number of Symbolsf 
are admitted into this Science, being neceffary 
for giving it that Ejttcnt and Generality whidi 
is its greateft Excellence 'i the Import of thofe 
Symbols is to be clearly ftatedy that no Obfcu-* 
rity or Error may arife from the frequent Ufe 
and Complication of them^ 

§2. In Geometry, Lines arc reprefented 
by a Line, Triangles by a Triangle, and other 
Figures by a Figure of the fame kind ; but, in 
Algebra, Quantities are reprefented by the 
Uxfit Leuers of the. Alphabet; and various Signi^ 
have been imagined for reprefcnting their Affec- 
tions, Relations, and Dependencies. In Geo- 
metry &he Reprefentations are oiorc Natural, in 
Algebra more Arbitrary: The former are likcr 
the firft Attempts towards the Expreflion of Ob- 
jects, which was by drawing their Refemblances > 
the latter correfpond more to the preient Ufe of 
languages and Writing. Thus the Evidence 
of Geometry is fometimes more fimple and ob- 
vious ; but the Ufe of Algebra more exten-' 
five, and often more ready t efpecially fince the 
mathematical Sciences have acquired fo vaft an 
Extent, and have been applied to fo many En- 

^iiies. 

§^3. In thofe Sciences, it is not barely Magni-^ 

tude bIi^ is the Objedb of Contemplation : buc 

there 
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there arc many AfFtdions and Properties of 
Quantities, and Operations to be performed upon 
them, that are necelTarily to be confidered. Iri 
eflimatirg the Ratio or Proportion of Quanti- 
ties, Magnitude only is confidered {Elem. 5. 
Def. 3.) But the Nature and Properties of Fi- 
gures depend on the Pofition of the Lines that 
bound them^ as well as on their Magnitude. Iri 
treating of Motion, the Direftion of Motion afl 
well as its Velocity ^ and the Diredion of Pow- 
ers that generate or deftroy Motion, ^ well as 
their Forces^ muft be regarded. In Optics^ 
the Pofition, Brightnefs and DiflinAnefs of 
Images ait of no \t& Importance than their Big^ 
nt{s ; and the like is to be faid of other Sci- 
toces^ It is neceffary therefore that other Sym« 
bols be admitted into Algebra befide the Letters 
aod Numbers whiclr reprefent the Magnitude of 
Quantities. 

44. The Relation of Equality is expreffed 
by the Sign = i thus to exprefs that the Quan- 
tity reprefehted by a is equal to that which is 
reprefented by l^i we write a z=i b. But if we 
would exprefs that a is greater than 3, we ^ritci 
AiLi^ and if we would exprefs Algebraically. 
that a is lefs than h^ wq write a^i. 

§5. QuANTiTYis whatismadeupof Parts^ 
or is capable of being greater or lefsj It is in- 
crtakdbj AddilioTii and diminiflied hy Subtract 
ti9n\ which arc therefore the two primary Ope- 

B 2 rations 
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rations that relate to (^antity. Hence it is, that 
any Quantity may be fuppofed to enter into Al- 
gebraic Computations two different ways which 
have contraryEfFefts; cither as an Increment or as 
a Decrement ; that is, as a Quantity to be addf d, 

or as a Quantity to be fubtrafted. The Sign + 
{plus) is the Mark of Addition^ and the Sign -^^ 

(minus) of SubtraSion. Thus the Quantity be- 
ing reprefented by j, -|- ^ imports that a is to be 
added, or reprefents an Increment 5 but — a 
imports that a is to be fubtra£ted and reprefents 
a Decrement. When fevcral fuch Quantities 
are joined, the Signs ferve tolbew which are to 
be added and which ^re to be fubtra^ed. Thus 
+ J + 3 denotes the Quantity that arifes when a 
and b are both confidered as Increments, and 
therefore cxpreffcs the Sum of a and b. But 
+ tf — b denotes tlie Quantity that arifes when 
from the Qtiantity a the Quantity b is fub- 
trafted ; and exprefles the Excefs of a above 
b. When a is greater than i, then a — ^ is 
itfelf an Increment ; when ^ = ^, then <j — ^ =oj 
and when a islefs than by then ^ -— ^ is itfelf a 
Decrement. 

§ 6. As Addition and Subtra^flion are oppo^ 
fite, or an Increment is oppofite to a Decre- 
ment, there is an analogous Oppolition between 
the Affecbions of Quantities that are confidered 
in the mathematical Sciences. As between Ex- 
cefs and DefciH: \ between the Value of Effefts 

or 
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or Money due To a Man and Money due By 
him ; a Line drawn towards the Right and a 
Line drawn to the Left ; Gravity and Levity ; 
Elevation above the Horizon and Depreflion 
below it. When two Quantities equal in re- 
fpc6t of Magnitude, but of thofe oppofice Kinds, 
are joined together, and conceived to take place 
in the fame Subjeft, they deftroy each othei s 
Effeft, and their Amount is Nothing. Thus 
100 /. due to a Man and 100 /. due by him ba^ 
lance each other, and in edimating his Stock 
may be both neglefted. Power b fuftained by 
an equal Power aAing on the fame Body with a 
contrary Dircdlion, and neither have EfFcdt. 
When two unequal Quantities of thofe oppofite 
Qualities arc joined in the fame Subjeft, the 
Greater pevails by their Difference. And 
when a greater Quantity i$ taken^from a lefler 
of the fame kind, the Remainder becomes of the 
oppofite kind. Thus if we add the Lines A B 
and B D to- 
gether, their J;— + + "^ 



f-^ — I 4 



Sum is ADi 

but if we arc q^~\ ^ B ^ D 
to fubtraft 
fi D from A B, then B C = B D is to be taken 
the contrary Way towards A, and the Remain^ 
der is A C ; which, when B D, or B.C exceeds 
A B, becomes a Line on the other fide of A. 
When two Powers or Forces are to be added 

B 3 together^ 
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together, their Sum afts upon the Body : But 
when wc arc to fubtraft one of them from fhc 
other, wc conceive that which is to be fubr 
traded to be a Power with an oppofitc Dir 
feftion, and if it be greater than the other, it 
yrWl prevail by the Difference, This Change of 
Quality hqwever only takes place where the 
Quantity is of fuch a Nature as to admit of fuch 
a Contrariety or Qppofition. We know no- 
thing analogous to it in Quantity abftraftly con- 
fidered ; and cannot fubtraft a greater Quantity 
of Matter from a leffer, or a greater Quantity 
of Light from a Icfler. And the Application 
of this Doftrine to any Art or Science is to be 
derived from the known l^rinciples of the 

Science. 

§ 7. A Quantity that is to be added is like- 

^ife called 2i€Pofiiive Quantity ; and a Quan- 
tity to be fubtrafted is faid to be Negative z 
They arc equally re^l, but oppofite to each o- 
ther, fo as to take away each other's EfFeft, in 
any Operation, when they are equal as to Quan- 
tity. Thus 3 — 3 =0, ^nd a — a= o. But 
tho* + ^ and — ^ are equal as to Quantity, wc 
do not fuppofe in Algebra th*at-|-<7 = — ^5^ 
brcaufe to infer Equality in this Science, they 
muil not only be equal as to Quantity, but of 
the Lme Quaiicy, that in every Operation the 
one may have the fame EfFeft as the other. 
A Decrement njay be equal to an Increment, 

but 
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but it has in all Operations a contrary EfTcfb ; 
a Motion downwards may be equal to a Mo- 
tion upwards, and the Deprcflion of a Star below 
the Horizon may be equal to the Elevation of ^ 
Star above it : But thofe Pofitions are oppofite, 
and the Diftance of the Stars is greater than 
if one of them was at the Horizon fo as to have 
no Elevatbn above it, or Depreflion below it. ' 
It is on account of this Contrariety that a Ne«> 
gative Quantity is faid to be lefs than Nothing, 
becaufe it is oppofite to the Politive, and di- 
miniihes it when joined to it, whereas the 
Addition of o has no EfFedl. But a Negative 
is to be confidered no lefs as a Real Quantity 
than the Pdfitivc. Quantities that have no Sign 
prefixed to them are underftood to be Pofitive. 

§ 8. The Number prefixed to a Letter is 
called the Numeral Coefficient^ and (hews how 
often the Quantity rcprefented by the Letter is 
to be taken. Thus 2 a imports that the Quan- 
tity rcprefented hy a is to be taken twice \ 3 a 
that it is to be taken thrice 5 and fo on. When 
no Number is prefixed. Unit is underftood to 
be the Coefficient Thus i is the Coefficient of 
a or of b. 

Quahtities are faid to be like of ftmiUr^ that 
are reprefented by the fame Letter or Letters 
equally repeated. Thus + 3 ^ and — 5 ^ are 
^j^e I but a and h^ or iS and j 4 are unlike. 

84 A 
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A Quanriey is faid to confift of as many 
' Iterms as there are Parts joiaed by the Signs 4* 
or — 5 thus a^h confifts of two Terms, and 
is called a 'Binomial ; a^b -^-c confifts of three 
Terms, and is called a Trincmial. Thefe arc 
called compound Quantities: hfimpU Quantity 
eonfifUofoocTerip only, as -4-^, or 4*^ ^, or 

The other Symbols and Definitions neceflary 
in Algebra fha}l be explained in their proper 
Places, 
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CHAP. II, 

Of A D D I T I O N. 



\ 9, g^ A S ^ I. To add Quantities that ar^ 
\_>( like atyl have like Signs. 

Rule, Add Ugether the Coefficients^ to tbeir Sum 
prefix ibe common Sign^ and fubjoin the common 
Leittr or Letter^. 

EXAMPLES, 

To +54 t© —6* to a+h 

. Add+4^ •dd — %b addj'^+5*' •* 



. -r 



Sum+9/1. Sum— 83 Sum4i»rf6^ 



Chajp. 2. ALGEBRA- 



To sa 

add 5^1 



4^ 

89C 



Sum Sa — I2X 

Cafe IL To add Quantities that are like l)ut 

have unlike Signs. 

Rule. SubtraSt the lejfer C^efficieni from the 
gr eatery prefix the Sign of the greater to the 
Remainder^ andfidjoin the common Letter or 
letters. 

EXAMPLES. 



To —4^1 
Add + 7 ^ 

Suro + 3 ^ 



4-5^—' 6 c 

2*+ 2 f 



To 

Add 



a + 6jp— 5>4-8 



2tf — 2 * 

2 H 4- z3 



SUOI — 4tf+2AfT— /+5' o.. o 

. This Rule is eafily deduced from the Nature 
of Fofitive and Nq^^ti^e Quantities^ 

If chece are more than two Quantities to be 
added togpether, firft add thr* Pofitive tog^her 
inf:Q one Sum, and then the Negative (by 
Cafe I.) Then add thefe two Sums together (by 
Cafe 11.) 

EX- 
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EXAMPLE. 

+ 10 ii 
— 12 ii 



Sum of the PoGtive . . • + 1 8 a 
Sum of the Negative . . — 19 ^ 



Sum of all 



a . 



Cafe III. To add Quantities that arc unlike. 

Rule. Set tbem all down one after another^ with 
their Signs and Coefficients prefaced. 

EXAMPLES. 



To +2 a 

Add + 3 * 

Sum 2 44' 3 ^ 

To 4<i + 4* + 3' 
Add— 4^ — 4^^ + 3 2! 



-|-3« 
— 4* 

3«— 4* 



Sum4« + 4*+3f — 4* — 4J' + 3?" 



CHAP, 
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CHAP. III. 

Of Subtraction. 

• 

1 10. /^ Encral Rule, Change the Signs of 

vjr the Quantity to be fuhtraHcd into 

tbeir contrary Signs j and then add itfo changed 

to the ^antity from which it was to he fub" 

traSed {iy the Rules of the laft Chapter :) the 

Sum arijing hy this jfddition is the Remainder. 

For, to fubtra£l any Quantity, either Pofitive 
or Negative, is the fame as to add the oppo« 

(ite Kind* 

EXAMPLES. 



From + 5 ^ 
Subtrad + i a 



5 tf — 7^ 

3^ + 4^ 



Remaind. ^a — 3 ^, or 2 ^ j 5 a — 1 1 h 

From 2tf— ^3:if + 5J^ — 6 
Subtract 6 a +4Af + 5J)' +4 

— Ml I H ill II I I 

Remaind. — 4^ — 7 x o— 10 

It is evident that to fubtraft or take away a 
Decrement is the fame as adding an equal In- 
crement. If we take away — b from /i — 3, 
(here remains a ; and if we add +b to a — b^ 
the Sum is likcwife a. In general, the Sub- 
traftion of a Negative Quantity is equivalent to 
adding its Pofitive Value, 
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CHAP. IV. 

OfMl/LTIPLICATION. 

411. ^ 'N Multiplication the General Rule 
J^ for the Signs is, ^That when the 
Signs of the FaBors are like (i. e. both +, 
or both — ,) tbe Sign of the ProJuS is + ; 
but when she Signs of the FaSors are unlike^ 
the Sign of the ProduS is — . 

Cafe I. When any pofitive Quantity, + if, is 
multiplied by any pofitive Number, 
4- n, the Meaning is. That + ^ is to 
be taken as many times as there are 
Units in n'f and the Produd is evi« 
dently n a, 

CafelL When — « is multiplied by », then 

— a is to be taken as often as there are 
Units in n^ and the Product muft be 

— If tf. 

Cafe III. Multiplication by a pofitive Number 
implies a repeated Addition : But Mul* 
tiplication by a Negative implies a re^ 
peated Subtra^ion. And when 4- a 
is to be multiplied by — », the Mean- 
ing is that +ais to be fubtraAed as 
often as there are Units in n : There- 
fore 



Chap. 4- A L O E B R A. tj 

fore the Produft is negative, bein^ 



Cafe IV. When — is is to be multiplied by -*- », 
then — a is to be fubtradled as often 
as there are Units inni but(b]r § lo.) 
to fubtraft — ^ is equivalent to adding 
+ tf, confequently the Product is 

The lid and IVth Cafes may be illuftrated in 
the following Manner. 

By the Definitions, + a r— a =r o; therefore, 
\i we multiply + a — ^ by ir, the ProduA mufl: 
vanifh or be o, becaufe thb Fa£lor a-^aiso. 
The firft Term of the Produ6k is +na (by 
Cafe I.) Thei*efore the fecond Term of the Pro- 
duct muft be — n a which deftroys + ^ ^ » ^ 
that the whole Produdl muft be -{^ n a^^na 
=: o. Therefore— a multiplied by + n gives 

In like manner, if we multiply + j — a by 
— », the firft Term of the Produft being — na^ 
the latter Term of the Produft muft bti+na^ 
becaufe the two together muft deftroy each o- 
ther, or their Amount be o, fince one of the Fac- 
tors (viz. a -r^a^ is o. Therefore — a multiplied 
by — n muft give + n a. 

In t^is ge/ieral Dodlrine the Multiplicator is 
always confidered as a Number. A Quantity 

of 
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of any kind may be multiplied by a Number : 
but a Pound is not to be multiplied by a Pound, 
or a Debt by a Debt, or a Line by a Line. We 
ihail afterwards confidcf the Analogy thet« id 
betwixt Reftanglcs in Geometry and a Produft 
of two Faftors. 

§ 12. If the Quantities to be multiplied are 

Jtmple Quantities, jmd ibe Sign of the Ftodu^ bjf 

ibe lafi Rule ; after it place the ProduS of the 

Coefficients^ and tben fet dawn all the Letters af^ 

ter one another as in &ne fTord. 



EXAMPLES. 



Mult. +a 
By +* 



-^2 a 
+ 4* 



6x 



Pfod;+tf^ — Sab 



Soapf 



Mult. 
By 



Sx 

4tf 



—-sac 



Prodrf +32tfX ^^igaabc 

§ 13, To tnu\up\y compound Quantities, you 
ftiuft multiply every Part dftbe Multiplicand by 
all tbe Parts of the Multiplier taken one after an- 
itber^ and tben colleSl all tbe PtoduSs into oni 
Sunt : Tbat Sumjball be tbe ProduSi required. 



EX^ 
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EXAMPLES. 

Mult, a + t 
By a ■{■ 6 



H 






bb 



2 a "^ 3 b 

■ i> I I I !■ 

f 8l/jtf— * 12 ai 
I + loab- 



iStb 



^•M 



Sum aa'\'iab'\'bb Saa-^zab — igbk 

Mult. 2tf— -4^ 
By 2a + J^.b 



I +8ah — i6bfi 



x + a 



\ 



XXX — axx 

+ axx — aax 



^^m 



■ut 



Sum 4,aa. .0 .-^i6ib xxx ^ .0. .^^aa 

Mule, aa + ab + bb 
By a — b 



Prod J 



aaa-^-aa b-^- a bb 

^-^-aab-^aib ^^ b b b 



Sum ii^za . . o... o.. — bbb 

% 14. Produfts that arife from the Multiple 
cation of two^r three, or more Quantities, as 
ab c^ are faid to be of two, three^ or more Bi- 
menfions 5 and thofc Quantities are called FaSlort 

or RchAs. 

It* ail ih2 Faftors are equal, then thefe Pro- 
duels are c/!ed 'Bowers \ ^ aa or aa a zre 

Power* 
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Powers of a. Powers arc exprefled fomctimes 
by placing above the Root to the Right-hand 
a Figure expreffing the Number of Fadors that 
produce them^ Thus, 

I ft -jPower of thcptf 
2d I Rooc^, andltf* 
3d i isi ihortlyJ4?^ 
4ch I exprefled | a^ 
5th J thus, l^a^ 

§ 15. Thefe Figures which exprefs the Num- 
ber of Fadors that produce Powers are called 
their Indices or Exponents ; thus 2 is the Index 
of tf *. And Powers of the fame Root are muUi- 
plied hy adding their Exponents 4 Thus a*^a* 
zzza'. a^xa^ zsz^a"^. a^xaz=xa^., 

§ 16. Sometimes it is ufefuf not adually 
to multiply compound Quantities, but to fet 
them down with the Sign of Multiplication (x) 
between them, drawing a Line over each of the 

compound Faftors. Thus a ^ i-xa^^ tcx^ 
preffes the Product of ^ + ^ multiplied by 



CHAP, 
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OfD 
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5 1 7. rri H E fame Rule for the Signs is to 
i be obfervcd in Divifion as in Muld- 
plication v that is^ If the Signs of the Dividend 
and Divifor are like^ the Sign of the ^otient muft 
bt ^ \ if they are unlike^ the Sign of ihe ^o^ 
Stent muft be — . This will be cafily deduced 
from the Rule in Multiplication^ if you conQder 
that the Quotient muft be fuciv a Quantity as 
multiplied by the Divifor Ihall give the Divi- 
dend. 

$i8. The General Rule in Divifion is, to 
place the Dividend above a fmall Une^ and the 
Divifor under it^ expunging any Letters that may 
he found in all the Quantities of the Dividend and 
Divifor^ and dividing the Coefficients of all the 
Terms by any common Meafure. Thus when you 
divide lOi^ ^ + iga chy 20a d^ expunging a 
out of all the Terms, and dividing all the Coef- 
ficients by 5, the Quotient is^—^i^iand 



4. a a) iai + 6ec f 



4^ + 3' 

x« * 

And 
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And 2^0 5^ic(^. 

§ 19. Powers of the fame Root are divided by 
fubtra^ing their Exponents as tb^ are multiplied 
by adding them. Thus if you- divide « * by ^ *f- 
the Quotient is j*-* or a^. And ^* divided 
by b^ gives b^-^ or b^ \ and a'' b^ divided by 
tf* ^' gives a^ b'^ for the Quocienc. 

^20. If the ^antity to be divided is com-- 
pounds (hen you muft range its Parts according to 
the Bimenjions of fome one of its Letters^ as in 
the following Example. In the Dividend «* + 
2 0^4-^*, they are ranged according to the 
Dimenfions of ^7, the Quantity a^ where a\% of 
two Dimenfions being placed firft, 2 a b where 
it is of one Dhnenfion next, and ^*, where tf is 
iK)f ar all, being placed laft. The Divifor mufl 
he ranged according to the Dimen/tons of the fame 
Letters ; f hen you are to divide the firft J'erm of 
(he Dividend by the firft Term of the Divifor and 
to fet down the ^otiertt^ whichy in this Example 
is a ; then multiply tbis^otient by the whole Di- 
vifor ^ andfubtraS the Product from the Dividend^ 
and the Remainder fhdll give a new Dividendy 
which in this Example tj a b + b * . 



# + ^) 
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ab + b* 

o. o • 

Divide tbefirft Term of this new Dividend by 
the firft Term of tBe Dlvifor andfet down th^ 
Slmtient ; {which in ibis Example is b) with its 
proper Sign. Then multipfy the whole Divifor by 
this Part of the ^tienty andfubtraH the Pro- 
dttS from the new Dividend i and if there is na 
Remainder^ the Divifion is Jinijhed : If there is a 
RefnaindeVy you are to proceed after the fame 
Manner till no Remainder is left ; or till it ap« 
pear that there will be always (bme Remain- 
der. 
Some Examples will illuftrate this Operation^ 



EXAMPLE 

a + b) a*-^b* (a-^b 
a^'hab 


I. 




^ab^b* 
-^ab — b^ 





o . o.. 

C 2 EX- 







EXAMPLE II. 

aaa - aab 



*iaab+yibb^^bb 
'laab^zabb 



abb-^bb 
abb^-bbb 

o • o • 



EX AMPLE IIL 

£aa — aai 



aab^^bb 



abb^^bbb 

9 . O . 



EX- 



EXAMPLE; W, 

3a— *6) Caaaa — 96 {zaa a [ Hi J< ]t 8tf-f»i6 



I2M4r^96 



2400 — ^48^ 



48^1 — 96 
48^^—96 



0.0. 

^. 2 ]« It often happens that the Operation 
may be coiitifiued nfidicui end, and thea you 
have an infnife Series for the Quati^ % and ly 
epmparing the firft three oK fofffX^syeu may 
Jbtd what Law the ^erms (^Javi t By tvbicb 
means^ without any more Dtvijh^tf JM may cm-- 
tinue the Quotient Of fax as y^fUafe. Thus, 
in dividing i by i — ^ 4, you find theQuodent 
to be I -^a^aar^aa a^aaaa-^&c. 
which Series can be continued as & as you 
pleafe by addmg the ^wcrs of a. 
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The Operation is thus : 



a 

^— a a 



+ aa 



^ aa a 

^aaaa^ ISf. 



^ftnother Example. 

■ \ 1 # I*'* 2*' I 2jr* m^ 



-**+ 






— ^tf /r — 


jf jp 




+ 


Z3fX 




+ 




. • 


• 


2*» 


"*■ 


• 


— if! — 






+ 


2jr* 
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In this laft Ejcampl^ tbe Signs are alcernateJy 
+ and — J the Coefficient is conftantly 2, after 
the firft two Terms, and the letters are ' the 
Powers of AT and ^ ; lb that the -Quotient may 
be continued as far as you pleafe without any 
moreDivifion. . ' 

But in Divifion, after you come to a Re- 
mainder o^one Term, as 2^ a^ in the laft Ex- 
ample, it is commonly fet down with the Di- 
, vifor under it, after the other Terms, and thefe 
together give the Quotient. Thus, the Quo- 
tient in the laft Example i$ foqnd to be 



2J«* 



a — Ap + *-7^. And ^ ^ •+• tfi divided by ^-^^ 
gives for the Quotient ^ 



2 il 



Notfj The Sign -4. placed between any two 
Quantities, exprelTes the Quotient of the former 

divided by the latter. Thus a + b -i- a — ;( 
is the QuQtient of tf + ^ divided by «—-;?, 
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CHAP VL 
Of Fractions. 

^ 2!2. T N the laft Chapter it was faid that the 

X X Quotient of any Quantity a divided by 

i is exprefled by placing a above a foiall Line 

and i under it^ thus, -j-. Thefe Quotients are 

alfo called FraUipns ; and the Dividend or Quan* 
tity placed above the Line is called (he^^iov^^ 
t(fr of the Fraftion, and the Divifor or Quah* 
tity placed under the Line is called the Denomi- 

^ nator. Thus — exprefles the Quotient of 2 

divided by 3 ; and 2 is the Numerator and 3 
the Denominator of the Fraction, 

§• 2 3- V^^^^ Numerator of a FraSion is ifual 
to the Denominator y then the FraSion is equal to 

Unify. Thus — and -j are equal to Unit. If 

the Numerator is greater than the Denominator^ 
then tie FraSion is greater than Unit. In both 
thefe Cafes, the Fraftion is called Improper. 
But if the Numerator is lefs than the Denominator^ 
tben the Fraffion is lefs than Unity and is called 

Proper. Thus — is an improper Fra^on; 

3 

but — and — are proper Fradlions. A Mixt 

Quantity 
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Quantity is tbat i^cl^eredf one Part is an JEi- 



ieger and the other a FraSum. As 3 -^ and 
5 ^, andii+ ^. 



3 



PHOBLEM L 



5. 24. Ti rfiirrip a MixT Quantity to an Im- 
1>&0PSR Fraction. 

Rule. M^fltiplji the Paft tbat is atf Integer ij 
the Denominator of tke pr^3fon0l P^rt\ and 
to the Produ^ ad4 tjbe I^ufitfrator ; ^nder their 
Sumphce the former Denoptinator. 
Thus 2 4 reduced to an impr^jper Frajflion 

gives V ; ^ + y = '. T>* s and a^^x ;4m 



a* ^ax tf * — ** 



X' ^ • 



PROBLEM II. 

§. 25. 7<? reduce an Improper BraUm tq a 
MixT Quantity. 

Rule. Divide tie Numerator of the FraSion ly 
the Denminatpr^^ atfd the ^ffj^f Jb^ll give 
the Integral Part ; the Remainder jet over the 
Denopiinqtarfiall be tkf St^SipMl Part. 

'Thus^ = 2'.i . ti±£ =^4.f!, 



eiit 
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2 X X 

PROBLEM III. 

§26. To reduce FraSiions of different Deno- 
minations to Fr anions of equal Value tbatfball 
have the fame Denomnator. 

Rule. Multiply each Numerator^ feparately 
taken^ into all the Denominators but its own^ 
and tke ProdnSls Jhall give the new Numera^ 
tors. Then multiply all the Denominators into 
one another J and the ProduSl fhall give the 
common Denominator. Thas 

The Fraftions -p ~^ "^ ^^^ refpeftively equal 

to thefc Fraftions ^ i^i ^^ which have the 

pctr b c a* be d 

fame Denominator bed. And the Fracftions 
T» T> T» are rclpeftively equal to thefe 

40 45 4S 
TTC* "5^5*9 7nr« 

PROBLEM IV. 

%4%'j. Tohx>\> and SvBTK ACT FraSions. 

Rule. Reduce them to a common Denominator, 
and add orfuhtrall the Numerators y the Sum 
or Difference fet over the common Denomina- 
tOTy is the Sum or Remainder required. Thus 
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T + T "*■ T •-* ^hdi • \ 



22 — I 5 



• 3 2 • 9 — 8 _ I 



5 ""^ 4 20 20 ? 

T 3 ~ ^ ^ 

P R O B L EM V. 

%^Z.To muiliply FraSians. 

Rule. MuUiply their Numerators one into an^ 
other to obtain iffe Numerator of the Produff ; 
and their Demfminators multiplied into one an- 
other Jb^ll give/be Peimninattnr of the ProduSt. 
Thus, 

S d Td% 3 5 ^ >S f 

. ^ T" — cd • 

If a mixt Quantity is to be multiplied, Qrft 
reduce it to the Form of a Fra&ion {hy Proh. i .) 
And if an Integer is to be multiplied by a Frac* 
tion, you may reduce it to the Form of a Frac- 
tion by placing Unit under \;. 

E^CAMPLES. 

P 3 4 3 4 »« • ^'3 « 
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PROBLEM V|. 
% zg. To divide Fra8i$tu. 

•A. 

Rule* MuUipfy the Numfrat^ of the Dividend 
hy the Denominator of the Divifor^ ibeir Fro- 
duafikiU give the Numerator of the Quotient. 
Then muUiphf the Denominator of the Dividend 
fy the Nmn&rator pf tke Divifor^ and their 
Prodsi8 fiall give the Denominator. 

5 3.O. Thcfe laft four Jlules arc cafily dcmon- 
ftrated from the Definition of a Fradion. 

1. It is obvious that the FraAions-j , -j-, -j^ 

are «fpeai»dy«)ual tof^ i*^ t^J, finceif 

you divide ad f hy b df^ the Quotfcnt will be 
the fame as of 4 divided by^'» and e ^/dividecl 
by J^/ gives the fame Quotient as c divided by 
d\ and ^^rfdivided hy fb d the fame Quo- 
tient as e divided by/. 

2. Fraftions reduced to the fame Denotpina- 
tqr art s^lded by adding their Numergtors and 

fub. 
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fidi^btflJB Ae common Denominator. I lay 
£. + ^ =£ 1+/. For call-^ =*, atad 

•i> =£ n, and it wiU bea s^Mh, eszHbi and 

is -J 4— y = ~T"» ^^^ ^^* ^°^^ ^^'^^ 
°*^» T — ' T = «— » = -7-. 

ils':£:r s andii/«)i=:0<', and«» s= j^* 

4. I fay -J divided by -j, or -^ , gi^es^^ j 
farm hsi Oy and mhd "ss ad\ ndss^c, and 
nkdsic^i therefoM ^4| = ^s that is, 

PROBLEM Vlt 
f3i4 fa fiffi tbt griOteft cmmM Meafitte of 
M$NMkr$i that is, the graateft Number that 
can dmdc them both wkboiit a Riemainder. 

Bule. Firft iH)ide the greater Number hy the 
kjfery and if there is no Remainder the iejfer 
Number is tbegreai^ ionwfon Divifor refuired. 
If there is a Rtnusinder^ divide your lafi Divi- 
for 
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fdr hy it » ' and thus proceed contimalfy druidiwg 
the laft Divifor by its Rsnudnder^ till there is 
no Remainder left, and then the laft Divifor is 
ibe great eft cdmmon Meafiite required. Thus, 
the greateft' common Mcafore of 45 and dj 
is 9 ; and the greateft- connndn Meafore of 
7.^6 and 48 is 16. 

45) 63 (* 48) 256 (5 

45 24b * 

18) 45 ii 16) 48 (3 

36^ 48 

9) 18 (^' 
f 8 



§32. Much afcef the fame Manner the grea^ 
eft common Mcafure of Algebraic Quantities is 
difcovercd ; only the Remainders that artfe in 
the Operation "are to be divided by their Jimple Di- 
vifofSy and the Quantities atedl'tOays to be ranged 
according to the Dimeii/ions of the fame Letter S, 

Thus to find the greaceft common Moafiire 
of tf» — ^* and tf * — lab^h* ^ 
_i») a* ^2ab + b^ {i 
a^ — 3* 



a 



ft 



zab^zb^ Rennainder» 



which 
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which divided by — 2 b is reduced to 



Therefore n •— ^ is the grelateft comaioft 

Meafure required. 

•» 
The Ground of this Operation it. That ahy 

Quantity that meafures the Diviibr and the Re- 
mainder (if there is any) nouft alio meafure the 
Dividend ; becatife the Dividend is equal to the 
Sum of the Divifbr multiplied into the Quotientf ^ 
and of the Remainder added together*. Thus 
in the laft Example, a — b meafures the Divi- 
{ova* — b^j and the Remainder -^2^^4-2^; 
it muft ttierefore likewife meafure their Sum 
a* — 2 ab + b*. You muft obferve in this 
Operation to make that the Dividend which has 
the higheft Pbwers of the Letter, according to 
which the Quantities are ranged. 

PROBLEM VIII. 
§33' ^^ nduci any FraSHtm to iis Icwtft 

xCTfHS* 

Rule. Find the greatejl common Meafure of the 

Numerator and Denominator ; Divide them by 

that common Meafure and place the Quotients 

in their room^ and you (bail have a FraSion 

eoii* 
• SiiCbap.XLY. 
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efwoak^ t0 thi given FrOSm expr^td in tit 
haft Terms. 

„ 3^ + S^ #*— ^* #+^ 

When Unit is die gieatcft common Meafure 
of tte Ndmbers and Quanticies, then the Frao 
tion Js aheady in its loweft Terms. Thus 

^— - cailnot be rediAced lower. 

Afl^, " NiiiBbim Whbib ^reatefl: commoir Mea- 
fUpa IS Utfit; att ffid to B^ Prime to one an^ 
othtr. 

§ 34. If it is required to reduce a giren Frac* 
tion to a Fra6lioil equal to it that fhall have a 
given Denominator, you muft multiply the Nu* 
merator by thgHih Denhfni^ator^ and dividi 
the l^oOiSl iy tbifmntrD^ominatdr^ tbi ^a* 
tientfet over the given Denominator is the Fraffion 

reared. Thus 4* being ^ven, and it beings 

requhtd to rdduce it to an equal Fra£Hon whofe 

Denomifiator' fliall be e ; fitid the Quotient of 

a c divided by b^ and it (hall be the Nuiherator 

of the Fra&ion required* 

• If 

4 
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If a Vulgar Fradion is to b^« induced to a 
Decimal (that is* a Fraftion whofc Denomina« 
tor is lo, or any of its Powers) annex asmany> 
Cypban as ycg pkd^ tb tbt Nimerntvt^ an£ 
then divide it by the Bemminator^ the ^eUent 
Jballgive a Decimaie^l to the Vulgar Fraffim 
propefed. Thus^ 

± ^.66666, 8cc. I i- = .6; 

3 5 

— =.2857142, &C 

§35. Thcfe Fraftions arc added and fub^ 
trafted like whole Numbers ; only Care moft 
be taken to fet Jmilar Places above one another^ 
as Units above Units, and Tenths ^bove Tenths, 
"^c. They are multiplied and divided as lotc-* 
ger Numbers ; only there mufi be as manf decimal 
Places in the ProduS as in both the Multiplicand 
^emd Multiplier ; and in the ^otient as many 
as there are in the Dividend more than in the 
Div^or. And in Divifion the Quotient niay 
be continued to any Degree of ExaAnefs you 
pleale, by adding Cyphers to the Dividend. 
The Ground of thefe Operations is ealily under- 
flood from the general Rules for adding, multi- 
plying, and dividing Fra£tioas. 
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CHAP. VII. 
Of the Involution of Quantities. 

$'5^*Tn H EProdufts arifing from the con- 
JL tinual Mukiplicacioa of the fame 
Quantity were called (in Chap. 4.) thie Powers 
of that Quantity. Thus a^ a*^ 4', 4^, &c* 
are the Powers of a ; and at^ a^ b"^^ a^ b^^ 
41^^^, &c, are the Powef s of if ^. In the lame 
Chapter, the Rule for the Multiplication of 
Powers of the &me Quantity is to ^' Add the 
Exponents and make their Sum the Exponent of 
the Produft." Thus a^ x a^ = «• ; and 
a^ b^ xtf * 3* = a^ b'. In CJbap. 5. you have 
the Rule for dividing Powers of the fame Quan- 
tity, which is, " To fubtraft the Exponents and 
make the Diflference the Exponent of the Quo- 



tient." 



tf.-'- 



Thus, ^ = a^-^ = a* ; and ^r-r- = 

^s^^b^^^ =ab*. 

§ 37. If you divide' a lejfer Power by a greater^ 
the E^cponent of the ^client muft^ by this Rulc^ 

bi Negative. Thus -^ =tf*-* = ii-». But 

^ '= -\ ; and hence -^ is exprcffcd aUb by 
ii* with a negative Exponent. -^ 
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It is alio obvious that — == ««-« =: «• r 

but ^ = I, and therefore a^ = i. After 

I «® 
the £uneManoer, -^ = — =r «•-« =:tf-» s 



it is 



— = -j = a*-*-* =i J-» ; -c-i— ' = 4<»"-t! 
arii-tj 5 fo that the Quantities ^^ i^— , —,' 

-^ -^, &c. may be expreffed thus, ^', «%* 

^-«^, tf-S ^^-S tf-^i &c. Thofe are calted 
the Negative Powers of ^ which have Negative 
Ea^neots v but they" are at die fame time Pojl'^' 

five Powers of — or tf -^ * • 

a 

* 

§ 3*. Negative Powers {as well as Pofitive) art 
muUiflied by adding^ and divided by fubtra&in^ 
their Exp(ments. Thus the Produdl of .<«-• (or 

-^ multiplied by tf-r (or JLJistf-*-* csu-^' 

(or i;) alfo tf-« %a^ =r ^ ^ ^ + 4 =- 4- • ( 

^•; j imd a^^ X 4' = tf ** = f. And; in gene- 
ral, aty pofitive Power of a multiplied by a nega- 
tive Power of ti of an equal Exponent gives Un i t 
for the Product -, for the Pofitive and Negative 
dcilroy each other, and the Produd gives tf**,* 
which is equal to Unit. 

2 Likewife^ 



or 



3^ JlXt9ikTii%.of P*rtl. 

a:d-* + S*a^. Butalfo, £^ x= ./^' ., 

*':aDy Quantity placed, in th« Denominator of a 
Fraftion may be tranfpofed to the Numerator^ 
i£tbe Siga-of it& £rponent be cfaahged.?' Tbus* 

§3:9. The Qoantity «" cxpreflcs- any Power 
of a in general ^ the Exponent (in) being unde** 

termined^ and ar^ exprefles ^ r or a negadve 

Power of ii of an equal Exponent : and «f*i( ar^ 
= 42*— • r= <i ® = I is their Produft. a" exprefies 

atty other Power of la 5 ^^ x o^ =? fl**+" is: the 
Ph)duft of the Pbwers d^ and <i% and V*** is 
their Quotient. 

§ 40* To raife any fimple Q^ndty to ita fe^ 
cond, third, or fourth Power, is to add its Ex- 
ponent twice, thrice, or four times to ic&If ; 
therefore the fecond Power of any Quantity is 
had by doubling its Exponent, and the third by 
trebling its Exponent ^ and^ in general, iit 
Power expreffed hj^mof attf ^mmity is bad by 
fnultipfying the Exponent by nr, as is-pbrious from 
the Muitiplication of Powers. Thus the fteond 

Power or Square of J isii*^=:4* 5 its third 

Power 
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Power * Cdb6 fe «9><*sfc4* » and the.3#'» 

Pbtwr 6f <f is d***** == /»*. Alfc, the Square 

of .«♦ is4i'><+=(»» i the Cube of a* is tf^^^^'a* *; 

«nd tH© «* Ik>wer of a* is >flf ^*. Tlie Square 
of^i < is a* if* c\ the Cdi)e is a* i* **> the 

. . . - • . 

m^ Power iT •/"^>r«% 

§ 41. Tbc raifing of Quantities toajvy Powej 
iS'CaUed invoiuti^\ aad M^mpU ^iuantity4s 
invghtd iy mtdiipfying Ai Expmnt iyfbtHffthe 
Timer requiredi as in thejJrcc'e^kig )Cxatt^le$. . 

The Coeffiiiint mufi tiifa U f^M^ /i^yi4v^ 
Power bf a CTtninual Mateplitation of itfelf -by 
itfelfy as^ftdn a^ Unit is contained in the Expo- 
nent of tfce Power jrcqqlred. . iThns the Cabe of 
3 tf i is 3 X 3 X 3 k d^ b^ 12: a;/ ^ * i**. 

As to the Signs^ When tie ^^uAnHty to h m- 
vohed isTofitlve^ * is oMtms $hai aS inFcnMrs 
mufi be Pofitive. And when iie^^aniify nie 
imwhed is Negative^ yet 'till Hi flowers whpfe 
Exponents are even Numbers mt^ be Pvjtii^e^ 
for any Number 6f Muldpiications ^f a J^^ga- 
dve, if the Number is even» gives & Polkivc i 
fincc — X -^-^ =s +1 thcff'fore — *x — x — r-x 
-^= + x + =:+t and ~*x— X — X--X 
— X-— s + x+x^-srH-. 
. The Power then only can be Negative when 
its Exponent is an odd Number, tho' the Qua- 
tky CO be involved be Negative* The Powers 
cir^a arc-^tf, +a*^ — tfS +tf% ^i»\ 
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iScc Th<^ whole Exponents art i, 4, 6, &c. 
are FofidTe^ but thofe who& Eyponencs are 
J* 3> 5» &C. are Negative. 

$42. The Involution of G9ffl^0iMif Quantities 
is a more difficult Operation. The Powers of 
>n7 Bitumial a-\-i arc found by a connnual 
Multiplication of it by itfelF, as follows. 

X X X X X 

o bbti >>»■> »n%, fakk ^„«ft 



I .1 



5«. 
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§ 43, If the Powers of a-^t arc required, 
they will be found the fame as the preceding, 
only the Terms in which the Exponent of^ is 
an odd Number will be found Negative i *• be- 
cauie an odd Number of Multiplications of a 
Negative produces a Negative/* Thus, the 
Cube of J — ^ b will be found to be ^ ' — 3 «* * 
+ 3 tf ^* — i' : Whicre the 2d and 4th Terms 
are negative, the £zp6nent of i being an odd 
Number in thefe Terms. In general, " The 
Terms of any Power oi a^-^b are pofitive and 
negative by turns.*' 

% 44. It is to be obfcrved. That " in the 

• 

firft Term of any Power of a =f: 3, the Quan- 
tity a has the Exponent of the Power required, 
that in the following Terms, the Exponents of 
a decreafe gradually by the fame Difference {viz. 
Unit) and that in the laft Terms it is never 
found. The Powers of b are in the contrary 
Order s it is not found in the firil Term, but its 
Exponent in the fccond Term is Unit, in the 3d 
Term its Exponent is 2 ; and thus its Expo- 
nent increafcs, till in the laft Term it becomes 
equal to the Exponent of the Power required.". 

As the Exponents of a thus decreafe, and at 
the fame rime thofe of b increafe, ** the Sum 

of their Exponents is always the fame, and 
is equal to the Exponent of the Power required." 
Thus in the 6th Power of j + ^, viz. /a* 4- 6 
^J ^-f. i^a^b'' H- 20 fl» ^»+ 15 tf***--!- 

P4 6« 
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a i^ +^% the Exponents of a itact& m 
this Order, 6, 5^ 4, 3, 3, i» o ; and thofe of # 
inerealein the cootrary Order, Ot i» 3^ 39 4^ 
5, 6. And the Sum of their Exponents in any 
Term is always 6. 

§ 45. To find the Coeffident of any Term, 
the Coefficient of the preceditg Term being 
known ; you are to *^ Divide the Coefficient of 
•the preceding Term by the Exponent of ^in the 
given Term, and to multiply the Quotient l>y 
the Exponent of u in the feme Term, increafed 
by Unit/* Thus to find the Coefficients of the 
Terms of the 6th Power of ^ •+• ^, you find the 
Terms are 

11% tf'*, a^ *% a^ >», tf* *♦, d*S »• ; 
' and you know the Coefficient of the fir&Termi^ 
Unit, therefore, according to the Rule, theCoef- 

ficientofthe2dTcrmwillbe — X5+i=:5i 
thatofthc3dTcrm will be— x4+iffs2X5=i5i 

thatofthe4thTe]:in will be— k34-i= 5x4^:20 1 

and thofe of the following will be 15, 5, !» 
agreeable to the preceding Table. 

} 46. Id general, if a 4* ^ is to be railed to 
any Power iw, the Terms, without their Co- 
efficients, will be, 6", 6*-^^, «*^^*, j*^3i>, 
^•-^3*, 4*^5^ % &c. continued till the Expo- 
nent of^ becomes ecjualto m. 

• The 



The Coefficients of cbe refpeftiin&Terms, ac- 
ecMrdmg to the laft flule, will be 

« -— . X 2, 01 X X X ^ X ' 

34 * 5 4 5 f 

&€. conrinued tindl y6u liave one Q)efficient 
mort than there are Units In m. 

It follows therefore by thefe laft Rules, that 



a4-^*=4*+»4"^*4-«»x~xfl»^**+ 

.« 3 ^ a ** 

X ^'^ X ^'^ X tf^*-4 i* -I-, &c. which is the 
3 4 

general Theorem for raifing a Quantity confift- 
ing of two Terms to any Power »• 

§47. If a Quantity confiding of threcj or 
more Terms is to be involved^ *^ you may di« 
ftinguiih it into two Parts^ confidering it as a Bi- 
nomial, and raile it to any Power by the pre- 
ceding Rules I and then bgr the fame Rules yc^u 
may fubftitute inftead of the Powers of thefe 
compound Par ts their Valu es/* Thus, 

2if4Tjc\ And 



«^-*4-f'='»*4-3'?'^4-3^**.H-*'4- 



] 
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In thf fe Examples, a + b +c^ is confidered 
as compofed of the compound Pare a-^i and 
the fimplc Pare c i and then the Powers of 
a + b are formed by the preceding Rules, and 

fiibftituted for ^ + ^'. and « + ^*. 



CHAP. vm. 

Of E V O L U T.I O N* 

% 48 •'TP H E Reverfe of Involudon, or the 
X refolving of Powers into their Roots, 
is called Evoluiion. The Roots of fingle Quan- 
tities are eafily extrafted by dividing their Expo^ 
nents by the Number thai denominates the Root rt^ 
quired. Thus, the fquare Root of « • is tf|. =: « ♦ ; 
and the fquarcRoot of ^ * b^ r* is a* i* c. The 
Cube Root of tf* b^ is ai bi zn a* b\ and the 
Cube Root of x^ y^ as"* is x^ y* z*. TKc 
Ground of this. Rule is obvious from the Rule 
for Involution. The Powers of any Root are 
foqnd by multiplying its Exponent by the Index 
that denominates the Power ; and therefore, 
when any Power is given, the Root muft be 
found by dividing the Exponent of the given 
Power by the Number that denominates the 
kind of Root that is required, 

f 49t 
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^49. It appears from what was fatd of Invo- 
ludon, that ** anf Power thai has a pojitwi 
Sign n^ay have eiAer a, pqfithe or negative Root^ 
if the Root is denominated by any even Number** 
Thus the fquare Root of -f ^ * may be -|-tf or 
— ay becaufe +^+^ of — ^^ — ^ &ves +4* for 
the Produft. 

But if a Power have a negative Sign, *^ fn 
Root of it denominated by an even Number can be 
e^jignedC* lince there is no Quantity that multi" 
plied into itfelf an even Number of Times cai\ 
give a negative Product- Thus the (quare Root 
of —-4* cannot be afiigned, and is what we call 
an ^^ imfoffbli or imaginary Quandty.'* 

But if the Root to be extracted is denomi- 
nated by an odd Number, tbenjball the Sign of 
the Root be the fame as the Sign of the given 
Number wbofe Root is required. Thus the Cube 
Root of — ^' is — tf, and the Cube Root of 
^a^h^ is — ^•^. 

% 50. If the Number that, denominates the 
Root required is a Divifor of the Exponent of 
the given Power, then ihail the Root.be only a 
<« lower Power of tbe fame Quantity** As the 
Cube Root of tf " * is tf ♦, the Number 3 that de- 
nominates the Qibe Root being a Divilbr 

of 12. 

But if the Number that denominates what 
ibrt of Root is required, is not a Divifor of the 
Exponent of the gtv<n I^wer, *< tben tbe Root 

required 
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r9fuii^£d Jhail bwoe a FroSUnfor i^.ExpqnMt.** 
Thud the fquare Root of a^ is /il \ the Cu6e 
Roo^ of tf ' is 04, and thefquare Root of a itfelf 

Thefe Powers that hare Fraftiooal Exponents 
are called ** imperff£f Powers or 5irr^£f j** and 
are otherwife exprefled by placing the -given 
Power within the radic^ Sign i/~, and placing 
aboTe the radical Sign the Nttmber that deno- 
inmates what kind of Root is required. Thos 



« 



Numbers the iquare Root of a is ezprtfied by 

*^, and the Cube Root of 4 by ^*^. 

§51. Thefe ioiperfeft Powers or Surds are 
<^ muUipHid and divided^ as other Powers, ^ 
adding and fubtraSing their ETfamnls.^* Thus, 

and^=<?i^r=at«tf\ 
•J * 

They are imf$lved lik^wiTe smd w^tved after 
the lame Mantler as peif^ Powers. Thus the 

Square of ai is a^^^z^a^ j the Cube of ai is 

a^^^^(^. ThefquarcRoot of tft is^'«*»tfT, 
the Cube Root of al is al. But we Ihali hsive 
Oceaficm to treat nn»:efuUy of Sunti herealiler. 

§ 52. The fijuaire Root of any ebmpoood 
Q^tity, as a^-^tab-^h^ is diiboreifd af * 

-tcr 



tcr this Manner. ^* Firft^i taki care Uiifpupt 

the i'fms a^ordifig fa the Dimenfions of the 

jf^4hi% (U I* liiv^^n ; then find the /quart 

Bofi' tftiefirfl Term a a, iobicb gives zfcr the 

firfi M^tr of the Ro$K Then fubtraH Us 

S(pian^ fr^mthe ^'^fofed-^ffaniiiy^ and divide ibe 

firft Term ef the Rep$ainder (2ab+b*) by tpe 

Double of thai Member^ viz. 2a, and the S^uo- 

tient b is tbe fecond ^4enAer of the Root. Add 

this fet^d- Member t(^$he Double eftbefitfi^ and 

multifbf their Sum (2a+b) by tbe fecond Mem- 

berb, and fubtraSl the Prpduff X^9b+\}^ from 
the forefaid Remainder (3ab+b*) and if no^ 

thing remains then the fquare Root is obtained \ 

and in this Example it. is found to be a 4- >. 

The Manner of the Opc^uion is thus. 



a* 



za^J^b ^lab^b^ 
y(b/2ab+b^ 



o . o 



But if there bad been a Remainder ^ you mu^ 
have divided it by the Double of the Stem of the 
two Parts already founds and the Quotient would 
bme given the third Member of tbe Rjfot. 

Thus if the Quantity prapofed bad* been 

4*4-a4A+*^^+**+i^+^*> afw proccjjdio&aa 
sbo^w you would have found the Remainder 
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2ac^%b€'\'€* ^ which divided by 2^+2* gives 
r to be annexed to a+b as the 3d Member of the 
Root. Then adding c to ia'\-2i and muldplj-' 
ing their Sum 2^4-2^4-^ by r, fubtraft the Ph>- 
duct zac-^-ibc+c^ from the forefaid Remainder » 
and fince nothing now remains, you conclude" 
that 4i-f ^+^ IS ^hc fquare Root required. 

The Operation is thus ; 
a* 

xihab -^b* 

2tf-f 2^+ir \ 2 tf ^+ 2^^+^ * 

^cJiac^lbc^c^ 



i^m^m 



O . O • o 

Another Example* 

XX 



— ijiJ— 



J^/—ax+iaa 

o • o • 

The fquare Root of any Number is fotind oUf 
after the fame Manner. If it is a Number un- 
der ioo> its neareft fquare Root is found by the* 
following Table 1 by which alfo its Cube Rooe 

if 

6 
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is found if it be under looo, and ics Biquadrace 
if it be under loooo. 



Tiie Root 


1 


2 


3 


4 
16 

64 
256 


62.: 


6 

36 

216 

1396 


7 

49 

•343 


8 
64 

512 


9 
81 

729 

6561 


Square 


1 
1 
1 


4 
8 

16 


J9 
81 


Cnbe . 


l>iqiuut. 


2401 


4096 



But if it is a Number above 100, then its 
fquare Root will confill of two or more Figures* 
which muft be found by different Operations by 
the following 

RULE, 

§ 53. Place a Point above the Number thai is 
in the Place of Units^ pafs the Place of TenSy and 
place again a Point over that of Hundreds^ and go 
an towards the left Hand placing a Point aver every 
2d Figure \ and by tbefe Points the Number will be 
diftinguifbed into as many Parts as there are Figures 
in the Root. Then find the fquare Root of tbefirft 
Part^ and it will give the fir fi Figure of the Root ; 
fubtraO its Square from that Party and annex the 
fecondPart of the given Number to ibe Remain- 
der. Then divide this new Number (negleHing 
its laft Figure) by the Double of tbefirft Figure of 
the Rooty annex the ^oticnt to that Double^ and 
multiply the Number thence arifing by the faid 
^otienty and if the Prcduul is lefs than your D/- 
videndy or equal to ity that ^jfotient Jhall be the 
fecand Figure of the Root. But if the ProduSt 
is greater than the Dividend, you muft take a lefs 

Number 
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tfunAerf^ the fecwd FigiAre 0/ $be Root than that 

Quotient. Much after the fame Manner may the 

cNiier Figpres of the Quotient be founds if there 

are more Points than two placed over the given 

Number. 
To find the fquare Root of 99856, I firft 

point it thuSy 998569 then I find the fquare 
Root of 9 to be 3, which tberefi>re is the firft 
Figure of the Root ; I fubtraft 9, the Square 
of 3, finom 9, and to the Remainder I annex 
the fecond Part 98, and I divide (negleding 
the laft Figure 8) by the I>ouble of 3, or 6, and 
I place ^e Quotient after 6, and then multiply 
61 by I, and fubcraA the Produft 61 from 98. 
Then to the Remainder (37) I annex the laft 
Part of the propofed Number (gS) and dividing^ 
3756 (negkfting the Jaft Figure 6) by tte- 
Double of 31, that is by 62, I place the Quo- 
tient after, and muldplybg 626 by. the Quo* 
tient6, I find the Product to be. 3756^ which 
fubtra£fced fi-om the Dividend and leaving no 
Remainder, the exaft Root muft be 316. 

EXAMPLES. 

99856 (316 

6i\98 

XI /QI 

626\3756 
X6/3756 

o 

«7 



7 
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*73«^4756 (5*34 
*5 *■ 



102\239 

X2/204 



1043^3547 
x3/3ia9 



10464 W» 856 
X4''4i856 



529 (23 



43)i2^ 
X3/129 



< I IIIM 



o. 



O • 



In general, to extrad any Root out of any 
given Quantity, " Firft rofige that ^antify ae- 
cording to the Dimen/ions of its Letters^ and ex^ 
traS the faid Root but of thtfirfi Term^ and that 
/ball -h the firft Member of thi Root rehired. 
Then raife *(bis Root to a Dimenfion lotoer hy Unit 
than the Number that denominates tbt Root re^ 
quired^ and multiply the Power that arifes by [that 
Number itfelf ; divide the fecond term of the 
given Quantity by the Pro^j and the ^otient 
Jball give the fecond Member of the Root re* 
quired.^* 

Thus to extrafl the Root of the 5th Power out 

of j»+54*H-ioa'^'-+-ioii**'-h5tf**4-*% 
I find that the Root of the 5th Power out of tf ^ 
gives tf, which I raife to the 4th Power, and 
mukiplying by 5, theProduft is 5^* 5 then di- 

E viding 
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qmed ; and if there be a«j Decimals annexed to 
the Number^ point them after the fame Maimer 
proceeding from the Place of Units towards the 
right Tthnd. By this means the Number will be 
divided intofo ma$^ Periods as there are Figures 
in the Root required. Then ensure which is the 
grtatefi Cube^ Biquadrate^ or ^ Powtr in the 
firfi Period^ and the Root of t has Power will give 
she frfi Figure of the Root required. SubiraS 
the greattfi Cube^ Biquadrate^ or gth Power from 
the frrft P^iodj and to the Remainder annex the 
firfi Figure of^your fecond Period^ which fhall give 
your Dividend. 

. Rai/i the fir Jl Figure alreadf founds a Power 
lejs iff Unit than th( Power whofe Root is/ot^ht^ 
that i^j to the id^ 3^, or ^th Power^ according 
as it is the Cube Root 9 the Root of the ^thj or the 
Root of the ^th Power that is required, andmuU 
tiply that Power by the Index of the Cube, 4th or 
^th Power ^ and divide the Dividend by this Pror 
duff, foflhill the ^otient be the fecond Figure of 
the Root required. 

Raife the Part already found of the Root, to 
the Power whofe Root is required^ and if that 
Power be found left than the two firji Periods of 
the given Number, the fecond Figure of the Root 
is right. But if it be found greater, you mujl di^ 
minifh the fecond Figure of the Root till that 
Power be foUnd equal to or lefs than thofe Periods 
'^f the given Number. SuhiraSl it, and to the Re- 
mainder 
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mainder amex the next Period -, and proceed till 
you have gone through the whole given Number ^ 
finding the 3d Figure ly means of the-twofirfty 
as you found thejetondly the firjl -, andt^ter- 
wards finding the 4th Figure {if there be a 4th 
Period) after the fane Manner from the three 
firfir "' 

Thus to find the Cube Root of 13824 j point 
it 13824 ; find the jgreateft Cube in i3». wz. g, 
whofe Cube Root 2 is the firft Figure of the 
Root required. Subtraft 8 fwm 1 3, and tothe 
Remainder 5 annex 8 the firft Figure of the fe- 
cond Period i divide 58 by triple the Square of 
2, wz. 12, and the Quotient is 4, which it the 
fecond Figure of the Root requited, Cnce the 
Qibe of 24 gives 13824, the Niimber propofed. 
After the lame Manner thfc Cube Root of 
13312053 is found to be 237. 

OPERATION. 

♦ • • - • 

1^824- (24- 

Sublr. .8=2x2x2 



3x4=12) 58 (4 

Subtisua 24x24x24=13824 



Reih. 



E3 



• • • v/ • • 



13 
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8 = 2X2)(X 

") 53 (4 or) 3 
Subtraft i2i67=23X23>ffl3 

3x23x23=1587)11450 (7 

.Subtraft 13312053=237x237x237 

* ' * 

Rem. . . ; o • • 

In cxCf'a6lirig of Roots, after yoji have gone 
through the Number propofed, if there is a 
Remainder, you may continue the Operation by 
adding Periods of Cyphers to that Remainder^ 
and find the true Root in Decimals to any De- 
gree of ExaAnefs. 



CHAP. IX. 

♦ 

Of P R O P O R T I O N, 

§ 58.TT 7 HEN Quantities of the fame Kind 
VV arc compared, it may be confi- 
dercd cither how much^thc one is greater than 
the other, and what is their Difference ; or, it 
may be conlidered how many times the one is 
contamed in the other, or, more generally, 

what 
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what Is their Quotient. The firft Relation of 
Quantities is expreflcd by ihtix Arithmetical Ra-' 
tie ; the fecond .by their Geometrical Ratio.^ 
That Term whole Ratio is enquired into is 
called the Antecedent^ and that with which it is 
compared is called the Confequent. 

§ 59- When of four Quantities the DifFerence* 
betwixt the Brft and (econd is equal to the Dif- 
ference betwixt the third and fourth, thofe 
Quantities arc called Arithmetical Proportionals ; 
as the Numbers 3, 7, 12, 16. And the Quan- 
tities a^ a+^j e^ e+t. But Quantities form a 
Series in Arithmetical Proportion, when tbey 
" increafe or decreafe iy the fame confiant Diffe^ 
rence^ As theie, a^ fl+^, a^ih^ ^+3^) tf+4^> 
&c. ^, X — h^ x—^zkj Sec. or the Numbers i, 
2, 3» 4» 5» &c. and 10, 7, 4, i, —2, —5,' ', 
— 8, &c. t 

§ 60. In four Quantities Arithmetically pro^ 
poriionaly ^^the Sum of the Extremes is equal to the 
Sum of the mean T^erms^* Thus, j, tf+*, e^ e+iy 
are Arithmetical Proportionals, and the Sum of 
the Extremes (a+e+b) is equal to the Sum of 
the mean Terms (tf+^+0* Hence, to find the 
fourth Quantity Arithmetically proportional to 
any three given Quantities 5 *' Add the fecoiid 
and third, and from their Sum fubtrad the firft 
Term, the Remainder {hall give the foiNrtli 
Arithmetical Proportional required." 

E4 §61. 
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461. In a Series of Aritluamictl Proportion 
nals ** tbtSnmof the firfi and Isft terms is eqad 
ta the Sum ifary two Terms equaJfy Mfians from 
the Extremes.** If the ikft Teritss are a^ a^K 
a+ziy ice. and the laft Term ^, the laft Term 
but one will be. a^— ^» the laft but two x^^tby 
the laft but three x-^^i, &c. So that the 6rft 
half of the Terms, having thofe that are equally 
diftant from the laft Term iet under them^ will 
ftand thus \ 

tf» «+*, fl+2*, «+3^^ «»+4*. ^j. 



^•■1 



^H^9^^ ^+^9 '+^» tf-H^ &c. 

And it is plain that if each Term be added to 
the Term above it, the Sum will be tf +^> c- 
qual to the Sum of the firft Term a and the laft 
Term 9c. From which it is plain, that ** the 
Sum of all the Terms of an Arithmetical Prifgref-^ 
fion is equal to the Sum of thefafi and lafl taken 
half as often as there are Terms^** that is, the 
Sum of an Arithmetical Progreflion is equal to 
the Sum of the firiR: and laft Terms multiplied 
by half the Number of Terms. Thus in the 
jpreceding Series, if » be the Number of Terms, 

tfie Sum of all the Terms will be d^^xx —. 

' ^€2. The common Difierence of the Terms 
being ^, and h not being found in the firft 
Term» it is plain that ^^ its Coefficient in any 

Term 
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Term Witt be equal to die Number of Terms 
chat precede that Term." Therefore id the 

laft Term x you muft hare ir-«ix^, fb that x 



muft be equal to j-f-»-^xxJ. And the Sum of 
all the Terms being a+xic — , // w7/ al/0 tt 

equal io — ^ , or io a-+» xn. Thus 

for Example, the Scries 14-2+3+4-4-5, &c. 
continued to a Hundred, muft be equal to 

aXioo+ioooo — too 

2— =5050- 

§ 63. If a Series have (o) nothing for its firft 
Term, then •• itsSumJball be equal to half the 
ProduS of the laft Term multiplied ly the Num- 
ber of Terms.** For then, a being =0, the 



Sum of the Terms, which is in general a+xx Y> 

will in this Cafe be — . From which it is evi- 

2 

dent^ that ^^ the Sum of any Number of Anth- 
medcal Proportionals begmning firom Nothing, 
is equal to half the Sum of as many Terms e* 
qoal to the greateft Term. Thus, 
0+1+2+3+4+5+6+7+8+9=: 

2 2 ^'^ 

§ 64. ** If of four Quantities the Quotient of 
the ftrft and fecond be equal to the Quotient of 
the tbird and fourth^ then thoie Quantities are 
iaid to be in Geometrical Proportion^* Such are 
the Numbers 2, 6, 4, iz \ and the Quantities 

4 *f 
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#, §ry h^ hr\ which are cxpnsflcd after this 
Manner; 

2 ! 6 :: 4 ; 12. 
a \ar \\ b \ hr. 

And you read them by faying. As 2 is to 6, £> 
154 to 12 ; or asa Is to ^, fo is ^ to hr. 

In four Quantities Geometrically proportional, 
•* the TroduEi of toe Extremes is equal to the Pro* 
ittH of the middle J^erme^ Thus, aytbrzuaryth . 
And, if it is required to find a fourth proportio- 
nal to any three given Quantities, *^ multiply the 
Jecond by the thirds and divide their ProduS by 
thefirft^ the Quotient Jball give the fourth Pro^ 
fortional required.** Thus, to find a fourth 
Proportional to a^ ar^ and ^, I multiply ar by 
hy and. divide the Produft arb by the firft 
Term « , the . Quotient br is the fourth Propor- 
tional required. 

5 65. In Calculations it fometimes requkes a 
Bttk Care to place the Terms in due Order ; 
fi)r which you may o6fervethe following Rule. 

** Firft fet down^the ^antity that is of the 
fame Kind with the Quantity fought^ then con. 
fider^ from the Nature of the ^mftion^ whether 
that which is given is greater or lefs than that 
winch is fought \ if it is greater^ then place the 
greateft of the other two ^antities on the left 
Hand i but if it is lefs^ place the leaft of the other 
two^antities on the left Handy and the other on 

the 
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ibe Rights Then (hall the Terms be in due 
Order ; and you are to proceed according to 
the Rule, multiplying the fecond by the th]rd9 
and dividing their Produd by the'firft. 

EXAMPLE. 

Tjf 30 Men do any Piece cffVarkin 12 Days^ 
bow many Menjhalldo it in 18 Doys? 

Becaufe it is a Number of Men that is fought, 
I firft fee down .30^ the Number of Men that is 
^ven: I eafily fee that the Number that is given 
is greater than the Number that is foug^tf 
theiefore I place 18 on. the left Hand, and 12 
on the Right ; and find a 4th Proportional to 

18, 30, 12, vtz. ^—^ — = 20. 

§ 66. When a Series of Quantities increafe 
by one common Multiplicator, or decreafe by 
one common Divifor, they are ,laid to be in 
•* Geometrical Proportion continued.** 

As, ^,4r, 4ir*, tfr', ar^^ar^y &c. or, 

a a a €L a o 
^» — , -*• ^* -I, — * * &C. 

The commmon Multiplier or Diinifor is called 
their *• common Ratio** 

In fuch a Scries, *' the Produ& of the Jirfi and 
lafi is always equal to the ProduH of the fecond 
and laft hut one^ or to the Produff of awf two 
^erms ejualfy remote from the Extremes. In the 
Scries a, ar^ ar*y ar*^ &c. if jr be the lafl: 

Term, 
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Term, dien (hall the four laft Terms of the Sc- 
ries bej^, ^, ^, ^.^ now 'tis plsun that axjfzn 

§ 67. " The Sum of a Serin of Geometrical 
Proportionals wanting tbefirfi Term^ is equal to 
the Sum of all hit the laft Term multiplied ly tb^ 
iommon Ratio** 

For ar+ar^+ar\ &c. +i4.^+2.4.jr= 

z:znca+ar+ar\ &c +^4-^+^+^^ 

Therefore ifs be the Sum of the Series, s — ^ 
will be equal to J^I^ ; that is, S'^a::^sr'-'^^ 
or Jr-nx=tyr— J, andj=2:^^.* 

$ 68. Since the Exponent of r is always in- 
cfeafing from the fecoiid Term» if the Nufi4)er 
of Terms be 9, in the lail Term its Exponent 
will be n — 1. Therefore ys»af*^* ; and 
jr=^f*"»+'=^ ; and j=(^;)=:"^^ 

So that having the firft Term of the Scries, the 
Number of the Terms, and the common Ratio, 
you may cafily find the Sum of all the Terms. 
If it is a decreafing Scries whofe Sum is to be 

found, ^ofy+^+^+^, Scc.+ar'+ar'' 
+4r-4-tf, and Ac Number of the Tcrmsbe Ifap* 
pofed infinite, then (haU a^ the laft Term be 

equal 

• fa the RuUt in the following Chaf. 
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equal to Nothing. For, becaufe », and cenfe* 

quently f*~* is infinite, a = -p^-^ =o. The Sum 
of fuch a Series is •^ ; whidi b a finite Sum, 



r — I 



tho* the Number of Terms be infinite. Thuf, 
andi-KH-^-K?r+Vr+, &c.3= ^-^ =4. 



CHAP. X. 

Of Equations that involve only 
one unknown Quantity. 

t 

§ 69. A N Equation is •* a Propojkion t§ertnig 
jlV the Equality (fiwo ^antities.'* It 
is exprefled moft commonly by fecting down the 
Quantities, and placing the Sign (tx) between 
them. 

An Equation gives the Value of a Quantity, 
when that Q^iantity is alone on one Side of the 
Equation : and that Value is known, if all thofe 
'that are on the other Side are knowi). Thus if 

I find that x = ^ — = 8, I have a known Va- 

lue of x* Thefe are the lad: Conclufions We ^re 
to feek in Queftions to be refoived ; and if there 
be only one unknown Quantity in a given Equa- 
tion, 
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tion, and ooly one Dimenfion of it, fuch a Va- 
lue may always be found by the following Rules. 

R U L E I. 

§ 70. •• Any S^uantity may be tranfpofid from 
ane Side of the Equation to the other ^ if you 
chap^e its Sign.** 

For to take away a Quantity from one Side^ 
and to place it with a contrary Sign on the o- 
ther Side, is to fubtra^b it from both Sides ; and 
it is certain, that ^^ when from equal Quantities 
you fubtrad the fame Quantity, the Remain- 
ders mull be equal/* 

By this Rule, when the known and unknown 
Quantities are mixed in an Equation, you may 
feparate them by bringing all the unknown to 
one Side, and the known to the other Side of 
the Equation \ as in the following Examples. 

Supppfe 5X-4-50=4X-h56 
byTranfpofit. s^ — ^4^=56—50, or, ;tf=6 
And if 2X-HJ =x+^ 

zx — X zzb^^a^ or^ xzzi — a. 

R U L E II. 

$71. ^^ Jny Entity hy which the unknown 
§^tity is multiplied may be taken away^ if 
you divide all the other ^antities on both Sides 
of the Ejuatkn fy it.'[ 

For 
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For chat is to divide both Sides of the Equa- 
tion by the lame Quantity, and when you divide 
equal Quantities by the fame Quantity, the 
Quotients muft be equal Thus, 

then x=> — 5 . 

a 

and if 3^+12=27 
by Rule j. 3x=27i*-i2=i5 
and by Rule 2d. x= V^^S 

alfo if ax+2ia:^^cc 
by R. I. ax:=:^cc^'^^a 

and by R. 2. x=^^2i. 



RULE III. 

J 72. If tbe unknown Quantity is £vided ly any 
^juintityy that Quantity may be tuktn away if 
you muUipfy all ibe oiber Members of tbe JEfW- 
turn by it:\ Thus, 

If f =*+5 
thenihall x=bb+si 

If Y + 4=10 
;» 4- 20=50 

aiid by R. I. x:s 50*^0^30 
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If 1£ +24=i2*+6 

by R. r. 72— l J=s:6^ — 4^, or, 54=i9t 
and by R. 2. ^x=^=2y. 

By this Rule aa Ecpiationr vrhereof any Part is 
a Fra6tion, may be reduced to an Equation that 
(hall be expreflM-b^ ifat^gers. If there are 
more FradiE)|}S than one in the ^Ten Equa- 
tion, you may, by mMdng them to a CQOunoQ 
Denominator, and then <nultiplying all the o- 
ther Terms by that Denominator, abridge the 
Calculation thus ; 



and b]r tha Rule 2»4-5y== 15x^—105 
and by R. I and 2. x=s'^*=:i5. 

RULE IV. 

' § 73* <* j^ ibaf Member hf the Equation that sm" 
vetoes the unknown ^antity be a Surd Root^ 
then the Eqttation is to be reduced to another 
that fiall htfrte from amy Surd^ by bringing 
that Member firft tofiand alone upon one Side 
of the Eq^ation^ and then taking away the 
Radical Sign from itj and raifing the other 
Side of tie Eq^uation to the Power denominated 
bytbeSurdr 

Thus 
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Thus if \/4JH-i6=ia 

4^+16=144 
and 4^= 144-^162:128 
and iV«'-J*=32 



If V«-H*— ^=i 
then V4w-f-^*=i+-r 

and x=: £±2£±il=i* 



then a*9c^^*x=a^ 

and ^i^ss 



RULE V. 

S 74- '^ "(i^ ^^^^ ^^^^ ^ ^^ Equatm that ioH^ 
tains the uxknawM ^antity be a tompleat 
Sjuare^ Cuhtj or other Powers then exfraS 
Ibefpiare Root^ Cuke Reot^ ^ the Root of 
that Power j from hath Sides of the Equation^ 
and thus the Equation /bail be reduced to one of 
a lower Degree/^ 

If ir*-l-6*+9=2o 
then ^+^BadaV?o 
and jifssfcVio— I 
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If. 


^^+ax+ - =** 




then X-+-— :±==bi 




and 


Ate:±*— -. 




If 

then 
and 


5f+7==t:n 

*= dbi I — 7=4 or — 


-i^. 



RULE VL 

§ jg. " /f Proportion may bi converted into an 
Equation ajferting the ProduH of the extreme 
Terms equal to tie ProduS of the mean Terms \ 
or any one of the Extremes equal to the Pro- 
duff of the Means divided iy the other Ex^ 
treme.^* 

Jf 12 — X : ~ :: 4 : I 

then 12 — x^siix .... 3x=i2 . . . and xs=4. 

Or if 20 — X : y : : 7 : 3 

then So^^^x^sijx • . . • ioxs=:6o . . . and Arss6. 

RULE VII. 

5 76. ^^ If amy Quantity be found on both Sides of 

the Equation with the fame Sign prefixty it may 

be taken away from both :** *• Jlfoy if all the 

Quantities in the Equation are multiplied or 

4 divided 



Chap. 10. ALGEBRA. "67 

divided iy the fimu Quantity y it maybefiruck 
out of tbm all** Thus 

If 3*+'fcaH-i . . . 3x=s« . . . and *= — , 

3 

If 3 J^+5^aA=8tfr . . . 3AfH-5fc=8ir and^ts -*— ^^ 

3 

If 2i 4. —=•«.. . 2*+8=i6and x=e4. 

3 3 

I 

RULE VIIL 
§77* '^ Infiead of aitf Quantity in an Equation 
you may fubjtitute another efual to it.'\ 

Thus if 3x4^2224 
and jr=9 

then 3X+9=r24 ...x=: ^^ ==5. 



If sy+guzzizo 
and j^=5;ir 

and x=i^:sz6. 



The further Improvenoents of this Rule (hall 
be taught in the following Chapter. 



Fa CHAP, 
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C H A P. XL 

Of the Solution of Queftions rfiat 
produce Simple Equations. 

Simple Equations are thofe " wherein the un- 
known Quantity is only of oneDinienfion:** 
In the Solution of which we are to obferve the 
following DireAions. 

DIRECTION I. 

§ 78. " After forming a diJUnSl Idea of the ^e- 
ftion propojedy the unknown l^antities are to 
he exprejfed by Letters^ and the Particulars to 
be tranjiated from the common Language into 
the Algebraic Manner of exprejjing tbem^ that 
is, intofuch Equations 4ufi>all exprefs the Re- 
lations or Properties that are given of fuch 
Siuantities.^* 

Thus, if the Sum of two Quantities muft be6o» 
that Condition is expreffed thiis, . . x-f^=r6o. 

If their DifFeref^ce muft be 24, that Condrtion 
gives 1 X — -^'=^4. 

If their Produdl muft be 1640, then . . xy=i640. 

m 

If their Quotient muft be 6, then . . . — c= 6. 

If their Proportion is as 3 to 2, then y :^ : : 3 : 21 
or 2x=2y > bccaulc the Produft of the Ex, 

crcmes 
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tMUcs is equal to the Produd of the mean 
Terms. 

. D I R E C T I O N II. 

§ 79. " After an Equation is formed^ if you 
have one unknown S^uaptity onfyy then^ by the 
Rules of the preceding Chap fevy bring it to ft and 
alone on one Sidd fo as to have pnly known 
^antities on the other Side:*^ thus you Jhall 
difcover its Value. 

EXAMPLE. 

A Perfon being ajked whai was his Age^ ttn- 
fwered that 4 of his Age multiplied by -^ ofJ^is 
Age gives a Product equal to his Age. Qu. fVbat 
was his Age f 

It appears from the Queftion, that if you call 
his Age Xy then (hall . . . — x — = ;tf 

that is . . . ^ =x 

and by Rule 3 . . . 3^* =48;* 
and by R, 7 • . . 33^=48 
whence by R. 2 • . . x=i6. 

DIRECTION III. 

§ 80. ^^If there are two unknown ^antitiesj then 
there muft be two Equations artfing from the 
Conditions of the ^eftion: Suppofe the ^an* 
titles X and y •, find a Value of x or y, from 

F 3 eacb 
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each of the Equations^ and then ty puiting 
tbife two Values equal to each other ^ there will 
arife a new Equation involving one unknown 
Sluantity \ which mufke reduced hy the Rules 
of the former Chapter.^* 

E X AM P LE I. 

Lit the Sum of two ^amities he $j and their 
Difference d. Let s and d be given^ and let it be 
required to find the Quantities themfelves. Sup, 
pofe them to be x and y^ then, by the Suppo* 
(icion, 

x^^s=d 

and d-^-yszs-^ 
2y:=zs — d 

and y=2i 

E X A M P L E II. 

Let it be required to find twif Numbers whofe 
Sum is s, and their Proportion as a to b. Let 
tb4 Number 4 be x and y, thenfbaU 

Suppof. 
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Suppof. } *+•''=' . 




at 



x=j — y 

21 — 
k "■ 

L ^' 
4»y 

EXAMPLE III. 

A Privateer running at the Rafe of lo Miles 
an Hour^ dif covers a Ship 1 8 Miles off making 
tfoy at the Rate of 8 Miles an Hour : It is if- 
manded bow many Miles the Ship can rim before 
fie be overtaken f 

Let the Number of Miles the Ship can run 
before fhe be overtaken be called x \ and the 
Number of Miles the Privateer muil run before 
(he come up vnth the Ship, be y ; then (hall 
(by Stipp.) . .7=:*-hi8 . . . and x:jp :: 8 : lo, 

whence \ox=iy . . . f^^ ' ' ^'^ *=9'— »8. 

Whence jh-i8s=^ and jP=9a . . «^^— 18 



72, 



To 
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To find the Time, fey, if 8 Mites give i 
Hour ; 72 MUes will give 9 Hours . . thus> 
8 : I :: 72: 9. 

EXAMPLE IV! 

Suppofe tbeDiftance hlween London and Edin- 
burgh to be 360 Miles J and that a Courier fets 
^ir/;^^m Edinburgh running at the Rate of 10 
Miles an Hour ; another fets out at the fame 
^iiHefrom London, and runs 8 Miles an Hour. 
It is required to know where they will meet ? 
Suppofe the Courier that fets out from Edin- 
hurgb runs* Miles, and the other j? Miles before 
they meet ; then (hall 



»>ysuppof.|:iH^7/f^ 



4 



^+jrs=36o 



4 

9y= 1440 

)ir= 3 60— y= 2 00. 



EXAMPLE V. 
^wo Perfons difcourfing of their Revenues^ fays 
A J if^ would yield him a Pofi be has of 25 1. a 

Tear^ 
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TeoTy their Revenues weuU bi e^ud': Says B, if 
A wcuidgive bim a Place he botds efzz L per 
Ann. the Revenue cfB wouid be dmMe tbeit ef 
A. Qu. their Revenues ? 

Let che Revenue of /f be called x» that of J* 
y\ then 



y=2X — ^44 — 22=2[X'-n66 

y=f6H-50=ii5* 
j=|C+50=:i66. 

EXAMPLE VL 

A OentUmanr diftribnting MoHtf among fame 
por Peopkj found he wanted los. to be able ta 
give 5 s. to each \ therefore be gives each 4 s. oufy^ 
apd finds that be has 5 s. Irft. Qu. 7be Number 
ef Shillings and poor People ? 

Catt the Number of the Poor x^ and tho 
Number of Shillings ;^ i then, 

by Supp. i 5*=;'-hio 



5Jfr— ip=4Jf+5_ 



*=I5 
7=4^^=65. 
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EXAMPLE VIL 
^wo Mercbsnis wen CoparUurs ; the Sum ef 
their Stock was 300 L One of their Stocks cm- 
tinued in Company 1 1 Months, but the other 
drew out bis Stock in 9 Months ; when they made 
up their Accounts they divided the Gain equally. 
Qu. What was each Marias Stock? Suppoie 
the Stock of the firft to be x^ and the Stock of 
the other to be jr ; then. 



*= 77=300-^ 

iijr4-9j=330O 

407=3300 

;^=ii^=i65 • • .^^300— J«i35. 

EXAMPLE VIIL 
. nere are two Numbers wbofe Sum is the 6tb 
part of their ProduS^ and the greater is to thi 
fejjer as 3 to 2. Qu. ff^hat are thefe Nembers f 
Call them ^ and j^ » then, 

' SuR).< * V ^ 6 ♦.;— 6 *" 2 

Lxiyii 3:1 i'2-y=3yy — iSy 

■■■ — 29y=3yy 

^ A 3x10 

jr— 6 

«r= ^ urtiencc ♦ . D I- 

z 
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DIRECTION IV. 

$ 8i. •' JVhen in one of the given Equations^ th^ 
unknown ^antity is of one Dimenfion^ and in 
the other of a higher Dimenjton ; you mi^ find 
a Val^e of the unknown ^antityfrom that '£- 
fuation where it is of one DimeTtJlonj and then 
raife that Value to the Power of the unknown 
^anitty in the other Equation j and by conr 
parity it^ fo involved^ with the Value you de* 
duce from that other Equation^ you fiaU ob^ 
tain an Equation that will have only one un^ 
known Quantity J and its Powers.^* 

That is» when you have two Equations of 
different Dimenfions, if you cannot reduce the 
higher to the fame Dimenfion with the lower, 
you mud raife the lower to the fame Dimen- 
fion with the higher. 

E X A M P L E IX. 

The Sum of two ^antitips^ and the Difference 
of their Squares^ being given, to find the Quan- 
tities. Suppofe them to be ^ and y^ their Sum 
/, and Difference of their Squares ^ Then, 

lx*-^*=d d^s^-^isy 

'■ • 2sy:^s* 

x^=s* — 2sy'+y* ^^ 21 

**=^+J% whence* and;^=i^ 

EX- 
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EXAMPLE X. 

« 

JLit thi Proportion ^f , two Numbers and the 
Sum of their Squares be given^ and let it be rt* 
quired to find the Numbers them/elves, Suppofe 
their Proportion to be the fame as that of a to b^ 
and let the Sum of their Squares be ^ ^ that ist 
let 

€x:y::a:b 



MP 



ft.» 



»s«z 



then ^= ^ 

and if*= ^ 
but x^zzc-^y* 
whence f— :y*= -^ 






EXAMPLE XI. 

« 

Let the Proportion of two Numbers be thai of 
1 to b, and the Difference of their Cubes be d. 
Qu. ifHsat are the Numbers ? Then, 

x:y 
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\ 


x:y::tt:k 
*_ y and 3c' 




but 


x*=:d-\ry* 


^ 
A A 


whence 


d-^y'^' 




and 




:iJ». 






- 


and 




• 



D I R E C T I O N v. 

$8«. ^^Jftberiofs thee unknouin $mifitUs^ 
' iker$f$u/H^tbne Equstions in ^frder tp d^jSTr 
mine tbm^ tyaimpi^rin^ which you may f inaU 
Cafes J find two Equations involving onfy twa 
"unknown ^antities vandtben^ by Dircft. ^d^ 
from the fe two you may deduce an Equation in^ 
volving only one unknown Quantity % which 
mtry be refolved by the Rules of the laft Chap* 



terr 



From 3 Equations involving any three un* 
known Quantities, x, y^ and 2, to dedtjce two 
Equations involving only two unknown Quan- 
dtics, yie following Rule will always fcrvc. 

RUI^E. 
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EXAMPLE XVr. 



»< 



• 



/7— ^4-Z=i 



■•val 



11+0+22=^+^ 






. ■ • * 

( S4. lit is obvious frooi the 3d and 5th Dh 
reftions, in what Manner yjou are to work if 
there are four, or more, unknown Quantities, 
and four, or more. Equations given. By com- 
paring the gjvcn Eqi|ii3p9^) you may always at 
kngth difcover an Equation, involving only one 
imknown Quantity \ which, if it is a fimple 
Equation, may always b^ reibly^ by the Rules 
of the lad: Chapter. We mof conclude then, 
that " When there are as many ficnple ' Equa- 
tions given as Quantities required, thefe Quan- 
tities may be difcovered by the Application of 
ihe preceding Rules/^ 



* * 



585. 
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$ 85. " If indeed there are more Quantities 
required than Equations gtyen, then the Que* 
ftion is not limited to determinate Quantities ; 
but is capable of an infinite Number of Solu- 
tions/* And, ^' If there are more Equations 
given than there are Quantities required, it may 
be impoflible to find the Quantities that will 
anfwer die Conditions of the Queftion ;" be- 
caufe fome of thefc Conditions may be incon* 
fiftent with others. 



■H 



. 



CHAP XIL 

Containing fome General Theorems 
for the exterminating unknown 
Quantities in given Equations. 

IN the following Tbeoremsj we call thofe Co- 
efficients of the " fame Order** that, are pre- 
fixtto the fame unknown Quantities in the dif- 
ferent Equations. Thus in Tbeor. 2d, tf, i, g^ 
are of the fame Order, being the Coefficients of 
X : alfo tj f, by are of the fame Order, being 
the Coefficients of;^ : and thofe 'are of the fame 
Order that afFedb no unknown Quantity. 

But thofe are called " Oppojlte** Coefficients 
^at are taken each from a different Equation, 

G and 
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and from a different Order of Coefficients : As, 

u, e^ and d^ hy in the firft Theorem ; and 

tf, e^ kj in the fecond i alfo, a, i&, /; and 
d^ h^ k^ &c. 

THEOREM I. 

§ 86. Suppofe that two Equations are givent 
involving two unknown Qtjantities, as» 

ldx+ey=zf 

thenfhall;^=^i 

Where the Numerator is the Difference of 
the Produfts of the oppofitc Coefficients in the 
Orders in which ^ is not found, and the Dc^ 
nominator is the Difference of the Produfts of 
the oppofite Coefiicicnts taken from the Orders 
chat involve the two unknown Quantities* - 

For, from the firit Equation, it is plain that 

aAf=r— ^ . • and x= ^^^ 
from the ad, dx=f--iy . . and x=<^ 
therefore ^'^z=:'^^^ ^Acd-^-^^af''-^ 

a • 

whence aey^-^ly^af—cd^ 

after the lame Manner, x= ^^^^^ 

EX- 
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T 

EXAMPLE L 
then y=r S2l!2=Ji<I22 - i22 - - i. 

men 7— 5x8_3X7 "19—519 
, 240 I t 

and «= -— = 12 --, 
19-19 

EXAMPLE IL 
t4x4-8j>s 90 

13*— 2Jf=l6o 



4X160—3x90 __ 640—270 __ 370 __ a 

y-" 4X— »— 3X« — —8—24 — — }» -' "•"»?' 

THEOREM IL 

t 

^ 87. Suppofe now that there are diree un* 
known Quantities and three Equations, diea 
call the unknown Quantioes x, y^ and z. 

Thus, 

dx'\'ef+fz=n 

Then fludlfc .^Ul^^y^^ > 

Where the Numerator confifts of all thedif* 
rent Products that can be made of three oppofite 
Poefficients taken from the Orders in which z is 
nyt found ; and the Denominator confifts of all 
the Produ&s that can be made of the three op« 

G 2 pofitc 
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pofice Coefficients taken from the Orders that 
involve the three unknown Quantities, For, 
from the laft« it appears, that 

an^af^^i^dc^ and that 

^ ae — ok > 

• ^ 2t:4=^2i2^ . therefore 

^ ah — gb • 

ae — db ^* nb^-gb • 



an — afz — dm-^-dczxab — gixan — afz-^-gbim — 
^^bdcz^ap — gm'^akz^gczxae^''^'di%ap''-'^kz 
^gbdm — gbdcz. 

Take gbdm^^gbdcz from both Sides, arid di- 
vide by «, fofliall 

an — dm — afz+dczxb-^gbn'{'gbfz:r: 
^ap'^m*^akz+gczxe — dip+dbkz. Trantr 
pofe and divide fo ihal) you find» 

"^ a^i^abf+dbc - dU +gb/^ec • ^ "^ "^ *'"" ^' 

.V and y are found after the fame Manner, and 
have the fame Denominator. Ex. gr. 

it/p--^aJ^ft'\^/^fn-^dep^gcf!'^gfm 
y^ aek-^ahf+dbc—Sk+gb/^gec * 

If any Term is wanting in any of the three 
given Equations, the Values of z and / will be 
found more fimple. Suppde, for Example, 
that /and k are equal to nothing, then the Term 
fz will vani(h in the fecond Equation, and./(z in 

:th^ third, and g= dbc-^-gtc % 

If 
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If four Equations arc given, involvirg four 
unknown Quantities, their Values may be found 
much after the fame Manner, by taking all the 
Produfb that can be made of four oppofite Co- 
efficients, and always prefixing contrary Signs to 
rhofc that involve the Produfts of two oppofite 
Coefficients. 

■ H ' I ^ I I. I ■ ■ ■■ y 

CHAP. XIII. 
Of Quadratic Eqjjations. 

J 88. T N the Sblution of any Queftion where 
X you have got an Equation that involves 
one unknown Quantity, but involves at the lame 
time the Square of that Quantity, ar-d the Pro- 
duct of it multiplied by fomc known Quantity, 
then you have what is called a ^adratic Equa^ 
tion ; which may be refolved by the following 

RULE. 

1 . « Tranfport all the Terms that involve the im- 
known ^antijy to one Side^ and tie known 
Terms to the otter Side of the Equation. 

2. If the Square of the unknown S^uantityis nmU 
tiplied hy any Coefficient^ you are to divide all 
tbi Terms iy that Coefficient^ that the Coeffi- 

G 3 ^/^' 
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iieni of the Square of ibe unknown Ramify 
may he Unit. 

3. jtdd to both Sides the Square of half the Coef^ 
jicient prefixed to the unknown ^antity itfelf^ 
and the Side of the Equation that involves the 
unknown ^antity will then be a compleat 
Square. 

'4. ExtraH the fquare ^ot from both Sides of the 
Equation \ which youwiU find, on one Side aU 
ways to be the Unknown Quantity with half the 
forefaid Coefficient fubjoined to it \ fo that by 
tranfpojing this half you may obtain the Value of 
th^ unknown ^^ntity ixpreffed in known 
Terms:* Thus, 

Suppofc y^-^-ay^b 

Add the Square of f to? .^^ a^ ^^^ ^ 
bothSidcs s . .3 ♦ 4 

Extraa the Root, jr+ — = db^JZH 
Tranfpofc^. ;^==:=fcVH - - -. 

% 89. The fquart Root of any Quantity, as 
+«, may be +tf, or — « 5 and hencc^ " All 
Quadratic Equations admit of two Solutions/' 
In the laft Example, after finding that jp*+iiy4- 

+ -J ^4* — , it may be inferred that 

; fince 
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_v^i^x-Vi+i^ gives *4* -, as wcU 
as+"^^+— K+^H^. There are there- 

4 4 

fore two Values of jr 1 the one gives y= 



2^ 



§ 90. Since the Squares of all Quantities are 
pQfitivCy it is plain that ^^ The fquare Root of a 
negative Quantity is imaginary, and cannot be 
afligned.*' Therefore there are fome Quadratic 
Equations that cannot have any Solution. For 
Example, fuppofe 

then jp *—^=-— 3a * 



a^ _ . . «* 



add-to both, ^*— #y+ ^ =— 3«*+ t 

4 4 4 



IM» 



extrad the Root, 



4 



2 



and y= — ds^— -^^ 



iitf* 



whence the two Values of jr muft be imaginary or 

impoffible, becaufe the Root of — —^ cannot 

poiTibly be afligned. 

But of this wc ihall treat more fully in the 
lid Part. 

G 4 Suppofe 
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Suppofe that the Quadratic Equation propofed 
to b€ refolved is y* — ey=b 

then jr*— ^+ — «34. — 

andjr«^dbV^+i!^ If the 

^uarc Root of 3+ ~ cannot be extradted cx- 

a£fly, you muft, in order to determine the Vahie 
of y^ nearly » approxinute to the Value of 

^^y by the Rules in Chap. 8. The fol- 

lowing Examples will illuftrate the Rule for 
Quadratic Equations. 

EXAMPLE I. 
^ofind that Number which if you multiply iyf 
the Produajhall be e^al u the Syuare of the' 
seme Number having 1 2 added to it. 
Call the Number jK, then 

tranfp. j^*— -Sjcs — 12 
Add the Sq. of 4, ^*— 8jr+id=— n-f-,^-^ 
extraft the R. y — ^4=±2 

tranlp. y^4f±z2:=6 or 2. 

EXAMPLE a 

to find a Number fuch that tfyou fiikraft it 
from 10, and multiply the Remainder bytheNum* 
beritfelf^ the ProduH fiall give 21. 
* -,. Oil 
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Call it> Then 

10— ^0Cy=:2I 

tranfp. j?*— iqy=:— 21 
add thcSq.of^,jF* — 1 07+2 5=:>— 21+25*34 

cxtraft, jr— .5=dbv^=d=l 
and ji=:5d=2=7 or 3, 

EXAMPLE IIL 
Tbe Sum of two ^uatitiiies is Zy their Prod^B 
b> Qu. What au the Entities ? 

x+yz=za . . and k^Of^ 



cx+yz=ia . . and x=a^ 
^^' J yy=^ . . . and xaa— 



therefore 4^--ys=— 

and tff-^*=i 
tranfp. jr*— Hijf= 



add f:..j,«-.eH-^ =-*+!: 

Ear. •, .y— j-=s =b V-^f! 

^ 

aad jrssi-fc. V— *+i! 



EXAMPLE IV. 
rbeSm of Hot Quantities is a, and the Sunt 
of tbtir Sfmtrts b. Qg. The Entities f 
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f x-^-yTzia . . and x^a-^y 

Invol. ^*=a*~2i^4-^* 
whence a*—*2ay^y*z^i^^* 
tranfp. ciy* — 2tfy=^— tf* 

and divide I jr*^-^= -Hf- 
Ext.i/, y^±=dzV^, andj.=:-^db 



t x(sia^y). 
4 ^^^ "^^ 2 • 4 

Or thus, y= ^^ ■ " - ■ ■, and x=z "'^^ " — 



E X A M P L E V. 

A Cofnpa^ dining together in an Inn^ find their 
Bill amounts to lyg Shillings i two of them were 
not allowed to pay^ and the refi found that their 
Shares amounted to lo s. a Man more than if all 
bad paid. Qu. How mafty were in Company ? 

Suppofe their Number x ; then if all had paid» 
each Man's Share would have been — : but 

M 

now the Share of each Perfon is -^ feeing 

x-~2 is the Number of thofe tha^c pay. It is 
therefore^ h^ the Que(lion» 



^75 
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and 1 75;^— 1 75*^*i50r: lox*— zot 
thatisy lew*— 2ox=350 

and X* — 2^=35 
add I . . X* — 2^-1-1=35+1=36 
cxtr. 1/7?;^— 1=!±6 

;^=i=t6=7, or, — 5. 

It is obvious that the pofidve Value 7 gives 
the Solution of the Queftion 1 the negative Va* 
lue -~5 beirig, in the prefent Cafe, uielefs. 

EXAMPLE VI. 
Itbere are three Numbers in continual Geeme^ 
irical Proportion ; the Sum of tbefirft andfecond 
is Ten J and the Difference of the 2d and^d is 24. 
Qu. The Numbers? 

Let the firfl be ^, and the fecond will be 
10 — x^ and the 3d, 34^-;^ i therefore, 

m 

U : 10— X ; :. 10— x: 34— »-* 
and 34X— iy*=ioo— 2ox-^^* 
tranlp. r 54^= ioo4-2x* 
and divide! at* — 2yxz=z — 50 
add VxV . . ;^* —27:^-1-^=^^^—50=^ 

and *=3 fZxii or ee i2z2i =25or2« 

So 
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So the three continued Propoitionak are 

2 : 8 : 3a 
or, 25: — 15: 9* 



^91. Any Equation of this Fonh y^ 
where the greateft Index of the unknown Quan- 
tity y is double to the Index of/ in the other 
Term, may be reduced to a Quadratic z^-^-^m 
s^, by putting/"=2, and confequentlyj**^^*- 
And this Quadratic refolved as above gtves 

And fcdng>*aBsZ3=— — =fc V^^f.— y=z 

* 4 

EXAMPLE!. 

^i Proiua of two Quantities Is a, and tbi 
Sum of tbtit Scares b. Qu. the ^antisies f 

^ 5 Ary=ii..or,xssi-andx*=s^ 

Supp. i ^ y f 



a* 



whence A-^*s= — 



mul.byy..ib*-^*=^^* 
tranfp. jp*« 



Put now>*s*z . . and confeq. '. . j^***^*, and 

It IS 
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add - . . 2*-*H-^ = Y 

4 44 



and 2B=-j-=fc ^ J— «* and. fcdngjfssv';, 

EXAMPLE U. 

' to find a Number from the Cube ^ which if 
joufubtra^ tg^aud multipfy thca Rm^inder iy 
that Cube, the Produffjball be' ii€,' 

Call the Number required x, and then, by the 
Queftion, 

*•— I9**=2i6 
Pot x'=z . . . *•««•, and it will be 

and •" . . 2— V-=fcV 
whence 2= ^2^ =27 or =a —8. 

but *=•«, wherefore ««+3 or —a- 



EX- 



9» 

So th: 



§5 
whei: 
thy ■ 
Tern 
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ties; and if no greater Quaatity meafure them 
both, it is calkd their grmtejl comimnMciiare. 

Thofc Quantities are faid to be commenfurablt 
which have any common Meafure } but if there 
can be no Quantity found that meafures them 
both, they are faid to be ineommenfurable t and 
and if any one Quantity be called Rational^ all 
others that hare any common Meafure with it> 
are alfo called Rational : But thofe that hare no 
common Meafure with 1^ are called Irraiimal 
Quantities. 

§93. If any two Quantities rf and ^hsTcnif 
common Meafure ;r, this Quantity x (hall alio 
meafure their Sum or Differmce a=pi. Let x 
be found in ii as many Times as Unit is found in 
flf, lb that asflur, and in ^, as many Times as 
Unit is found in »» io that j=wir t then fhall 
Kapb=sii»t^:m(T»m=ftnix\ fo that v fhall be found 
in tcf^, as often as Unit is found in m=^ : 
now fmce » and n are int^er Numbers, m=^ 
null be an integer Number or Unit, and there- 
fore X muft meafure fl=pi. 

% 94. It is alfo erident, that if x meafure any 
Number as d, it muft meafure any Multiple of 
that Number. If it be found in o as many 
Tiroes as Un ind in «, fb that astrntt 

then it will n any Multiple of a, as 

nd, as mar Unit is found in im j for 



Ma=}}inx^^ 



^95- 
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595* If two Qusndcies a and h are propofed, 
and b mcaiiire tf by the Units that are in i» 
(that is, be found in a as many Times as Unit 
18 found in tv) and there be a Remainder r, and 
if A^ be fuppoied to be a comtrion Meafure of« 
and h^ it fliall be alfb a Meafure of c. For by 
the Suppofition tfs)ff^4-^ ^^^e it contains h^ aa 
many Times as there are Units in m, and there 
is c beGdes of Remainder. Therefore ef-^mb^c. 
Now X is fi^^fed to meafiire a and b^ and 
therefore it meafures mb^ {Art. 94.} and confe- 
quendy a — mb {An. 93.) which is equal to c. 

If r meafure b by the Units in n^ and therfcbe 
a Remainder J^ lb that b=nc+dj and b-^nc=d^ 
then fhail x al(b meafure d \ becaufe it is fiip- 
pofed to meaiiire b^ and it has been proved that 
it meafiires r, and confequently irr, and b — nc 
(by Ari. 94.) which is equal to d. Whence, as 
after fubtra&ing by as often as poffible from a^ 
the Remainder c is meafured by x % and after 
iubtrafting c as often as poflTible from ^, the Re* 
mainder d^ is alfo meafured by x ; ib for the 
&me Reafon, if you fubtraA dy as often as pod 
fible from r, the Remainder (if there be any) 
muft flill be meafured by x : and if you proceed, 
ftiU fubtrafting every Remsunder from the pre- 
ceding Remainder, till you find ibme Remain* 
der which fubtrafted from the preceding leaves 
no further Remainder, but ezaftly meafurea lU 
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thjs laft R;emainder will ilili be meafured by x^ 
aqp cpminon Meafure of ^7 and ^, 

§ 9$. The laft of thefe Remainders, viz, thdt 
wl^eh ei^a^ly oifafures the preceding Remaia- 
def , mud be a common M^^fure of a and ^ i 
ftippoifs that ^ was this laft Rernaioder;^ and th^ 
it meafured ^ by (h« Units inr, thenihall c^=Tdi 
und we fliall have thefc Equation^ 

(smrd. 

Now it i3 plain that fince d meafures r, it 
inuft alfo meafure ^rr, and therefore mud mea<- 
furc jff +^, or ^. -And fince it meafures B and Ci 
it muft meafure mk+c, or a-, fo that it muft b^ 
9 cooiQion Meafure o{a and i'. But further, it 
muli: be their greaUfi coo^mdn Meafure ; fdf 
every coaunon Meafure of i^ and b mufl: meafur^ 
i, by the laft Article : and the greateft Numbe^ 
thfX meafures d, is itfelf, which therefore i$ thp 
gteateft common Meafure of a and ^« 

§9^. But if, by continually fi)btra6ling every 
Remainder from the preceding Ren>ainder, yo^ 
cap never fiod one that nKafures that which pre- 
cbdcs it, exadiy^ no Quantity can be foUnd 
tbffi will meafure both a and ^ ; amd thercifor^ 
th^ will htsMCQmmmfuraiU to each other. 

For if there s^as any commonM^afureof theib 
Q^titiiSi as ^i it would neceflarily meafure 

H all 
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all the Remainders r, dj &c. For it would 
meafure a-^mby or r, and confeqaently tn^^nc^ 
or d ; and fo on ; now chefc Remainders de- 
creafc in fuch a Manner, that they will necefla- 
rily become at length Icfs than x, or any aflign- 
able Qaantity. For c muft be lefi than 4^; be- 
catrfe c is leis than If^ and therefore lefs thanfv^, 
and confequendy lefs than i^'+'^mb, or ia. In 
like Manner d nnift be lefs than ii, for d is left 
than r, and confequendy lefs than ^d-^^Cy or ii. 
The third Remainder, in the iame Manner mult 
be lefs than ^r, which is itfelf leis than ^a : 
Thus thefe Remainders decreafc fo that every 
one is lefs than the half of that which preceded 
it next but one. Now if from any Qaantity you 
take a^ay more than its half, and from the Re- 
mainder, more than its half^ and proceed in 
this Manner^ you will come at a Remainder lefs 
than any allignabte Quantity. It appears there- 
fore that if the Remainders c, dy &c. never end, 
they will become lefs than any affignable Quan^ 
tity, as Xy which therefore cannot poflibly mea- 
fure them, and therefore cannot be a common 
Meafure of a and b. 

§ 98. In the fame way, the greateft common 
Meafure of two Numbers is difcovered. Unh 
is a common Meafure of all Integer Num- 
bers, and two Numbers are (aid to be prime to 
each other, when they have no greater coilimon 
Meafure than Unit. Such a» 9 and 25. Such 

always 



Chap. 14. ALGEBRA. 99 

always aro the leaft Numbers that can be aflbtned 
ia any given Proportion ; for if thefe had any 
conmon Meafure^ then the Quotients thzt 
would arife by dividing them by that common 
Meafure would be in the fame Proportion, and 
being lefs than the Numbers themfdves, thefe 
Numbers would not be the leaft in the fame 
Proportion ; againft the SuppoHtion^ 

§ 99* The leaft Numbers in any Proportion 
always meafure any other Numbers that are in 
the (ame Proportion. Suppofe a and ^ to be 
the leaft of all integer Numbers in the fame 
Proportion, and that c and d are other Numbers 
in that Proportion, then will ^ meafure c^ and 
i meafure d. 

For if a and k are npt aliquot Parts of c and 
d, then they muft contain the fame Number of ' 
the ian^e kind of Parts of ^ and dy and therefore 
dividing a into Parts of c^ and b into an equal 
Number of like Parts of d, and calling one of 
the firft m, and one of the latter n ; then as m 
is to n, fo will the Sum of all the m\ be to the 
Sum of all the »'s y that is, m:n::a:iy there- 
fore a and i will not be the leaft in the fame 
Proportion ; againft the Suppofition. There- 
fore a and t muft be aliquot Parrs of c and d* 
Hence we fee that Numbers which are prime to 
each other are the leaft in the fame Proportion ; 
. for if there were others in the fame Proportion 
lefs than them, thefe would meafure them by 

H 2 the? 
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the fame Number, which therefore would be 
their common Meafure againft the SuppoGtioO)' 
for we fuppofed them to be prime to each other. 

§ loo. If two Numbers a and b are prime to 
one another, and a third Number c mealuresone 
of them J, it will be prime to the other h. For 
If c and h were not prime to each other, they 
would have a common Meafure, which becauft 
it would meafure r, would alio meafure tf, which 
Is meafured by r, therefore a and b would have 
a common Meafure, againft the Suppofition. 

§ loi. If two Numbers a and b are prime V^ 
r, 'then (hall their Produ6l ah be alfo prime to c : 
For if you fuppofc them to have any common 
Meafure as d^ and fuppofe that d meafures ab 
by the Units in e^ fo that di=ab^ then fhall 
d : a :: b : e. But (ince d meafures c^ and c is 
fuppofed to be prime to a, it follow$(by-r^/. r oo.) 
chat d and a are prime to each other ; and there- 
fore {hy Ari, 99.) i/ mud meafare*; and yet fince 
d is fuppofed to meafure c which is prime to b^ 
it follows that d is alfo primo to b : that is, d is 
prime coa Number which it meafures^ which is 
at)furd. 

§ I02, It follows from the lad Article, that 
if a and c are prime to each other, then a* will 
fce prime to c : For by foppofing that a is equal 
to bj then ab will be equal to «* 5 and confe- 
qucntly a* will be prime to c. In the fame 
Manner c* will be prime to a.^ 
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$ 103. If two Numbers a and^, are both 
prime to other two r, d^ then fhall the Produ^ 
4ti^ prime to thelVoduftri; for (by-^r/.ioi.) 
ifi will be prime to ( and alio to dy and there*' 
fere, by the fame Article, €d will be prime 
to ab. 

§ 104. From this it follows, that if a and < 
9re prime to each other, then fhall a* be prime 
to r*, by fuppofing, in the laft» that assh^ and 
c:=:J. It is alfo evident that a' will be prime 
to ^', and in general any Power of a to any 
Power of c whatfocver. j^ 

§ J05. Any two Numbers, a and ^, being 
given, tp find the ieaft Numbers that are in the 
fame Proportion with them, divide fb^m^ their 
freafeft common Meafure x, and the ^otienis c 
and d Jhall- be the Ieaft Numbers in she famf 
Proportion ^'Joitb a and b. 

For if there could be -any other Numbers in 
that Pcoportion Jef$ than e and dy fuppofe them 
to be e and/, and thefe being in the fame Pro- 
portion as a and b would meafure them : And 
the Number by which they would meafure them* 
would be greater than ;r, becaufe # and / are 
' fi^pofed lcf3 than 4 and d^ fo that x would not 
be the greateft common Measure of a and b i 
againfi the SuppoTition. 

§ io6. Let it be required to find the Ieaft 
{lumber that any two given Numbers as a and b 
can ooeafiire. Firft, if they isreprim So each 

H 3 cther^ 
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0lher^ then ibeir ProduH ab is tbi leaft Number 
wbicb tbey can both meafure. 

Fbr if they could meafarc a left Number than 
ab as i\ fuppofe that i is equal to ma^ and co nb'^ 
and fince c is lefs than aby therefore ma will be* 
lefs than ab^ and m lefs than b ; and nb being 
lefs than ab^ it follows that « muft be lefs than a > 
but fince fna=nby and confcquently aib ::n:nt^ 
and a and ^ are printie to each other, it wouH 
follow that a would meafure n^ and ^ meafure m, 
that is, a greater Number would meafure a lefs* 
which is abfurd. 

But if the Numbers a and b are not prime to 
each other, and their greateft common Meafure 
is X, which meafurcs a by the Units in i», and 
meafures b by the Units in », fo that a=:mXy and 
^=:»x, then ftiall an (which is equal to bm^ be* 
caufe a : b::mx inx'imin^ and therefore an=bm) 
be the leaft Number chat a and b^ can both 
meafure. For if they could meafure any Num- 
ber c lefs than na^ fo that c^lasskb^ then 
a : b ::m i n::k:li and becaufe a^ is fuppofed to 
be the greateft comnrton Meafure of a and b^ it 
follows that m and ;f are the leaft of all Numbers 
in the fame Proportion, and therefore m mea<- 
fures i^ and n meaiures /. But as ^ is fuppoled 
to be lefs than na^ that is, la lefs than na^ 
therefore / is le6 than », fo that a gi^eater would 
pieafure a IciTer, which is abfurd. TheicfiGM 
4 9nd ^^ cannot meafure any Number le& 
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than atfi which they both mcafure, becaufe 

It follows from this Reafoning, that if a and 
i mcafure any Quantity <•, the lead Quantity na 
which is meafured.by a and b, will alfo meafure 
c. Far if you fuppofc as before that f =7^, you 
will find that n muft meafure /> and na muft 
meafure la or f. 

J 107. Let a expre(? any integer Nijmber, 
and — any Fraftion reduced to its loweft Terms, 

fo that m and n may be prime to each other, 
and confequently an-{'m alfo prime to n, it will 

follow that an+m * will be prime to »*, and 
confequently ff±^ ^\\\ be a Fraction in its Icaft 

Terms, and can never be equal to an integer 
Number.. Therefore the Square of the mixj 

^Number ^j+— is, ftill a mixt Number and never 

ft 

aalntegcr. In the fame Manner the Cube, Bi- 
quadrate, or any Power of a mixt Number, is 
ftill a mixt Number and never an Integer. It 
follows from this, that tbefquare Root of an In- 
teger muft be an Integer or an Incommenfurable, 
Suppofe that the Integer propofed is B, and that 
the fquare Root of it is Ie(s than tf-f-i, but 
greater than tf, then it muft be an Incommen^ 
furable ; for if it is a Commenfurable, let it be 

^+— .where — reprefents any Fraftion reduced 

H 4 to 
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to its leafl: Terms i it would follow that a+ — 

Iquared would give an integer Nunrt>cr B, the 
Contrary of which we have demonft»ited. 

% io8. It follows from the laft Article, that 
ibefquare Roots of aH Numbers but of i« 4, 5, 
i6, 25, 36, 49»64» 8i> 100, lai, 144, &c. 
(which are the Squares of the integer Numbers 
i> 2, 3, 4, 5, 6, 7, 8,- 9» 10, II, II, &c.) are 
Incommenfurablesi after the fame Manner, tAc 
Cube Roots of all Numbers but of the Cubes of 
i» 2, 3, 4, 5, 6, 7, 8, 9, &c. are Incommenfu- 
tables : and Quantities that are to one another 
in the Proportion of fuch Numbers muft alfo 
have their fquare Roots or Cube Roots incooi- 
menfurable. 

§ 109. The Roots of fuch Numbers being in- 
fommcnfurable are exprcffcd therefore by plar 
cing the proper Radical Sign over them \ thus, 

« I 9. a 

sf 2, i^ 3, V" 5, ^ 6, ^/ 7, v^ 8, v^io, &c. ex- 

prcfs Ntinibcrs incommenfurabJe with Unit. 
Thefe Numbers, tho' they arc incommcnfurable 
themfelves with Unit, are commenfurable inPower 
with it, becaufe their Powers are Integers, that 
^s, Multiples of Unit. They may alfo be com- 
ipenfurable fometimes with one another, ^ the 

^ 8 and the i/ 2, becaufe they are to one an-? 

(Uher as 2 to I : And when thqy have a com- 

^pn Mcafure, as / 2 is the common Meafure 
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of both, then their Ratio is redtited to an Ex- 
predion in the Icaft Terms, as that of commcn- 
furable Quamities, by dividing tfaem l>y their 
greateft common Mcafure. This common 
Mcafure is found as in commenfur^lc Quanti- 
tift, only the Root of the common Meafurt is 
to be made their common Divifor. Thus, 

§ 110, A rational Quantity may be reduced 

CO the Form of any given Surd, by railing the 

Quantity to the Power that is denominated by 

the Name of the Surd, and then fetting the Ra- 
ft • 4> 

dical Sign over it thus, tf=v^ii*=^a^=:V^4* 

S « fl 4 . 

—^a^—s/a\ and 4=^16 = ^64=^256= 

s % 

vio24=v^4*- 

§ iz i: As Surds may be conlkkred as Pofreti 

vwith fraftional Exponents, tbey are nduced io 

fitters of the fame Value that Jball have thefam^. 

Radical Sign by reducing tbefe FtA&ional Eptpa- 

penis to Fraffiom having the fame Value an4 

a common Denominator. Thus ^a =:^« and 

m 

^a-zz^a^ ^ and---=— , — =— and thcre- 
Iqvev-tF Md yi|, seduced to the iapieRadUtiri 
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Sign, become ^ ^^^ /? . If you arc to rc- 

a 3 

duce v^3 and v^2 to the fame Denominator, 

a I J 

confidcr ^^3 as equal to 3% the ^2 as equal 
to 2T, whofe Indices reduced to a common De- 
nominator, you have ^Izz^i and 2^=2^9 and 

confequendy v^3 = v^3 ' = ^2 7, and ^ 2 = ^2 * 

6 a 3 

= v^4 J fo that the propofed Surds ^3 and v^2 

< 6 

are reduced to other equal Surds v^27and v^4> 
having a common radical Sign. 

§ 112, Surds of the fame Rational Quantity 
are multiplied hy adding their Exponents^ and di^ 

vided hyfubtraSing' tbem\ thus v« x v^^= 
tf^'xtf"''=a « =£1* = vtf* 9 and 



5-J » »5 



mm 14/^ 

vaic/az;:za'-^^ i z=za i ^2x \/2 — 



s 



4 - 6 V[j • 

i/2*=i/32; 3 — V2. 

v a 

§113. If the Surds are of different rational 

. Qtjantities, as ^tf* ^« vT'j and have the 
lame Sign, multiply tbefe rational ^yantities 

into 
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ini0 one amtber^ or divide tbem ij me andber^ 
andfet the tommon rascal Sign over tbeir Pro* 

n n n ^ 

du£t or ^oiient. Thus, v^^ x v^ = ^^a^ • 






* J J 



If the Sur^s have not the fame radical Sign, 
rtitue tbem iy tie ii itb Art. to fucb as jhall bave 
the fame radical Sign^ and froceed as before* 

■ a* 

*/aXv/^ = •a»^»i i V _ i •2x^4=* 

t ■ 3 » 6 6 tf ,_.— 

a — -I— 3 — v^— y — — .^/y. If the 

Surds have any rational Coefficients, their Pro- 
dudt or Quotient muft be prefixed 5 thus, 

% 1 14. The Powers of Surds are found as the 
Pbwers of other Quantities, ty muUipfying tbeir 
Exponents by tbe Index of tbe Power required \ 

thus the Square of v'a is 2'^^^=B52*5-=i/4 i ^hc 

Cube erf" lis :s5 5T^'?s5^=: V^^S. Or you 

need 
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need only, in inyolving Surds, rMfi the Sfuajk- 
tiff unin the radical Sign ta the Power required^ 
continuing the fame radical Sign \ anUfs the Index 
ef that Power is equal to the Name cf the Surd; 
or a Multiple of st^ and in that Caff the Power 
of the Surd hecomes rational. Evolution is per- 
formed by dividing the Fraction which is the Ex^ 
fonent of the Surd by the Name of the Root ro- 

f 3 

quired. Thus the fquare Root of v^ is s/1? 
or i/i^. ->■» 



. i 1 15# The Surd v^4«i ==: a Vi^ and iaiikc 
Manner, if a Power of any Quantity of the fame 
Name with the Surd divides the Quantity un- 
der the radical Sign without a Remainder, a$ 
here 4" divides a'^Xy and 2 5 the Square of 5 di- 
vides 75 the Quantity under the Sign in v/75 
without a Remainder, then place the BjQot of 
that Power rationally before the Sign, and the 
Quotient under the Sign, and thus the Sun^ 
will be reduced to a nnore Ample ExpreiZion. 

Thus, V^7S=5V'3» V^4^=V^*><i6=4^j 5 1/81 
==V^27X3=3^3- 

$ ijt6. When .Surds.by the Jail: ArtiicU 9^ it* 
jduded ts> their leafl: Jgjcpreflions, if tfai^r .hj»re 
the fam^ irrational Part, they are added or fub* 
traftcd, by adding or fubtrailing their rational 
Eaefficitnts^ aniprtfixing the Sum or Diffnetue 

to 
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to the common irrational Part. Thus, v^tcH-* 

« J 3 a 

s s » » 

-f-2v^3 = 5^5 ; 0^150— •54= 5V'6—Jv^6= • 



§ X 17. Compound Surds are fuch as confift of 
two or more joined together. Thfc fimple Surds 
are commcnfurable in Power, and by being mul- 
tiplied incd themfelves give at length rational 
Qiantiti^ \ yet compound Surds multiplied into 
"diethfelres <!ommanly give ftUI irraciond {Vo* 
duds. But when any con^pound Surd is pro-* 
pofed, */A^^ is another compound Surd la^icb 
multiplied into it gives a rational Produff. Thus, 
Vtf+%/* mulciph'ed by v^<»— V* gives a—h^ 
and the Tm^igation of that Surd <»hicb mul^ 
fipJied into the propojed Surd wiH gi*oe a rath* 
nal TrcduStf is made eafy by the following 
Theorems. 

THEOREM L 

% Ills. Gcrferally, if you malciply a*— 3* by 

WnlitiuedtSl the Terms be m Number equal to 
i the IVcfduft (hall be «»-*?'; for ' 
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gf>^^af~^ii'-\-^^^H'^+a*-i>'hv^t &c: . . 






'•■— "i^ 



^ * * ♦ ^ 

THEOREM 11. 

multiplied by d*+^ gives a*::^, 

which is dcmonftrated as the other. Here the 

Sign of i" is pofitivc, when — is an odd Num* 

ber. 

§ 1 19* When any Binomial Surd is propoled^ 
fuppofe the Index of each Number equal to m, and 
let n betbeleaft integer Number that is meafured 
by m, tbenjhall an-^rfca^-^^b^+a^-^^b*", 6?^. 
give a compound Surd^ which multiplied into the 
propofed Surd a*^b™ will give a rational Pro- 
du^* Thus to find the Surd which multiplied 

by s/a — i/i, will give a rational Quantity. 
Here mzsL^znA the leaft Number which is mea- 
fured by -yis Unit ; let »=!, then (hall tfr^-4- 
fl"-»*>+<j»-s»^^, &c. =tf*— i+a*^37-j-a«> 

h^=ia^^an^^b^:=iV^^^^j^^ wWch 

multiplied by %/«— %/* gives tf— ^. 

4 To 
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To find the Surd which muldpiied by >/m*-\- 

v^=4i|+^, gives a rational ProduA. Here 
mss^ and »2=3, and a*-"" — «•— ^•i"-}^*- j"iiw. 



tM+«i^5^«=^^ * 




THEOREM III. 

§ 1 20, Let eFzhif be multiplied by ^•-•sp 
4*-^3/+tf^3«i«'=pj*-^^3', and the Produft 

Ihall give 4i*±i - ; tbtrefore n iw«j/? U taken 
the Uafi Integer that Jball give — alfo an 
Integer. 



x^i»di5i/ .\\.&CQ.a''im^^^^ 



^•=P4*-*^-Hj»-«*3*', &c. 



^ ♦ • # rfci*'' 



»/ « 



I 



The Sign of ^« is pofitive only when « is 
an odd Number, and the Binomial propoied is 

* 

. §121. 
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^i2t. If afty Btootnttl Surd is ^<9»fed 
whofe two Nttmbcfs have difierent Indices, let . 
thefe be m and /* and take » equal to the leaft 
integer Number that is mcafured by m and by 

— ; and j»-«q3i*-*r3'+^r-J^*'qSfl^*<*33';ikc^ 

ftiall ^vc a compound Surd which multiplied by 
the propofed a'^ii' fhall giVe a rational Pro- 

duft. Thus C^—W being given, fuppofe 

««»:«, 1=4, «nd y- =4. tfaa«6xc you hafe 

«=3, and <f-»+a-— ^q-tf*-3»3«'-h»*-4-*i» 
H-&C. 5:43-J+<|}-'^44^3-4*H^J-*^+ 

^^-f3ic/I*, which multiplied by the '/a — ^k 

§122. By thefe Theorems any Binomial Sard 
tehatfocYer tcing giveiij you may find a Surd 
which muhi^Aed try it ihall give a rational Pro^ 
dua. 

Supfpofe that a Blngmial Sufd was to be di- 

irided by another, as Vao-^^/it » by ^^^'^s/t 
the Qgotipnt may be exprcffcd by ZJl^jLll. 
But it may be e<pre0ed in a more iimpltf Form 

4 by 
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by muUiplyii^ both Numerator and Denominator 
iy thai Surd ttfbicb multtplied info the Denomina- 
tor gives a rational ProduSl : Thus ^H-^ « ^ ^ 

\/ao4Vi> ^ \/^ + >/^ _ v^7oo+2V^6o^6 _ 
•5 -V3 \/S + ^3 ~ 5—3 "* - 

§ 123. In general, when any Quantity b di« 
▼idcd by a Binomial Surd, as a^ztzb\ where m 
and / reprefent any Fra£tions wbatfoever, take 
n the leafi integer Number that is meafured tj m 

and Y, multiply both Numerator and Denomi^ 

nator by a»-"+a»-»""b4-a»-'3«b»" , &c, and tbe^ 
Denominator of the ProduH will become rationale 

aisd equal to a''*— b« . then divide all the Mem- 
bers of the Numerator by this rational Sluantity^ 
and the ^uote arijing will be that of the fropofed 
Quantity divided by the Binomial Surd^ exprejfed 
in its leaji Terms. Thus, 



>/S -V« 3 

i 1 

•6 v/4>f v^t8 v'20 _ V*^ 



1 » > » J 

«^tH<4*K4 *^* -^* a*^» +2+^4 



I 
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4 



; * , =* (becaufe «=4» /=4. »=3» »<i 
«P— * • —8 — 9=3—1 )= 

3 3 ^ )l s 

— -I 

S 3 

= — 8i/5— 4\/iox/3 — 8/5Xi/9 — 61/10— 6x 

3 3 

i/5 x/3 — 3v'ioxi/9» 

§ 1 24. When the iquareRoot of a Surd is requi- 
red* ic may be found nearly iy extraOing the Root 
cf a rational ^antify that approximates to its 
Value. Thus to find the iquareRoot of 3-f2i/2, 
we firft calculate ^2=1, 4142 1 and therefore 
3+2^2=5, 82842, whofc Root is found to be 

nearly 2,41421 : fo that ^3+2v^2 is nearly 
2, 4 1 42 1. But fometimes we may be ablc^ to 
cxprefs the Roots of Surds exaftly by other 
Surds ; as in this Example the fquare Root of 

3*|-2\/2 is l4-i/2, for I+/2XI-+V2 =i-f- 
a\/2+2=:3+2i/2. 

In order to know when and how this may be 
found, let us fuppofe that x+y is a Binomial 
Surd, whofe Square will be x*-|-y*4-2*y: If x 
andj^ are Quadratick Surds, then ;tf*47* will 
be Rational, and 2xy IrrttioDali fo chat ^99 

Ihall 
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(hall always be Ids than **-H*. becaufe the 
Difference is «»+)r'— 2*y=»— 5' which is al- 
ways pofitive. Suppofe that a propofed Surd 
confjfting of a rational Part A,- and an irrational 
Part B, coincides with this, then**-H*=A 
jjnj x>'=tB : Therefore by what was faid of 
Equations, Chap, 13th, 

•*— A ix*=— I and therefore, 

4 4 

* A+v^A*— B* „„ t 

from whence we have x*=:— i— ana 

z 

j»— ^'^^^*^^\ Therefore when a Quantity 

partly rational partly irrational is propofed to 
have its Root extrafted, ^^// the rational Part A. ^ 
the irrational B, and the Square of the greatefi 

A-L4/A* B* « • 

Mmber of the Rtotjhall be -^C-^ and the 

Sftare of the Ujfer Part Jhall be ^ ■» 

' And as often as the fquare Root of A*— B* can 
be extra<fted,the fquare Root of the propofed Bi- 
nomial Surd may be exgreffed itfdf as a Bino- 
mial Surd. For Example, if 3+2/2 is pro- 
pofed, then A=3» B=2v^2 and A* ->-B*=9 

—8=1. Therefore y*= ^+^f ~" ■«2, and 

j«-A-^^"-J^ - T Thercforcx-B= i-Wi. 

la Tq 



ii6 ^Treatise 6/* Partly 

To find the fquare Root of — i-h\/^, fup- 
pofeA=— I, B=V'=8, fo that A* — ^B*=9 
and A+v/F=F ^-^M+j^ ^^ A-VA^ 

2 2 ' 2 

=r Ilill?=a— -2, therefore the Root required is 

2 
I'+'V^ — 2. 

§ 1 25. But tho' Jif and y are not Quadratic 
Surds or Roots of Integers, if they are the Roots 
of like Surds, as if they arc "equal to y/nh/z 
and y^ns/Zy where m and n arc Integers, then 



A=:w+wx\/2i and \^=Vmnz ; A*— B*= 
*X2 and flf*=— IL — 



2 



;q:::;^aa.;;z;)»x« , » a-Va*~ b* 



=»v^2:, and x-\')=')/nh/z 4- V V2: • The 
Part A here eaGly diftinguiflics itfclf from B by 
its being greater. 

§126. If A? and jy are equal to y/m/z and 
4n71 then ;tf*+2Ar)'-f-y»=/»i/je:-|.V/+2 
yfmn>/zt. So that if 2 or / be not Multiplcs^ 
one of the other, or of fome Number that mca- 
fures them both by a Tquare Number, then' will 
A itfelf be a Binomial. 

§127. Let x-f-jF+z expreis any trinomial 
Surd, its Square x*+j'*+2*H-2Ary-h2;«i:+272 
m^ be fuppofed equal to A-f B a$ before. But 

rather 
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nithcr multiply any two Radicals as 2;^ by 2xz^ 
aoDd divide by the third 2yz which gives the 
Quotient 2x* rational, and double the Square of 
the Surd x required. The f'^ime Rule ferv es 
when there are 4 Quantities x^-+y^+z^+s* + 
29y+ixs+ixz+iyz+2ys'{-2zs, multiply 2xy 
by 2XJ, and the Product 4^*jy divided by 2sy 
gives 2X' a rational Quotient, half the Square 
of 2*. ^ In like Mannncr 2xyx2y2=4j^*xz,which 
4^yidcd by 2xz another Member gives 2;^*, a 
rational Quote, the half of the Square of 2y. 
In the fame Manner z and s may be found ; 
and their Sum y- hy4-z+J^ the fq uare Root of 
th^ Septinomial .v*-i-j*+2*+j*+2xy+2X'j+ 
2^x^i^2yz^+^ys, difcovered. 

For Example, to find the fquare Root of 

io.+i/24+>/40+^6o ; I try "^^^^ which I 

find to be V^i6=:4> the Half of the fquare Root 
of the Double of which, viz. 4xv^8=/2^ is one 
Member of the fquare Root required -, next 

^24y^to_g^ ^j^^ Half of the fquare Root of 
the Double of which is v^3 another Member of 
the Root required } laftly, — -p— — = 10 which 

g^vfis i/5 for the third Member of the Root re- 
quired : From which we conclude that the 
fqittre Root of 104V24-IV40+60 is •2-1-v^ 
^H/$: and trying you find itfucceeds, fince 

I ^ mukiplied. 
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mulrtplicd by itfelf it ^ves the propofed Quai« 
drinomial. 

§ 127. For extra6ling the higher Roots of ft 
Binonrial, whofe two Members being fquared 
are commenfurable Numbers, there is the fol- 
lowing 

R U L E, 

♦ " Let the ^antity he Ad=B, whereof A is 
the greater Part^ andc the Expanent of the 
Root required. Seek the leaft Number n whofe 
Power n* is diviftble by A A— BB, the pa- 



tient being Q. CcmpMe V^A-+-Bx/q^i/i tht 
near eft integer Humber^ which fuppofe to he u 
Divide A^TQjy its greateft rational Divifor^ 

and let the Quotient he s, and let _'^ r /» 
the neareft integer Number^ he t, fo fhali the 

tsdtay/t' s*— n 

Root required he — ^= — ^ // the c Root 0/^ 
ArfcB can he ex traded. 

EXAMPLE!. 

Thus to find the Cube Root of ^^968+25^ 
we have A*— B*=343, whofe Divifon are 
7» 7i 7j whence ir=7, and Q^i. Further^ 

A4-Bx/^ chat is, ^968+2^5 & a fictle more 

chifi 

* Jrithm. VniverfaL pag. g^ . 
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thsin 569 whole iieareft Cube Root Is 4. Wheie^ 
fore r=4. Again, dividing \/^ by its great- 
eft rational Divifiir, we have Av^'Q==z2y2» 

and the radical Part v''2=/, and L—L, or 

2i 

^77^% in the neareft Integers, is 2=/. And 

kftly, /j=2v^2, v^/*j*_;r=i, and %^Qpv^ 
sxsi^ Whence 2^2+1 is the Root, whofe 
Cube^ upon Trialt 1 find to be 4/968+25. 

EXAMPLE IL 

To find the Cube Root of 68 — v/4374 » ^^ 
have A* — ^B* =250, whoferKvilbrsare5,5,5,2. 
Thence 11 = 5x2=10^ atod Qp4, and 



yA-hB)e/l^ or V^68+^;j^x2 is nearly 
7=r-, again Av^ or 68^/4= i36x%/i» that 

k, j=l, andI_E, or Z±l!^ j, nearly=:4=/. 

Therefore /Js=34, ^/ V — ii=/6, and 4/q= 

\/4 =aB%/2 > whence the Root to be tried is 
4-V6 



3 



EXAMPLE III. 



Suppofe Ae 5th Root ^f 2^6^411/3 U 
dananded» A*— 8^=3, and nss^\ Q=s8i, 

I 4 '^S* 
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ic to s / 

land •Q5=\/8i3=i/9. And therefore Trial is 
to be made with — 5 — ; — , 

In thefe Operations, if the Quantity is a { 

Fraftion, or if its Parts have a common Divifor^ : 

you arc to extra<fl the Root of the Numerator ' 

and Denominator^ or of the Pallors^ feparately . ^ 

Thus to extrafl: the Cube Root ofvl^— ift-^^ 
this reduced to a common Denominator is 

^^^Iz:!!. And the Roots of the Numerator 

2 

and Denominator, feparately found, give the 

zs/z — 1 

Root -3 r . And if you feek any Root of 

S 6 

^/i993+Vi7578ia5> divide its Parts by the com- 

ihon Divifor v3, and the Quotient being 
I i-fVTIj, the Root of the Quantity propofcd 

will be found by taking the Roots of v^g and 
of ii+i^T2S9 and multiplying them into each 
other/' 

§ 128. The Ground of this Rule may be ex- 
plained from the following 

THEOREM. 

Let the Sum or Difference of two Quantities x 
and Y i^ raifed to a Power wboje ExfonetU i^c^ 

and 
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^ietibe i/, sdy ssbf ytb^ Sec. Tirmsoftbat 
Power^ coUeScd . into one Sum^ h called A, and 
ibe reft of the Terms^ in tbe even P laces y call B i 
$be Difference of ibe Squares of A and EJballbe 
equal to tbe Difference of tbe Squares of x and y 
raifedto tbe fame Power c. 

For the Terms in the c Power of x+y (writ- 
ing for their Coefficients^ refpeAively, ij c^d, e^ 
&c.) are 

^f+cx^^y+dx^-^'Y-^ex'^^^y &c. =A-f-B, 
and tbe fame Power of x^^y (changing the Signs 
in the even Places) is 
xr^'^X'-^y+dx'-*y*'^x^}y^+, &c. =A-^B, 

and therefore x+^Vkx-— p'= A+BxA — B= A * 

— B*=(;^5^]^^=x^I^'. Q. E. D. 

Let one, or both, of the Quantities Xy y, be 

a Quadratic Surdy that is, let x-ftX ^^^ ^ Root of 

the propofed Binomial A-f B belong to one of 

thcfc Forms p+Vj, ^4P^iy ^^ k^p+h/f: 
And it follows, 

1. If*+J=^^+'^?» ^^^^9 r being any whole 
Number, A, the Sum of the odd Terms, will 
be a rational Number ;' and B, the Sum of the 
Terms, in the even Places, each of which in- 
volves an odd Power of y will be a rational 
Number multiplied into the Quadratic Surd 

2. Let r the Exponent of the RootTought, 
be an odd Number, as we may always fuppofe 

it. 
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It, becaule if it is eyen, it may be iulved by the 
Extra&ion of the Iquare Root, till it becomes 
odd % sind let x+y=zks/p^. Then A will 
invoire the Surd x/p^ and B will be rational. 

2* But if both Members of the Root are irra* 
tional («+y=*/p4'A/?,) A and B arc both 
irrational, the one involving i/py and the other 
the Surd v/f . 

And in all thefe Cafes, it it eafily feen that 
when X is greater than jty A will bejgreater 

than B. 

§ 129. From this Compofnion of the Kmv 
mial A+B, we are led to its Reiblution, as ia 
the foregoing Rule, by thefe Steps. 

L 
When A is rational, and A* — ^B* is a per- 
f c£l c Power. j 

1. By the 7i&^^^jB», A* — B*=Ar*— j*** acctt-- 
ratify I and therefore eztrading the c Root pT 
A*— B* it Will be x*'^y\ Call this Root n. 

2. £xtra£b in the neareil Integer, the € Root 
of A+B, it will be {marfy) x+y. Which put 

3. Divide x^-^y* (=») by x^+y (=r) the 
Quotient is (nearfy) x-^ ; and the Sum of the 
Divifor and Quotient is {miri marfy) ix ; that 
is, if an integer Value of ;r is to be found, it will 

be the neareft to JLil* 
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4. *•— *'— ^*s=)i* i or, 



Tk* 



.^tf* ^ 



-»=J^ 



whence jr= *^Tl — n, and therefore, putting 

a ' 

f:^:: " T theRoot fought :*+j^=/+v//*—«; 

the fame E3q)reifion as in the Rule, when Q= i , 
s±zi^ that is, when A*— B* is a pcrfcft c Power, 
and the greater Member A is rational 

II. 
When A ia Irrational^ and Q= i. 

1^ the fame Procefs, *= l_l(=T) and 



J=VT* — n. But feeing A is fuppofed irrational^ 
and c an odd Number, ;ir will be irrational like- 
wife \ and they will both involve the fame irre- 
ducible Surd \/p, or Sy which is found by di- 
viding A by its greatcft rational Divifor. Write 
therefore for ;r or T, its Value /xt, and x^znits 

ra. 

If the r Root of A^*«^B* cannot be taken^ 
molriply A*i*^* by a Number Q^ (iich as 
that the Fkoduft may be the (leaft) perfect t 
P6werii'(=A*C^B*Q;^) And now(inftead 
of A+B) extraft the c Root of A-hBxv/Q^which, 

found 
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found as above, will be /j+V/*/*-!^; and 



coafequently the c Root of A+B will be /i-}* 
\//*i* — », divided by the c Root of •qj that is^ 



It is required in the Rule that aperfelf c Power 
(nO be found wbkbjhall be a MiAipU of A^~ 
Bi* by the whole Number Q^ To find this 
Power, let the given Number A* -^R* be tc* 
prefcnted by the Produft aHfdf ; whoiie fingle 
Divifors let hta^a^a^.... bjb^b^ . . . d^ /; 
and the ProduA of thele Divifors raiftd to the 
Power f , which is c^b^d^fy divided by a^h^dfrniM 
gve the Quotient tf'^-*^*^^'— '/^*=:Q^a whale 
Number, provided feme Index, as w, or ^, be 
not greater than c. If it is, take, inftead of 
the fingle Divifor a or b^ of ori*, a^orb^^ 
&c. till there be no negative Index in the Quo* ' 
tient, that is, till Q^ be a whole Number. 

§ 130. We may add the following.Remarks. 

X. If the Refidual A*-^B is given, it is evK 
dent from its Genefis by Involution^ that the 
fame Rule gives its Root *— ^. 

2. The extrafting the^ Root of A+B, or of 
A+Bx\/^ in the neareft Integer, negiefttng 
the Fra&ional Part, will always give jir+j^ fudv 
that the Value of x which refults in the Opera- 
tion fliall not differ from its true Value by 

Unity k 
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Unicy ; that is, it (hall be the true integer Va- 
ICie fought. 
For^ / bcTng fome proper Fraftion, let 

9f+ydbf be the accurate Value of \/ A+BxJ^^ 
and let the Quotient of ^*--y* divided by it be 
^*-ty=T^» *cn, the Sum of the Divifor and 
Quotient being ixdtf^zg, if our reckoning the 
Fra^lional Part could make a Difference of Unity 
in the Value of at, it would follow that/— ^ or 
^~/=2. Which is abfurd, g^ as well as/, 
being a proper Fraftion. 

3. If both A and B are irrational 5 or, if the ' 
Icflcr of the two Members is rational, no Root 
denominated by an even Number can be found. - 

4. When the greater Member is rational 
and the Exponent c is m even Number, it is 
ambiguous whether the greater Member of the 
Root is rational or Surd. And tho' a Root in 
the Form of p+l^q is not found, yet a Root 
in the Form of VH-?. or, that failing, in the 
Form V/r+/i/j may be obtJined. 

If wc look for a Root Wp+q, we are now 
to fobtraa ;f— y from x+y and half the Remain- 
der will give j^ (or q) the rational Part. And to 
^*-^*(=«) addingjrS the Sum will be ;c». 

Sothat;^=-^, and x= 1^+» ; the 

Exprcffions being the fame as when e is odd> 
with the Sign of n changed. If this (does not 

fuccced. 
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fucceed, and a prime Number (lands under the 
radical Sign, no farther Trial need be made. 

But if a compofite Number ftands under the 
radical Sign, the Root may pofllbly belong to 
the Form Wp-^-h/q ; and that compofitfe Num- 
ber being fyq, fincciy — ^?f=:», and *v/p=x, 
the Numbers ky /, may be fought for in the 
fieareft Integers, and Trial made with k^/p-^-l^q i 
M in this 

EXAMPLE. 

^ofind the J^b Root 17/49849 — zZ^s'^Tz^. 

The4thRootof A* — B^ isi57=x'— ^=», 
and the 4th Root of A — B, that is x—yzzrzzz^ 

meartf : and — == -4^ = 1 7 nearfy. Whence 

x= 2ii2 — 1 3, But now the Icaft radical Fac- 

tor in B being v^i4=V'7x2, 1 put i^(z=zx)sz 
^^7, and k in the neareft Integer =5. Again, 
J^p — l^q=n:=ziy^ — ^/•xas=i57 $ that is, /*xa 
= 18, and/=3 : which gives the Root 5^7 — 

In this Manner the even Roots may be fought 
immediately. But to avoid Ambiguity and 
needlefs Trouble, it is better firft to deprefi 
them by extraAing the fquare Root, as in ( i a 4. 
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Supplement to this 
C H A P T E R, 

§ 1 3 1 •'X^ HERE occur fometimes, cfpedally 

JL in the Refislution of CMc Eqiur 

dons by Cardan^s Rule (Part II. § 79.) Bino- 

nnials of this Form AzhBV—^^ whofc Cube 
Roots muft be found. To thefe the foregoing 
Rule cannot be applied throughout,, bccaufe of 

the imaginary Faftor V— ^. Yet if the Root 
is cxprefllble in radonal Numbers, the firft Step 
of that Rule will often lead us to it in a fliort 
"Way, not merely tencativey the Trials being 
confined to knowiv Limits. 



For it being, univerfally, i/A* — B* =x*- 

and,in the prefcnt Cafe,\/A*+B*j(=;p*— ;;*) 
=P*+^ xj -, if we divide the Part under the ra- 
diaJ Sign by its grcateft rational Divifor, the 
Quote is the imaginary Surd ^^» and from 

•A*+B j, fubtrafting /, the Square of fome 
Divifor of A, the Remainder is /* xj, a known 
Multiple of the Square of / a Divifor of B. 

That 
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That p and / are Divifors of A and B refpec- 
tivtiy is evident ; for cubing ^-4-4d^» youfiod 
A^/ncp^ — 3/*j, Bsslxjf — ^ftj. And the Sigaa 
ofp and / nujft be fuch as will give the ProduAs 

P^'^S^y &3^ — '^f ^^ ^1^^ ^^>^^ Signs as A 
•nd B refpeftively, 

E X A M P L E. 



Srl^jW /Ae Cuie Root of 8i-fV— 270o=8I^- 
30vC:l. 



HercA=i8i,B=30,j=3 ; v/8 1x8 1-^-2700 
r^ 2 1 =:^+^. Subtrafling therefore from 21, 
the Square of (p)=h3% which is a Divifor of A, 
there remains CAcj=) 2x2x3. And (l=)2 is a 

Divifor of 30. Laftly, A(=:/x/>*— 3/^^ being 
pofitive^ and the Fadtor p^ — 3^ negative, p 
mud have the negative Sign ; and for the like 
Reafon l:si+%. So that the Root is . — 3+2 



It will be fhewn in the Second Part of this 
Treatife that <^ every Cube or other Power has 
as many Roots, real and imaginary, as there 
arc Units in the Exponent of the Power i" par- 
ticularly, that Unily itfelf has the Cube Roots 

would find the other two Oibe Roots, in th» 

Exuaple, 

4 
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3 3 

fixamplf, feeing z*=z'xi, and v^z^x/i—s? 
(«* reprefcnting any Cube whatever, and z any 
of fts Roots) we arc to multiply — 3-f 2i/II^, 
tbe Root already found, by — ^-^^f/ZT^^ and 
by — \ — W~3^ and the Produ<as — ^ — rv/ITj^ 
and t+t/^ will be the Root required. 

Or, bccaufe the Denominator of the imagi- 
nary Roots of Unity is 2, taking ^=4> one 
Half of a Divifor of A, we have 2 1— 1= V == 
Vx3=/'j, that is /=-|- j and ^* — ^l^q as well 
as 3;>' — ^q being negative, both ^ and / muft be 
negative, and the Root is — i — 4v^, Again 
take fzz:^ and you fliall find /=4--J.; fo the 
remaining Root is ^+W~3j as before. 

We may here obferve that the Operation 
ought to be abridged, where it can be done, by 
dividing the given Binomial by the greatefl: 
' Cube that It contains •, and finding the Root of 

the Quotient •, which multiplied by the Root of 
chc Cube by which you divided, will give the 
Root required. Thus, i n the foreg oing Ex- 
ample 8i+v^IIl7oo=2 7X3-+-v^ir^, and the 
Roots of 34-v^IIj^ being, now more eafilyt 
found to be — i+2\/irj, — 4. — W^^ and 
i'+'W^y thefe multiplied by 3 the Cube Root 
of 27, give the Roots required the fame as 

above* 

" If the CoefEciont of the imaginary Mem- 
ber of the Binomial has a contrary Sign, the 

K Roots 
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Rodts wi^ b9 the fame, with ttie Sjgfs iffjAc 
inuginary Pirts changed /* llbius/dhe Cl)be 
Roots of 8 1 — •—2700, or 8i-^30i/~3 ; will 
be — 3— 2V^, — 4+V-3, and |^--iv/=7. 



And therefore ' V si-jV^^^l^oo+Vsi^-v^po 
= — 3x21=^— 6rOr = — i%z 12—3, or s=4att=d|, 
the imaginary Varcs vanifhing by the Contri^ 
rlety of ihcir Signs, 

We may obfcrve likewife^ that fiich Roots, 
whether expreSible in rational Numbers, or t)o(, 
may be found by evolving the Binomial A-f-B 
spH^ by the Theorem in pag. 41, and fnmming 
fhc alternate Terras. As, in the foregoing 
Example, ShHhJo^^^T, or rather iTl-^x 

i-{-44v^---3^'^> being expanded into a Series, thtf 
Sum of the odd Ternis will cootinually ^pfooach 
to 4.5=)79 and the Sum of the Coefficients o& 
the even Terms to 4> which is the Coefficient of 
die imaginary Part. But for a general and ^- 
gant Solution, rccourfe muft be had to Mr, de 
Moivre*& Appendix to Dr. Saunderfonh Algebra^ 
and the Continuation^ of it ia Pbilof. Tranf. N ^ 
451. What has been txplained above may 
fcrve, for the prefent, to give the Learner foaac 
NodoD of the Compolition and Ref^ution.'ef 
jthofe Cubes } that he need not hereafter be fur* 
prifed to meet with Expreffions of real Quanti- 
ties whi^b involve imaginary Roo^, 

End of tie Fit:^ Part. 
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P A R T II. 

Gf tfie Genefis and Relblution 
of Equations of all De- 
grees ; and of the different 
AfFe<9:ions of the Roots. 



CHAP. I. 

Of the Genefis and Refblution of 
Equations in general ; and the 
Number of Roots an Equation of 
any Degcee may have. 

$ !• A F T £ R the fame Manner as the 

/•\ higher Powers are produced by the 

*• "^ Multiplication of the lower Powers 

of the iame Root } ^uations of iliperior Or- 

dcn are generated i^ the Multiplication of ^ 

K a quations 
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cuations of inferior Orders involving thtf'firtic 
unknown Quantity. And dn Equation ef any 
Ditnenjion may be confida ed as f reduced by the 
Muliiplicatioh of as many Jim fie Equations as /V 
has Dimrnftons ; or of any other Equations what- 
foevtr^ if I be Sum of their Dimen/fons is equal fa 
ibe Dimcnjion of that Equation. Thus any Cn* 
bic Equation may be conceived as generated by 
the Multiplication of /i&^f^ fiiiiple Equations, or 
of one ^ladratic and one Simple Equation. A 
Biquadratic as generated by the Multiplication 
oi four Simple Equations, or of two Quadratic 
E.quations ; or laftly> of one Cubic and one Simple 
Equation. 

§ ^. If the Equations which you fuppofc mul- 
tiplied by one another are the fame^ then the 
Equation generated will be nothing elfc butlbnrc 
Power of thofe Equations, and the Operation 
is merely Involution \ of which we h.ive . treated 
already : and, when any fuch Equation is given, 
the finiple Equation by whofe Multiplijcatipn ic 
Is produced is found by Evolutiojiy or the Ex- 
traftionof a Root. 

But when the Equations that are foppofed to 
be multiplied by each other arc different^ then 
other Equations than Powers are generated ; 
which to refolve into the fimple Equations 
whence they are generated, is a different Ope- 
ration from Involution, and is what is called,. 
7ht Refolution of Equations. 

4 But 
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: But as Evolution is performed by obferving 
and tracing back the Steps of Involution ; fo to 
cjifcover the Rules for the Rcfolution of Equa- 
tions, we muft carefully obferve their Gene'- 
ration. 

% 3, Suppofc the unknown Quantity to be x^ 
and its Values in any Ample Equations to be 
aj b^ c^ dy &c. then thofc Ample Equations, 
by brin^g all the Terms to one Side, become 
X — ^tf=o, a;— ^=0, X — f=o, &c. And, the 

Produft of any two of thefe, as x — ayx — i^=o 
will give a Quadratic Equation, or an Equation 
of two Dimenfions. The Produd of any three 

of them, as x — axx — hx — c=o will give a C«- 
ik Equation, or one of three Dimenfions. The 
Produft of any four of them will give a Biqua- 
dratic Equation, or one of four DimenfioTiS, as 

X — ayoc — bxx — ocx-Wsso. And, in generaly 
" In the Equation produced^ the bigbejl Dimen- 
fion of the unknown ^lantity will be equal to the 
Number of fimple Equations that are multiplied 
by each other. ^* 

§ 4. When any Equation equivalent to this 

■lov^-xaav •^v^H>^ mm-^^mmm ^tm-^mm^-^ 

Biquadratic x — ayx — byx — cxx — ^=0 is pro- 
posed to be refolved, the whole Difficulty con- 

fifts in finding the fimple Equations x — tf =0* 

X — i=o, X — r=o, X — d:szOy by whofe Mul- 
tiplicadon it is produced i for each of thefe 
fimple Equations gives one of the Values of x» 

K 3 and 
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and one Solution of the propofed Equation, 
For, if any of the Values of x deduced frofti 
thofe fimple Equations be (ubftituted in the pro* 
pofed Equation, in place of x, then aU the 
Terms of that Equation will vanifh, and the 
whole be found equal to nothing. Becaufe 
. when it is fiippofed that xcstf, or x=3, or 



ory=^, then theProduftx — axx-^yx^-^xx^^d 
does vaniQi, becaufe one of the FaAors is equat 

to nothing. There are therefore four Suppo* 

■ .1 I ■ ■ 11 111 I I I I ■ 

fitions that give x-^^^xx-^^ixx- — ccc^-^^s.o ac« 
cording to the propofed Equation ; that is, 
there are four Roots of the propofed Equation. 
And after the fame Manner, "•* Jny aiher^jc^- 
tion admits of as many Solutions as there are 
iimple Equations multiplied by one another that 
produce it,'* or " as many as there are- Units m 
the higheft Dimenfion of the unknown Quan- 
tity in the propofed Equation." 

§5. But as there are no other Quantitiet 
whatfoever bcfides thefe four (a^ by r, d,) that 

fubftituted in the Produ^tx^^^^^nc^^^xy-^^ 

in the Place of x, will make the Produfl: vanifh j 

therefore, the Equation x — tfx* — ^^xxv-oo^-i/ 
=0, cannot poffibly have more than thefe four 
Roots, and cannot admit of more Soluiions 
than four, |f you &bftitute in that Pfodud a 
Quantity neither equal to tf, nor ^, nor c^ not 
dt which fuppoie <, ^bcn fince oeuher e — d^ 
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^— ^, ^— f , nor e — d is equal to nothing ; their 

jProduft e — axe — hce--rcxe — d cannot be equal 
to nothing, but muft be fome real Produft: 
and therefore there is no Suppofition befide otie 
jpf the fprefaid four, that gives a juft Value of 
jc according to the propofed Equatioru So that 
it can have no more than thcfc four Roots. 
And after the fame Manner it appears, that 
^ No Equation can have more Roots than it con- 
tains Dimenfions of the unknown Quantity** 

§ 6. To make all this ftill plainer by an Ex- 
ample, in Numbers ; fuppofe the Equation to be 
refolved to be at* — ioaf'+35x* — 50x+24=:o, 
and that you difcover that this Equation is the 



fame with theProduft oix — ixx — 2xx — ^ycc — ^4, 
then you certainly infer that the four Values of 
^ are 1, 2, 3, 4 ; feeing any of thefe Num- 
bers placed for x makes that ProduA, and con- 
fcquently x* — lox'^-^^^x^ — 50^^+24, equal to 
Inothing, according to the propofed Equation, 
And it is certain that there can be rto cither Va- 
lues of X befidcs thefe four : fince when ^00 fub- 
ftitute any other Number for He in thofe FaAors 
j^-^i, X — 2, X — 3, X — ^4, none of the Fac- 
tors vanifli, and therefore their Produft oaonot 
be equal to nothing accor^ng to the Equa- 
tion. 

$ 7. It may be tifeful fometimes tt> conllder 
S<)uAtions as generated from others df an infe- 

K 4 rior 
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lior Sort befide fimple Ones. Thos a Cubk E. 
qufttion may be ccuKreivcd as generated fmm 
the ^^dratie if'— ^+j=o, and the Simple 
Equation x — ^^=0, multiplied by each other ; 
whofc Produft 
«f —px +<ix--^aq V. _ ^ ^^y exprefs any Cubic 

Equation whofe Roots arc the Quantity (a) the 
Value of X in the fimple Equation, and the two 
Roots of the Quadratic Equation, viz. 

f"^ ^ "T . ^^ and ^'^ ^ Tl^ j as appears from 

Chap, 1 2* Part. I. And, according as thcfe 
Roots are real or impoffibley two of the Roots of 
the Cubic Equation are real or impcjjible. 

§8. In the Doftrine of Involution we (hewed 
that ** the Square of any Quantity pofitive or 
negative, is always pofitive,*' and therefore 
** the fquare Root of a Negative is impofliblc 
or imaginary." For Example, the s/^ is cither 
+<j or — wi ; but vd7» can neither be -4-^ nor 
— ^, but mud be imaginary. Hence is under- 
flood that " a Quadratic Equation may have no 
impoflible Expreffion in its Coefficients, and 
yet, when it is rcfolvcd into the fimple Equa- 
tions that produce it, they, may involve impof- 
lible Expreflions.'* Thus, the Quadratic Equa- 
tion x*+^*=o has no impoflible Coefficieat, 
but the fimple Equations from which it is pro- 

duced^ niiz. Af+vC^— o, and x— vC^sgo, 

both 
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both inyulve an imaginary C^ancity ; as the 
Square -r^*is a real Quantity^ but its fquare 
Hoot is imaginary. After the fame Manner a 
Bkpxidratic Equation, when refoired, may give 
four fimple Equations^ each of which may give 
an impoiTible Value for the Root : and the fame 
may be faid of any Equation that can be pro- 
duced from Quadratic Equations only ; that is, 
whoft Dimenfions are of the even Numbers. 

§ 9. But *^ a Cubic Equation (which cannot 
be generated from Quadratic Equations only, 
but requires one fimple Equation befides to pro- 
duce it) if none of its Coefficients are impoflible, 
willhave, at leaft, one real Root/* the fame 
with the Root of the fimple Equation whence it 
is produced. The Square of an impoffiblc 

Quantity may be real, as the Square of v'— -i * 
is T-d* ; but " the Cube of an impoffiblc Quan- 
tity is ftill impoffiblc,'* as it dill involves the 



iquare Root of a Negative : as, \/---^*x 

plainly imaginary. From which it appears, 
that tho* two fimple Equations involving im- 
poffiblc Expreffions, multiplied by one another 
may give a Produft where no impoffiblc Ex- 
preffion may appear ; yet " if three fuch fimple 
Equations be multiplied by each other, the im- 
poffible Expreffion will not difappear in their 

Produft." And hence it is plain, that tho' a 

Quadratic 
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Quadratic £quati6n whofe Codficients are all 
real may have its two Rqqts impoffible, yeC 
^' a Cubic Equation whofe Coefficients are real 
cannot have ail its three Roots impoflible.'*- * 

$ TO. In general, it appears, that the impof- 
Hble Expreffions cannot difappear in the Equa* 
tion produced, but when their Number is even » 
that there are never in any Equations, whdfe 
Coefficients are real Quantities, fingle impofiible 
Roots, or an odd Number of impollible Roots, 
but ** that the Roots become impoflible inPairs,;'* 
and that '^an Equation of an odd Number of 
Dimenfions has always one real Root,*' 

§ II. " The Roots of Equations are cither 
pofitive or negative according as the Roots of 
the fimple Equations whence they are produced 
vt |x>fitive or negative." If you fuppofe 
jtfs:*—^ xsn— ^, y= — f, x=— i, &c. then 
ihall x-ftfso, x+3=o, ;r+r=o, 4^M=0 s 

and the Equation ^+0xy-4-^xx'4*rxv4i^s5o will 
have its Roots, — ^, — b^ — <, —if &c. ne* 
gative. 

But to know when the Roots of Equations 
are pofitive and when negative, and how many 
there are of each Kind, fhall be explained in the 
next Chapter. 

CHAP, 



I 
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C H A P. n. 

of the Signs and Coefficients of 

Equations. 

^i2.TTrHEN any Number of fimpfeE- 
VV quationsare multiplifed by eadt D- 
thcr, it is obvious that the highcft Dim^nfion- 
of the unknown Quantity in their Produft is e- 
qual to the Number of thofe firfiple Equations ; 
and, the Tetxti ihi^olving the highefl Dirilenfibn 
is called the Firji Tefm of the Equation gerte- 
rated by this Multiplication. The Term in- 
volving the next Dimenfion of the unknown 
Quantity, lefs than the great^ft by tin it, is 
called the Secoftd Terih of the Equation -, fhe 
Term invbhnn^ the next Dimenfiofr of thh to- 
known Quantity, which is Icfs thin the g^eateft 
by two, the Third Term of the £<)dfltion : 6?r, 
And that Term which involves n*5 Dimerrfion 
of the unknown Quantity, but is fome known 
Quantity, is called the Liift Term of the Equa- 
tion. 

** Tbi Numher of Terms is always greater 
than the bigbeft Dimenfion of tbe unknown ^an- 
tity by Unit.'* And when any Term is want- 
ing, an Aprijk is marked in its Place. The 
^iffu and Coefficients of Equations will be un- 
derftood by confidering the following Table^ 

whecc 
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where the fimple Equations x — a^ x — i^ &c. are mtii- 
tiplied by one another, and produce fucccfCvely the 
higher Equations* 



X X — ^=:0 



*~A^+^^H''^"^^^'''- 



X * — rsso 



— ^ > X x*+ac y X*— tfircsD, a Cuiic. 



yx — </=o 






Xx-^uticd^Of a Biquadratic. 



XJC —^=3 










heel 

ahdeyXx'-aMi 
cdi\ 
cdej 



fa Sur/oM.J 



*«3- 
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§13.' From the Infpedbion of thcfe Eqijatiohs 
it is plain, that the Coefficients of the firft Term 
is Unit. 

The Coefficient of the lecond Term is the 
Sum of all the Roots (a, b, c, d, e,) having their 
Signs changed. 

The Coefficient of the third Term is the Sum 
of all the Produil^ that can be made by multiply- 
ing any two of the Roots (a, b, c, d, e,) by one 
another. 

The Coefficient of the fourth Term is the Sum 
of till the ProduSs that can be made by multiplying 
into one another any three of the RqotSy with 
their Signs changed. And after the fame Man- 
ner all the other Coefficients are formed. 

The laft Term is always the ProduSl of all the 
Roots having their Signs changed^ multiplied by 
one another. 

§ 14. Altho' in the Table fucii fimple Equa- 
tions only are multiplied by one another as ha vc 
pofitive Roots, it is eafy to fee, that " the Co- 
efficients will be formed according to the fame 
Rule when any of the (imple Equations have 
negative Roots." And, in general^ if x^ — px^ 
+5Af — r=o reprefent any Cubic Equation, then 
Ihall^ be the Sum of the Roots ; q the Sum of 
the Produfts made by multiplying any two of 
them i r the Produft of all the three : aad, if 
"-^j +?» — r, +/, --/, -f^j&c. be the Co- 
efficients of the" 2d, 3d, 4th, 5th, 6th, 7th, 
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fgc^ Term of any Equatiw^ then Aall p^ bn 
tb^-^utn of nil the RootSf q the Sum of the 
Frodufb of any two^ r the Sum of the Produ^ 
of aoy Three, j the Sum of the Prodpds of wy 
Four, / the Sum of the Produ£ti| of any Fives 
u the Sum of the Produds of any Six^ (^c. 

§ 15. When therefore any Equatiop is pro- 
pofed tQ be jrefQlvjeid, it is eafy to find the Sii^ 
of the Rpots, (for it i$ equal to the Coefficient 
of the fecond Term having its Sign chapged :) 
or, to find the Sum of the Produds that can be 
made by muldplyipg any dei^erminate Nuinber 
of them* 

But it is alio eafy *< to find the Sgm of the 
Squares, ' or of any Powers, oftheRpots.'* 

The Sum of the Squares is always p^ — 2f 
For calling the Sum of the Squares B% fince the 
Sum of the Roots is^ ; and ^^ the Square of tl}e 
Sum of any Quantities is always e^ual tp the 
Sum of their Sqq^res added to double the Pkt)- 
du(5t$ that can be made by multiplying any two 
of theip,*' thercf<M:e/>*==5-+-2£, »nd confe- 

quently Bs^p*-^2f. For Example, a-^b+c 
ns^a^^b^^c^-^rzat-rhzacri-ibc ; that is p^=B 

+2q. And a+li+c-i-J^* :=ia*+i^^c*+d^ 
+2xalf+ac'+'ad+i^c+M'\'ca^ that is agam,- 
^*=B4-2y, or B=p*'-^iq. And fo for any 
other Number of Quantities, In general there- 
fore, ** B the Sum of the Squares of the Roou 

may 
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VMf always be foimd by fubcra&ing zq frohi 
p? i** the Qoanfities p and q being always 
known, fin<^^ thisy are the Coefficients m the 
piiopofed Equation. 

§ 1 6. ** The Sum of the Cubes pf the Hoots 
of any Ec^ation is equal top'-— j^j+gr, pr to 

^f — "/J+S^*" ^^^ ^ — i^P ff^cs always the 
E^ceifs of the Som of the Cubes of any Quan- 
tities above the triple Sum of thf Produfts that 
can be made by multiplying any three of theni. 

Thus, tf *+^*4.f *— ^i-itf^—Z^oc^-f-^^-r (=s 

lf^p)=a^'\'b^+c*—3ah.' Therefore if 
the Sum of the Cubes is called C, then (hall 
^-^W^C— jr, and C=5jafp— 5/)+3r= (bg-^ 

cwfe B==^p*'^2q)=p''r-jpq+ ir. 

After the (ame Manner, if Z) bj ?|ic Sun) ^ 
the 4th Powers, pf the Ropt?^ you will find t)iaf 
i)=/C— ^£+jpr— 4J, and if i£ be the Sq^ji pf 
Xh« 5th Powers, then Ih^ll JE=/>JO---jjC+r-^-~ 
j^^4-5^* And after the fame Manner xhtSu^i 
of any Pqwers of the Roots may be found ; the 
Prc^reflion of thefc Eifprcrflions pf the Sqnj of 
the rowers being obvious. 

§ 17^ As fpr the Sign? of riic Terms of ^he 
Equation produced, it appears f^on^•^nipeftio^ 
that t^e Signs of all the Terms in ai>y Equation 
in the Table are alternately rf and — : tbefe 
^qUiijioM are generated by multiplying con- 
', tiniwDy ^"-i?* ^~-^> »r^^j pc^^d^ &c. by oije 

another. 
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another. The firft Term is always fome Pure 
Power of Xy and is pofitive ; the fccond « a 
Power of X multiplied by the Quantities — ^, 
— ^, — Cj &c. And fincc thefe arc all nega- 
tive, that Tern muft therefore be negative. 
The third Term has the Produds of any two of 
theft Quantities (— ^, — ^^ — r, &c.) for its 
Coefficient ; which Products are all pofitive^ 
becaufe — x — f^res +. For the fikc Reafon^ 
the next Coefficient/ confifting of all the Pro* 
dufts made by multiplying any three of thefe 
Quantities, muft be negative : and the next po- 
fitive. So that the Coefficients, in this Cafe, 
will be pofitive and negative by Turns. But 
** in this Cafe, the Roots are all pofitive ;" fince 
jpsstf, x:=zt^ Jir=r, xssd^ xz=e^ &c. are theaf- 
fumed fimple Equations. It is plain then, that 
*« when all the Roots are pojiiive^ the Signs ar^ 
alternately -f- and — /* 

§ 1 8. But if the Roots are all negative, then 

^JIf^^)c?4r^)a4-o^ &c. =0 will cxprcfs the 
Equation to be produced ; all whofe Terms will 
plainly be pofitive j fo that " when all the Roots 
of an Equation are negative^ it is plain there 
will be no changes in the Sgns of the Terms of that 

Equation.^* 

§19. In general, "there are as many pofi- 
tive Roots in any Equation as there are Changes 
in the Signs of the Terms from + to — , or 
from — to 4^1 and'thc remaining Roots are 
• •• ' negative/* 
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Degttivc/' The Rule is general, if the iiopoC* 
Gbic Roott be aUowcd to be other poficive or 
neg^ve, 

§ 2o. In Qoftdntic Equstions, the two Rood 
are either both pofitive, as in 



{x — axk — b=) ** — ax+ab=o^* 



whehe there are two Changes of the Srgns : Or 
thef are both negative, as in this 

where there is not any Change of the Signs. 
Or there is one pofitive and one negative, as in 

where there is ncceflarily one Change of the 
Signs i becaufe the iirft Tefm is pofitive, and 
the laft negative, and there can be but one 
Change whether the ad Term be + p^ — . 

Therefore the Rule givcQ.in the i^b J ex- 
tends to all Quadratic Equations. 

§ zi. In Cubic Equations, the Roots may bet 

1**. All pofitive as in this, *— tfx* — *xir— c 
s£o, in which the Signs are alternately -f. and 
«— , as appears from the Table i and there are 
three Change of the Signs. 

2"". The Roots may be all negative as in die 

Equation Jr+tfXA^+-^+^=o, where there can 
be no Change of the Signs. Or^ 



+f J — he 
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S**, There may be two ppntiye Root& and 
one qegative, as, in tbe Equation x-i^^yoc — he 
x4-^=o ; which gives 

Here there muft be two Changes of the Signs : 
becauie if ^H^ is greater than r, the (econd 
Term muft be ne^tive^ its Coefficient being 

And if ^4-^ is lefs ihan r, then' the third 
Term muft be negative^ ite Coefficient +4^-^ 

aC'^bc{ab'^am+b) • being iq that Cafe nega- 
tive. And there cannot poSlbly be three 
Changes of tbe Signs, the firft and laft Terms^ 
having the fame Sign* 
. 4"^. There may be one pofitive Root and 

two negative, as in «he Equation l^T^wHH^K 

X — ^sra, ^Wch' gives 

Where there muft be always one Change of the 
Signs, fince the finft Term is pofitive and the 
laft negative. And^ there can be^but one 
Change of the Signs, fince ifj^he 2d Term is 
Qiegative;^ or a'\^b lefs than Cj the 3d muft be 

negative 

* Becaufe th( Sit&ui^MXh is Id s thy the SqiaiY 
H~^XH*^> ^^ therefore vb^^ lefs than tf+^X^* 
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negative alfo, fo that there will be but one 
Change of the/Signs. Or, if the fecond Ternni 
is affirmative, whatever the 3d Term is, there 
yffill be. bm one Change of the Signs. It ap- 
pears therefore, in general, that in Cubic Equa* 
tions, there are as many affirmative Roots iB 
there are Changes of the Signs of the Terms of 
the Equation. 

The ftmc Way of Reafoning may be ex- 
tended to Equations of higher Dimenfions, and 
the Rule delivered in § 19, extended to all 
Kinds of Equations. 

§ 22. There are feveral Confcftariei of what 
has been already demonftrated, that are of Ule 
in difcovering the Roots of Equations. But 
before we proceed to that, it will be convenient 
to explain Ibme Transformations of Equations, 
by which they may often be rendered more 
limple, and the Inveftigation of their Roots 
more cafy. 



L t CHAP; 
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C H A P. in. 

Of theTransformation of Equations ; 
. and exterminating their interme- 
diate Terms. 

§23.TTTE now proceed to explain the 
V V Transfdrcnadons of Equations that 
are moft ufeful : and firft, •' The affirmative 
Roots of an Equation are changed into negative 
Roots of tbi fame ValiUj and the negative Roots 
into affirmative^ by only changing the Signs of the 
Terms alternately^ beginning with the fecond.^' 
Thus, the Roots of the Equation *♦ — x^-^igx* 
+49^—30=0 arc+i, +2, 4-3, -^5; whereat 
the Roots of the lame Equation having only the 
Signs of the fecond and fourth Terms changed^ 
viz. x^-^x^ — i9Af*+49X — 30=0 arc — 1| 
—2, —3, +5. 
• To underftand the Rcafon of this Rule, let 

us afliime an Equation, as x — axx-^yx — ex 

xr^dxx — :^> &c. =0, whofe Roots are H-i7, 
-J4/-H-^, +^f +^> Stc. and another having its 
Roots of the fame Value, but afFe^Sted with con- 
trary Signs, as x-H»xaf-|-^xjr-+-o«-f-^6of+^,&c. 
:s:o. It is plain, that the Terms taken alter- 
K^tply^ beginning froqi the &x&^ are the fame 
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ia both Equations, and have the iame Sign, 
** being ProduAs of an even Nymbcr of the 
Roots ;^ the Produft of any two Roots haying 
the fame ^iga as their Produft when both their 
Signs arc changed 5 as '+ax — i:=z—ax+b. 

But the fecond Terms and all taken alter* 
natdy from them, becaufe their Coefiiclents in* 
Tplve always the Produ^s of an odd Number 
of the Roots, ¥(iil .hare contrary Signs in the 
two Ec^uations. For Example^ the Pt-oduA of 
fc^r, viz. ahcd^ having the fame Sign in both, 
and one Equation in the fifth Term havinj 
akcA^Cy and the other ahcdx^-^y it followi 
that their Produft ahcde muft have contrary 
Sigps in the tw6 Equations : thefe two Equa* 
ttons therefore that have t|ie fame Roots, bu^ 
with contrary Sigps, have nothing different but 
the Signs of the alternate Terms, b^inning 
with the fecond* From which it follows, ^^ that 
if any Equadon is given, and you xhange the 
Signs of the alternate Terms, beginning with 
tjie fecond, the new Equation will have Rdots 
of the fame Value, but with contrary Signs/* 

§ 24. It b often very ufeful ** to tramfarm an 
Equation into another tbatjhall have its Rootj 
greater or Ufs than the Roots of the propofed £- 
potion byjbme given Difference.^* 

Let the Elation propofed be the Cubic 

**— ^;f *+jx— *r=:o. And let it be tequired to 

tr^ntform it into another Equation whofe Roots 

^ ^ 3 IhaU 
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fhaU be Ids than the Roots of this Equation by 
feme given DiflFerence {e\ that is, fuppofe 
yzzx'-^^ and confcquently xz=:^^e i dien in- 
ftead of X and its Powers, fubftitucej^-(*^ and its 
Powers, and there will arife this new Equation, 

whofe Roots are leis than the Roots of the pre-r 
ceding Equation by the Difference (e). 

If it had been required to find an Equation 
whofe Roots fhould be gi'eater than thole of 
the proppfcd Equation by the Quantity («), 
then we muft have fuppofed j^=ar+^, and con- 
fcquently x=y — €9 and then the other Equa-t 
tion would have had this Form. 

{B)y'^3ey-+se 

4- gy 

If the propofed Equation be in this Form 
A?^-(-^^*-|-jx+ra»o, then by fu|^ofing :(+e^y 
there will arife an Equation agreeing in all Re- 
fpefts with the Equation (J)^ but that the fc* 
cond and fourth Terms will havq contrary 
Signs. 

And 
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< And ^7 fiippofiqg jf-^-«ss7^ there wiiLarifr 
^n Equathia agmiog with (^) in all R^fpeft^ 
but that the fecond and fourth Terms wiU' hav£ 
contrary Signs to what they have in (£)i, 

The firft of thcfe Suppofitions gives thi&.& 
i]uation, 






The fecond SuppoGtion gives the Equation, 






'7 

*l^o. 



§ 25. The firft Ufc of this Transformation 
'of Equations is to Ihew " bow the fecond (or 
^iber intermediate) Term may ie taken emay out 
of an Equation.*^ 

It Is plain that in the Equation {A) whofe fe- 



cond Term is ^^e — -/xy*, if you fuppofc e^\py 
and confequentJy s^-^/s^^o, then the fecond 
Term will vanifli. 

In the Equation (C) whole fecond Term is 

— 3^+pxy*, fuppofiftg^=4;>, the fecond Term 
alfo vaniihes. *' 

Now the Equation (yf ) was deduced from 
rif '. — ^;f *+j»— r=30, by fuppofing^=:;<— ^ : and 

Xi 4 the 
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the Equation (C) was deduced frpnajif^-f/^^^-ff 
'^rssoi by fuppofing j:=:x4-'.. From wbicji 
this Rule may eafily be deduced for exter^l* 
nating the fecond Term out of any CqUc £? 
quadoD. 

RULE. 

• 

*• jf^ to the unknown ^anfUy of the given E- 
fuation the third Part of the Coefficient of the 
fecond Term with its proper Sign^ viz, sp^i 
^ndft^pofe this Aggregate equal to a new ipi- 
iinofxm Quantity (y). From this Value of y 
fnd a Vaike ofxby Traffpofitiqn^ andfubfii^ 
tufi this Value of x and its Powers in the 
given Equatian^ 4nd there will arife a new 
£juatioh ibatjball want the fecond term.** 

EX A MP L E. 

Let it be required to exterminate the fecond 
Term out of this Equation, **— 9x*-+-26;f— 
34-so> fiippofe X---3 ==y, or j^+^sx ; and fub^ 
fiituting according to the |flule, you will find 

— 34.3, 



/• --y — 10=10- • 



V » 



la 

ill 
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lA which there if no Term ^here^r is of twp 
fiitnAifionS) and an Afterifk is placed in tte 
Rofam of the 2{l Term, to Ihew it is wanting. , . 

§ 26. Let the Equation propofed be of aaf 
Number of Dimenfions reprefented by (n) ; and 
}et the Coefficient of the ii^cood Term with its 

Sign pre&ced be *»^, then fuppofidg x-^-^sj, 

" . . . 

and confequently x^^t-^ and fubftituting 

this Value for x in the given Equation, there 
will arife a new Equation that ihall wjmt the ie- 
cond Term. 

It is plain from what was demohftrated Sn 
Cbap^ 2. th^t the Sum of the Roots of the pro- 
pofed Equation is +pf and fince we fuppdfc 

yzsx-^^ J it follows^ that in the nei^ Equation, 

e^ch Value of j^ will be leis than the refpe£Uye 

Value pf X by — 5 and, fince the Nuniber of 

the Roots is xr, it follows that the Sum of the 
Values of j^ will be Jefs than 4:^^ tbc Sum of: 

the Values of ;r, by «x-k- thf Piflfcrencc of any 

pwo Roots, that is, by +^ : therefore the Sum 
pf the Values ofj^willbo +^— ^/=:o. 

But the Coefficientbf the fecood Term of the 
Equation o^y is the Sum of the Valuer Wjr, viz. 
^f-^-^, and therefore that Coefficient is equal to 
potbipgy ^ndtonfequcntly, in the Equation of jr^ 

'the 
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the fecond Term Taoiflies. « It follows ih^» 
that the fecond Term may be e:(cterminated out 
of any given Equation by the following 

RULE. 

• 

*« Divide the Coefficient of the fecond ^erm of the 
fropofed Equation iy the Numier of Dmenfions 
of the Equation ; and affuming a new unknmm 
Sluantity y, add to it the Rodent having its 
Sign changed. Then fuppofe this AggregiUi 
equal to x the unknown Quantity in the pro* 
pofed Equation ; and for x and its Towers^ 
fubftitute the Aggregate and its Powers^ fi 
fball the new Equation that arifes want itsfe^ 
cond TcrmS* 

$ 27. If the propofed Equation is a Qiiadra- 
tiC) as ^^---px+j'^o, then, according to tho 
Rule, fuppofe y-^ip^x^ and fubftituting this 
Value for x, you will find. 




y- ♦~^^-+j=a 



And from this Example the U& of exterminat- 
ing the 2d Term appears : for conunonly the 
SolunoQ of the Equaticm that want& the 2d Term 
is moreeafy. .. And^ if you can find the Value 

of 
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of j^ from this new Equation^ it is cafy to find 
the Value of y by Means of the Equation 
jf+4?=Afi For Example, 

Since j^*+j — J^?*=o, it follows that 



that x=y+ip=ip±yi:p*-ri 



which agrees with what we dcmonftrated, Cbap. 
13. Part I. 

If the propofed Equation is a Kquadrartic^ as 
X* — ^A?'+jx*— rx+XTso, then by fuppofing 
x-^pzz^y orx=y-+4^, an Equation (hall arife 
having no fccond Term, And if the, propoied 
is of 5 Dimenfions, then you mull fuppofc 
x=y::^\p. And fo on. 

§ 28. When th.c fccond Term in any Equa^ 
don. is wanting, it follows, that " the Equation 
has both affirmative and negative Roots,'* and 
that the Sum of the affirmative Roots is equal 
to the Sum of the negative Roots :" by which 
Means the Coefficient of the 2d Term, which 
is the Sum of all the Roots of both Sorts, va- 
nifhes, and makes the fecond Term vanifh. 

■ 

In general, ** the Coefficient of the fecond 
Term is the Difference between the Sum of the 
affirmadve Roots and the Sum of the negative 
Roots:" and the Operations we have given 
ftrve only to diminifh all the Roots when the 
Sam of the Affirmative is grcateft, or incrcafc 

the 



, ' 



156 ;if Tkbatise ef PaiHi/ 

the Roots when the Sum of the Negative ,» 
grcateft, (b as to balance them, and reduce them 
10 an Equality. '^ ! 

. Jt is obvious,^ that in a Quadratic Equation 
th^rt wants the iecond Term, there mud be one 
Root afficmative and one native ; and thi^fe. 
muft be equal to one another. 

In a Cubic Equation that wants the fecond 
Term, there muft be either, two affirmative 
^oots fqua), taken together, to a third Root 
that muft be negative; or, two negative equal., 
to a ;hird that m>ift t>e pofitive. 

* Let an Equation Af*--^^x*-f-jx'— f*±:o b<** 
I^opofed, and Jet it be notv Required to exter^ 
minate the third Term.'* 

^ fuppofing jr=:y— ^, the Coefficient of the 
3d Term in the Eqqatioii of 7 is foqnd (fee E-' 
quation J) ^ohc ge^—zpe^q. Supppfe (hat Co- 
e^cient equal to nothing, and by refolvingj the 
Quadratic Equation Si^-^ipe-^q^q^ you will 
find the Value of f , which fubftituted for it in 
the Equation jp=:x—^, wyi ihew hov^ to tratit 
form the propofed Equation into one that fhall 
want the third Term, 

The Quadratic j^*— 2^^+f=20 gives ** 
piz%/p*^^f ^ ^^ jj^ propofed Cubic will b^ , 

transformed into an EquacicM wswting the 3d 
5 






It the propofed Equation is of ir Dimenfions^ 
the Value of f by which the 3d Term may be 
taken away, is had by refolving the Quadratic. 

Equation ^*4- 21 x^H ===.=0, fuppofing— / 

n uxtf — I 

and +q to be the Coefficients oF the 2d and ^d 
Terms, of the propofed Ecpiation. 

i The 4 th Term of any EquaQon may be uken 
away by (blving a Cubic Equation, which^ is the. 
Coefficient of the 4th Term in the Equation 
when transfiirmed, as in the fecond Article of 
this Chapter. The 5th Term may be taken 
away by folving a Biquadratic ; and after the 
iaxoe Manner the other Terms can be exoeroii* 
aattd if there are any. 

' .{294 There ate other Tranfmutaoons of E- 
quicions that on focne Occafions aretufefuh. 

.. An Equation as x'^^^4^x«.r=so, may be 
iransformed iuio anatber that jhiU have its Raots 
iffuil tfi ibe Roots rftHs E^Miim wmUipUed bjt 
^tyf^m ^oMtity^ as/, by iiippo&ig;rs/x, and 

confcqueotly ^=:^, and fubftituting this Value 

for X in the propofed Equation, there will arifc 

*^— ^+y— r=sa, and multiplying all by 

/' • ^y-/iy*+f*9-^^tf^o^ wlierc the Co- 
efficient 
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cfikient of the ad Term i>f the propoftd Eqiia^ 
tion multiplied into/ makes the Coefficient of 
the fecond Term of the transformed Equation ; 
and the folk) wing Coeffioents are produced .by 
the following Coefficients of the propofed Equa- 
tion (as qy Ty &c.) multiplied into the Powers 
of/(/%/%&c.) 

Therefore « to transform any Equation into 
another whofe Root$ ihall be equal to the Roots 
of the propofed Equation multiplied by a giren 
Quantity" (/), you need only multiply the 
Terms^f the propofed Equation, beginning at 
the ad Term, by/, /*, /% /♦, &c. and put- 
ting y inftead of x there will arife an Equation 
having its Roots equal to the Roots of the pro- 
pofed Equation multiplied by (/) as required. 

§ 30. The Tramformation mentioned in the 
laft Article is of Ufe when the highcft Term of 
the Equation has a Coefficient different from 
Unity ; for, by it, the Equation may be tranf- 
fbrmed into one that (hall have the Coefficient 
of the higheft Term Unit. 

If the Equation propofed is </;r'— .^x*4fx-^ 
sso« then transform the Equation into one 
whofe Roots are equal to the Roots of the pro* 

pofed Equation multiplied by {a). That is^ 

fuppofe y=ia» or x=— and there will arife 

.2l^el+2L.r«o^fothat 
>' — ^* + j^— Ttf * =0; From 
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From which we eafily draw this 

f 

R U I. E. 

•* Change the unknown ^antity xinto another y^ 
■ prefix no Coefficient to the higbeft Term, pafs 
the zdf multipfy the follovoing Terms, beginning 
with the 3d, by a, a*, a'', a*, tSe. the Pow- 
ers of the Coefficient of the higbefi Term of the 
prof ofed Equation, refpeSivefy.^* 

Thu$ the Ec^uadon 30?*^ — i3**+i4*+i^=o^ 
is transformed into the Equationj^'—-! 3^*4-14. 
X3XX+»6x9=:o, or;^'— I3y*+42y-f-i44=c 

Then finding the Roots of this Equation it 
will eafily be difcovercd what are the {toots of 
the propofed Equation : fince 3*=^, or xs:^* 
And therefore fince one of the Values of j^ is 

—2, it follows that one of the Values of Xi is 

« 

^31. By the lad Rule ^ an Equation is eisfily 
tleared of FraSiions.^ Suppofe the Equation 

propofed is x^ — -^;:*+-^x— -^=0. Multi- 

ply all the Terms by the Produft of the Deno^ 
minacorS) you find 

nmexx ^ mjnepyix * +i»^p^— awfizrOir 

Then, (by laft %) transforming the Equation 
into one that fhall have Unit for the Coefficient 
of«the higheft Term, you find 1 



i6o J TKJ^ATirtM of Pafttl. 

Or, neglefting the Denotoinator ci the ]aft 

Term -^ ^you need only multiply all the Equa-.* 

■* 

tion by fnn^ which will give 

mnibc^ — nfxx^+mfux^^—ssio. And 

Kow after the Values of y are found, it will 
be eafy to difcover the Values of x ; fince, i^ 

tiie firft Cafe, x= -^ ; in the fecond, xs ^ . 

mm ' mn 

For Example, the Equatioh 

*•* — 4^— Vt =03 *s firft reduced 
to this Form 3^^'* — 4^ — ^4^=o, and then 
transformed ihto;r'» — iiy — 146=0. 

Sothenmes, by thefe Transformations, <' Surd$ 
are iaien att^** As for Example, 
The Equation ^'-^•^nw*^-^^ — n/a^Oj by 

putting j^=>/tfxx, or ^=;4-> is transfornoed 

into this Equation, i- — ^/^x— -|-yx-j- 

i/a:=zo. Which by multiplying all the Terms 
by tfi/j, becQOKS y^ — P^*+i^ — r«*=:o, an 
Equation free of Surds, But in order to make 
this fuccecd, the Surd (^/a) muft enter the alter- 
nate Terms beginning with the fecond. 

§32* ••An Equation, as x ^ — ^x *-+-yjf — r=o, 
mojf be transformed into one wbofe Roots Jhall h 
the ^amities reciprocal of x \ by fuppi^ng 
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jtes— , and jr=— , or> (by one Suppofition) 

ip= — ^ becdoles 2 '— ^*+/^^— ^* =0. 

In the £q<iari<m of j^, >( is manifeff thtt ih6 
Order of the Coe^ients is inverted 1 fb that if 
tlie.fecond Terih had been wandng in fhe pro* 
pofed £quati«fty the kft but one ilioQid have 
been wandng in the Equations of y and z. If 
fife gd had been ii^antlng M (Ht Eqoiation pi'o^ 
po<ed« Che laft but fwitf had bedh WMt^in the 
KqusRfODi of > and z. 

Another tJfe of this Transformation is^ that 
^* ihigrMefi k&0$ in the ani is iransfermed mi^ 

tie k^ kooi in the other /^ For fihce *=:-^ j 

mdiyzit — ^ it is plain that vAmoi theVakie of » 

is greateft> the Value of j^ is lcaft> and cbri*-, 

Verfely. 

* * Ho^ an fiquati'On is transfornied foas f6 h^vc 

all its Root^ affirmative ihall be otpl^ined in die 

follbwirtg Chapter* 
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CHAP. IV. 

Of finding the Roots of Equations 
when two or more of the Roots 
are equal to each other. 

§33.'n£fore we proceed to explmihowto 
J3 refolve Equations of aU Soffts^ wc 
Ihall firft demonftrate ^^ bow an Equation tbat 
bgs txvo 9r m&re Roots equate is depreffed t9 M 
lower Dimefsfion i* and its Refolutioa made^ 
confequently, nx>reeai7. And (hall endeavour 
to explain the Grounds of this and many other 
Rules we fhall give in the remaining Part c^thb 
Treadfe, in a more fimple and concife Manner 
than has hitherto been done. 

In order to this, we mud look back to ^ 24. 
where we find that if any Equation, z&x^^px* 
4-;^— r=o, is propofed, and you are to tranC^ 
form it into another that (hall have its Roots 
lefs than the Values of x by any given Diffe- 
rence, as f, you are to alTume y-zzx^e^ and 
fubftituting for x its Value ^-H, you find the 
traosform'd Equation, 

^ty^^2pey^l 
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Whcrt we are to obfcrve, 

1**; That the lift Term (^^•-:^*+j^— r) U 
the rctf Equation that ^ai propofed^ having 
# in Place of at; 

2\ The eocfficient of the laft Term but one 
Is 3^*— ^2pH-f, which is the Quantity that a^ 
rifes by multiplying e^etf Term of the laft Co- 
efficient e^^^pe^+qe-^r by the Index of #iii 
each Term, and dividing the Prdduft y^^^ 
tfe^^e by the Quantity e that is comoioa td 
all the Terms; 

' 3*. The Coefficient of the laft Term but 
hro is ge^^py which is the Quantity that arifea 
5y muitiplyirfg every Term of the Coefficient 
1^ foOnd de^'^zpe+q) by the Index of ^ in 
tach Term, dnd dividing the ifrhole by 2^ 

§ 34. Thefe fame ObferVattonS extend ta 
Equations of all Dimehfions. If it id the Biqua* 
<lratic M^'^px^^^^^^x+s^sso that is propoA 
td, then by fuppofing jfsx-^--^» it will be trani^ 
formed inco this other^ 

+ ?>* + 2?cy + ?^* ?;=o.' 

•^- r jr — re 

Where again it is obvious that the la(^ Term il 
ihe Equation (hat was propofed, having e in 
Place of X. That the laft Term but one has 

Ma f»r 
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for its Cpefiicienc the Quanaty chat ariles by 
mukiplyiiiig the Ttrovs of the laft Quantity by 
(be lodices of ^ in each Term, aad divi^ns 
the Produd by e. That the Coefficient of tbQ 
taft Term but two, (viz. 6e* — 3p^q)ti6o^ 
daced in the iacne Mauner froo) tbe Tenn kiH 
mediately fojfevirjiig, that is, by multiplying 
every Tcrna of 4^^-~jf#*+2ff— ^ by the In^* 
dex of ^ in that Term, and dividing the whote 
liy < muhipUed into the index of jr in the Teroi 
feught, that is, by exz. And the next Terfl» 

The Demonflj;at;ion of this may ealily h^ 
inade general by xjti^ Theorem for finding tha 
Powers of a Binpoiial, fmoe the tcansformecl 
l^uation cop^s pf th^ Powers of th^ Binomk^ 
y.^e that ar^ myk'd by the Indices of e in d^q 
fed Term^ multiplied each by their Coeffident% 
ti — p^ +3f — r^ +h &c. re^dively. 

§ 35. From the laft two Articles we canet^ 
fily find the Terms of the transformed Equatioa 
without any Involiuion. The laft Term is had 
by fubf^itutjirg f inftead of x in the propofed 
Equation ; th^ nextTernv by multiplying every 
Part of that lalt Term by the Index of # 
in each Part, and dividing the whole by f ; 
%F)d the following Terms in the. Manner de? 
icribed in the foregoing Article > the refpediv^ 

Dii 
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Divifbrs being the Quantity e multiplied by 
Cbe Index ofy in each Term. 

The Demonftracion for finding when two or 
adre Roots are ^ual VhU be eafy, if we add to 
this, that ^' when tie tmknaivn ^autity enters 
mil the Terms ef awf Eguatierty then one of its 
Values is equal to notbiHgy As in the Equatioa 
jr'*-*^*+f*=:o^ where *— 0=0 being one of 
die fimple Equations chat produce at' — fx^^ 
fJirrssO) it follows that one of the Valuesof at is o. 
In like Manner two of the Values of ;i^ are equal 
to nothing in this Equation jr^^^/x*:=:o$ and 
threeof them vanifh in theEquation x^ — px^'ssoi 

It is difo obvioua {converfely) that " if, Ji 
^oes not enter all the Terms of the Equation^ 
i, e. if the Idft Term be not wanting, then non^ 
of the Values of jf can be equal to nothing,*^ 
for if every Term be not Multiplied fey x^ then 
M—o cannot be a Divifor of the whole Equation^ 
And confequently o cannot be one of the Values 
*cf jf. If x^ does not enter into all the Terms 
of the Equation, then two of the Values of m 
<:annot be equal to nothing. If a^^ does not en- 
ter into all the Terms of the Equation, then 
three of the Values of x cannot be equal to no- 
thing, (Se. 

^36. Soppofe now that two Valued of jir are 
«qual to one another, and to f ^ theri it is pfa^o 
that two Vahjes of jr in the transformed Equa^ 
iktn will be equal to nothing : fince yzzx-^e. 

M 3 And 
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And confequehtljr^ by the lad Arcide, the twcr 
lad Tercks of the transformed Equation muft 
iranilh. ^ - 

Suppofe it is the Cubic Eqoanon of % 3.3. ffaa| 
ispropofed, viz. x^ — -p**-!^ Ja^rT*'=o i and be- 
paufe we fuppofe xr=^, therefore die laft Term 
of the transformed Equation, viz. f'-rf^^-|-f9 
r-r will vaniih. And fince two Values of j 
vanilh, the laft Term but one, viz. 3^*J-t2P0^ 
J^q^ will vanifli at the fame time. So tha| 
5^* — 2/)f+j=o. But, by Suppofition, ^=or ^ 
therefore, when two Values of Xy in the Equa- 
tion Aff— fx*+j*-~rnsso, are equal, it foibwa^ 
that 3x^ — 4/)aHhy=o. And thus ^f the pro* 
pofed Cubic is deprefTed to a Quadradc that has 
pne of its Roots equal to one of the Roots of 
jthat Cubic/' 

If it is the Biquadratic that is propofed, viz. 
jr* — -px^+fAf?— ry+j=p, andtwoofitsRootf 
be equal ; then fuppofing r=;r, two of the Va- 
lues of jf muft yantfh, and the Equation of $ 34 
l^ill ht reduced to this Form| 

77lV"—3P^^r^^o, So that 






In 
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In general, when two* Values of x are equal 
to each o(ber» and to ^, the two laft Tfirms of 
die transformed Equation vanifli: and confer 
quendy, ** if you multiply the Terms of the 
propofed Equadon i^y the Indices of ;r in each 
Term, the Quantity that will arife will lie s=o, 
and will give an Equation of a lower Dimen* 
fion than the propofed, that fhall have one of 
iu Roots equal to one of the Roots of the pro- 
pofed Equation/* 

That the laft two Terms of ibe Equadon va- 
nUh when the Values i^xzrc fuppofed equal to 
each other, and to ^, will alfo appear by con* 
fidering, that fince two Values of ^ then be- 
come equal to nothing, the Produft of the Va- 
• lues of ^ muft vanifli, which is equal to the laft 
Term of the Equation ^ and becaufe two of the 
four Values of jr are equal to nothing, it follows 
. alfo.that one of any three that can be taken out 
' of tl^efe four muft be =;:o ; and therefore, the 
Froduf^ OK^cJe by multipjlying gny three muft 
Vanifli I and coniequently the Coefficient of the 
laft Term but one, which is ec^al to the Sum 
0/ thefe Produfb, muft vanifli. 

§ 3 7. After the fame Manner, if there are 
three equal Roots in the Biquadratic y*— /;^'4- 
jx*-— rJ^4-J=Q, and if e be equal to one of 
them ; fhrcc Values of y {=x — e) will vanifli, 
and confeqq on^ly jf ' will enter all the Terms of 

,M4 tH« 
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tkc crmsfenned Eipumon ; which will hsre 
this Forin^ 

''i;^!j***=o, Sothathc^. 

^^*—3?^+J=o 5 or, fincc r=Ar, ther^fiire, 

6**— .3^»4f»o : ndonc of the Roots of 
tStis Quadratic wilf be equal to one of die Roots 
of^he propofed Biquadradc. 

In this Ode» two- of the Roots of the Oibtc 
Equation ^'— 3;f;c*+2j»— raeo arc Roots of 
the propofed Biquadradc, becaufe the Quantity 
6**-^3^+j is deduced from ^^^^ifx^-^iq^ 
».^9 by multiplying the Terms by the Indexes 
of^ in each Term. 

In general, *^ whatever is dxe Number of 
cqpal Roots in the propofed Equation^ they will 
$Si remain but one in the Equation that is de« 
doced from it, by multiplying all the Terms.by 
the Indexes of ^ in them ; and they will all re- 
main but two in the Equation deduced in the 
fame Manner from That ;** and fo of the 

itft. 

§ 38. What we obferved of the Coefficients 
of Equations transformed by fuppofing jfsxu^, 
leads to this eafy Demonftration of thb Rule ; 
and will be applied in the next Chapter to de^ 
pionftrate the Rules for finding the Limits of 
Equations,' 

It IS obvious however, that tho* we make ufe 
of Equations whofe Signs change alteniately, 

4 ^ 
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die iamc Reafooiog exttoda to all other £qiu« 
tions. 

It is a CbnfequemcQ alfi> of what has been de« 
monfbratedt . that ^' if two Roots of ao; Equa- 
«QQ^ as, . 

,y^-*^* |y r -^ ait equal, then 
flon^plyinS the TeriM 1^ anf Arithtnetical 
Series, as, 

*HiK^«^»4i^^«ithePradua wittbe »o^*^ 
For iioce 

( iftd 



^Af%-<a^4f)d0ftsM, UfoUowtthat 
«*+3***— ^ *>— a^jr^+^gjy+ i i jp i !< rg:o> 
Which i$ the Product that arifes by multiplying 
the Terms of the propofed Equation by the 
Terms of the Series, a^.$K ^^+2^, a+^> ^ » 
%hich may repveftnt any Arithmetical Fro- 
grcflbn. 



chap; 
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CHAR V. 
Of die Limits of Equations. 



4 39*TX7'^ ^^ proceed to fliew how to dif- 
VV cover the Limits of the Roots of 
Equations^ by which their Solution is much fa- 
cilitated. 

Let any Equation, as a?'— ^^^ip— r=o be 
propofed ; and transform it» as above* into the 
Eqoadon 



Where the Values of j^ are Icfi than the refpec- 
tive Values of x by the Difference e. If you 
fuppofe ^ to be taken fuch as to make all the Co- 
efficients, of the Equation of j^, pofitive, viz. 
t^^pe^+V-^Tj 3^*-^^H-^, 3^-/5 then 
there being no Variation of the Signs in the 
Equation, all the Values of jp muft be negative $ 
and confequendy, the Quantity f, by which the 
Valiies of AT are diminiihed, muft be greater 
than the greateft pofitivt Value of x : and con- 
sequently qiuft be the Limit of the Roots of (he 
Equation x*mii^9c*^x^^r=0f 

It 
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It is fuffident therefore, in order to find the 
Limit, to f* enquire what Qpandty fubftituted 
for X in each of thefe Expreffions x * — px • + jy — r, 
^x*^^2px+qj S*'— ?f will give them all pofi- 
tive ;" for that Quantity will be the Limit re« 

quired. . 

How thele Expreflions are formed from orte 
another, was explained in the J^gtnning of the 
jaft Chapter^ 

EXAMPLE. 

1 40. If the Equation x*— 2**— »io»'-f-3o** 
rl-63^+12030 is propofed % and it is required 
to determine the liout that is greater than any 
pf the Roots ; you are to enquire what integer 
Number fubftituted for ;ir in the propofed & 
quation, and following Equations deduced froin 
it by $ 35, will give^ in each, a pofitive Quan* 
fity. 

f 

5x*-~6x* — 15* +15 

The lead integer Number vhich gires each 
jpli thefe pofitive, is 2 ; which therefore is the 
Limit of the Roots of the propofed Equation i 
or a Number that exceeds the grcatcft pofitive 
Root. 
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If the Limit of the N^aihe Roots is required, 
you may, by § aj, change the Negative inta 
Poiitive Roots, and then proceed as before to 
find their Limits. Thus, in the Example, yon 
will find that ^-3 is the Limit of the neg^tims 
Roots, So that the five Roots of the propofed 
equation Me becwixc -—3 and -4*a^ 

$41. Hiving found the limit tbit fiirpaflei 
Che greateft pofitive Root, call itai. And if 
you aflume jr=iyi— ^, and for x fubftitute m— ^, 
the Equation that will ariTe will have all its 
Roots pofitiTe ; becaufe m is luppoied to fur- 
pa& All the Valucfr of jr, and ^onleqneiltly 
01*-^ (»jr) maft always be aflirmatlye. And 
by thtt Meansy mjp E^iim ikitf be ibangid in^ 
Me tJbdtJballbavi aUiis R0$is cgitmntive. 

Or if -^HV represent the Limit of the negattw 
Roots, then by afiiKning/xsjir4-a^ tbepropofed 
Equation fhati be transformed into one thac 
fli^l have all its Roots affirmative \ for +» be^ 
ing greater than any negative Value ^9t^ it fol- 
lows, that yz=ix^^n muft be always positive. 

§ 42. «< The greateft negative C^egUient if 
mtf Equatim mreafed iy Unki Mlwegs exceeds 
the greatefi Root &f the EfMiiofC* 

To demonftrate this, let the Cubic ^•-—f;^* 
-i^ar— rss0 be propofed j where all the Tctmis 
arc negative etcept the firft. Aflumiflg'^:ir*u^ 
^t will be transfotaied into the foHoiT^ing Equa- 

lion, 

(J) 
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9re equ4 to each cxher ; mi4 if ]I9U alfo iupp^ 
«qp^i« Chun ckf( laft Eqwion bowMt 

+3y > 

Where all the Tenns being pofidve, it foUowt 
that the Yaliie» of j art all mgptsve» and that 
CpnfiMfieody r» or i4-ii» i^ greater tfaav tfav 
gre^teft Ya^e oC^ia (he psopofrd Equat i on, 

9*« Jf^andr be not s:^, but k& thaa it^ 

aBdli)cryoii*ftiU;fiil|^tMief4i (fiacethene-* 
gatire Part ( ■ g y lyX becomes lefi, 4ie pofi« 

tiTe qtiiNming vo(iifiiioifhed») a^fimtimif ai 
the Coefficieots of the Equation (ji) become {Mn 
fitivro. Apfl the iaine is obinoui if f and J" have 
poGcive S]gnB» and not oegntive Signa^ as wo 
fiippoie4« It appeani thsrefoBS, ^' chat» ill in 
any Cubic Eqxntion, f' be the greateft negpttvo 
Q)pffiQent, thcouj^ muft fur^aft the gKiatcft 
Value of *••• 

'-' ^43* 3^* Ify' die ftim Reafonhig it appears, 
that if 2 be the greateft negative Coefficient of 

the 
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the Equation, and 9=3j+iy then there will hH 
AO Variation of the Signs in the Equatbn of jr / 
for it appears from the laft Article^ that if ali 
the three (p^ jf, f^) were equal to one anothe^^ 
and e equal to any one of them increafcd hf 
Unit, as to ;+i, then all the Terms of^ the 
l^uation (A) would be poficive* Now He he 
fuppofed ftill equal to ;4-i, and ^ and r to be 
kfi than ;, then, a fortiori^ all ^efe Terms 
will be pofitive, the negative P4rt, which in^ 
volves p and r b^ing dlminiihed, while the po» 
fitive Part and the negative involyii^ q remain 
as before. 

4^. Aftierthe fame Manner It b deMonftrated 
diat if r is the greateft negative Coefficient m 
the Equation, and i is fuppofed s^H-i, then 
all the Terms of the Equation (4) of j^ will be 
pofitive I and confequently r+i will be greater 
than any of the Values of 9t. 

What we have (aid of the Cnhic Equatibd 
jr'-^K*4-2x-«*-rso, is eafil}" applicabte td 
others* 

In general^ we conclude that ^^ the grdateil 
negative Coefficient in any Equation increafed 
by Unit, is always a Limit that escdeeds all thd 
Roots of that Equation/' 

But it is to be obferved at the fanle time, that 
the greateft negative Coefficient increaied hf 
Unit, is very feldom the near eft Limit : thait is 
beft difoovcrcd by theRulc in the 39th Article* : 

§44- 
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§44. Having (hewn in §41, how €0 change 
any propoied Equation into one fhat Aall hare 
aAl its Roots affirmative ; we fhall only treat <rf 
ibch as have all their Roots pofitive, in what 
lemains relating to the Limits of Equations. 

An y fac h Equation may be reprcfented by 
ar--^)<*-— ^xSJww— i/, &C. sso, whofe Root» 
arc aj b^ r, d^ &c. 

' And of all fuch Equations two limits are 
•afily difcovered from what precedes, viz. o^ 
which is kfi than the leaft^ and r, found ac« 
cording to § 39, which furpaflcs the grcateft. 
Root of the Equation. 

But befides thefe, we fhall now fliew how 
•< to find other IJmits betwixt the Roots tbewt^ 
Jehes.^ And, for this Putpofe will fuppofe et 
to be the lead Root, b the fecond Root, c the 
third, and (b on 1 it being arbitrary. 

$ 45. If you fiMitutc b in Place of the un- 
known Quantity, putting ;^=o, the Quantity 
that will arife from that SuppofitSon is the laft 
Term of the Equation, all the others, that tat 
vohre x, van idling. 

If you fubftitute for ar aQuanrity lefi than the 
kaft Root tf, the Quantity refulring wiB have 
have the fame Sign as the laft Term 5 that is, 
will be pofitive or negative according as the E* 
quation is of an even or odd Number of Di* 
mcnfions. For all the Faftors *«-^ x-^^ 
:, &c. will be negative, and their ftoduft 

i wiU 



•i 
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will be f9jkivi or negaiiw accoming as tbeir 
Nmnbcr is even oaM. 

If you ibbfticttte bxx a Quantity greater thaft 
tbe kaft Root tf» but lefi dian ait the othef 
RootB^ tfan the Sigp of tlie Quantity refiiking 
trin be^ coiitiary to what it was before ; becaufe 
got Faaor (;r— «> beCDOica now pofitive, aS 
the others remaining native as before* 

If you fiibftkate for ^a QiARlity gretter than 
the two kaft Roets^ but k6 th«i all tbe left, 
both the Faftorsx--#, x^^^ become ppfidvt^ 
tfid the reft seaM^Hi as they were. So that the 
whole Produft will have the fiune Skgx as ths 
laftTefm of the Equation. Thus fucceffively 
^adng^ mftead of » Qflantiiies that are Limtct 
betwixt the Rciot^of the Equation^ the Quan* 
ttiiea ihae re&lt will hme. alternately tho 
Signs + and^. And^ ^nvirftih "ifyoo 
find C^^mittea whaclv fiihftiiuted in plaoe cMf x 
lA the prof>ored£(^atioiiy do give akemately 
pofitiw and negative Refiilis> dioTe Quantttias 
af« the LaouAs^ of tfaac Eqjtfacion." 

It is ufcfal to obfcrve, thai^ ift gpneralf 
«^ wk«A^ by fiibilltutiog any two Nunoben for 
If ioi apy EquiOoO) the Refiilts have contrary 
Si9is» Qn(s or imwc of the Roots of the Eqjm* 
tkin oiuft be betwixt thofe Numbers." Thus^ 
in .the Eqvwion x»— 2a^*— 5=0* if you fub- 
ftitttte ZJ and ^ for x, the Rcfults arc -r-& +4 * 
^whencqiittfQlk)mtha& the Roots ar« betwixt 2 

and 



and ^: for when thefe Refults have dificrent 
SignSy one or ocljer of the Fa6tors which pro- 
duce the Equations muft have changed its Sign ; 
fuppofe it is xs=:e^ then it is plain that e muft be 
betwixt the Numbers fuppofed equal to x. 

% 46. Let the Cubic Equation x^'^px*+qx 
— r=o be propofed, and let it be transformed^ 
by alTumingj^rsAr — e^ into the Equation 



H- qy +qe f 
— r J 



Let us fuppofe e equal fuccefllvely to the 
tbreeValues of ^, beginning with the leafl Value ; 
ud beouafe the laft Term e^-^pe^^qe — r will 
yaniih in all thefe Suppoficions» the Equation 
will have this Form» 

where the laft Term 3^* — 2p^+j is» from the 
Nature of Equations, produced of the remain- 
ing Values of j^, or of the Exceffcs of two other 
Values of x above what is fuppofed equal to e; 
fincc always^=:jif— r. Now, 

t*. If ^ be equal to the leaft Value of ;ir, then 
thofe two Exceffes being both pofitivc, they 

N will 



will give a pofitivc Produft, and confequently 
3^*— 2p^+j will be, in this Cafe, pofitivc. 

2^. If ^ be equal to the fecond Value of Xt 
then, of thofe two Ezcefies one being negative 
and one pofitive, their Ptoduft 3^*— 2^^+j, 
will be negative. 

3*. If f be equal to the third and greateft 
Value of scy then the two Excefles being both 
negative, their Phxhidk 3^— 2/f+j is pofitivc* 
YThence, 

If in the Equation 3^— 2pf+j=:o, you fuSfti- 
tute fucceflively in the Place of f , the three 
Roots of the Equation ^'— ^^-f-j^*— r=o, the 
' Quantities refulttng will iucceliively have! the 
Signs +9 -*9 + » ^^ confciquently the three 
Jloots of the Cubic Equation are the Dmits of 
the Roots of the Equation g«*^-2j)f-|Hf=so (by 
§ 45O That is, the leaft oi the Roots of the 
Cubic is lels than the lead of the Roots of the. 
other ; the fecond Root of the Cubic is a Limit 
between the tWo Roots of the other $ and the 
greateft Root of the Cubic is the Limit that ex- 
ceeds both the Roots of the other. 

f 

§ 47* We have demonftrated that the Roots 
of the Cubic Equation ^'— ^^+jtf — r=oarc Li- 
mits of the Quadratic 3^ — ipe^q \ whence it 
follows {ccnverfefy) that the Roots of the Qua- 
dratic 3^— 2pf-(-j=:o arc the Limits between 
the firft and fecond, and between the i%ond 
and third Roots of the Cubic ^'#-^^^+j^— r=o. 

i 9s^ 
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So that if you find t|ie Limit that qtceecls the 
grcateil l^oot of the Cubic^ by $ 39, ydU will 
have (with o^ which is the Limit le(a than an/ 
of the Roots) four Limits for the three Roots 
of the propofcd Cubic. . 

It was demonftrated in § 35^ how the Qua^ 

. dratic id^'^^zpe-^^ is deduced from th^ propofed 

Cubic ^*— ^^+j^-*r==o, viz^ by multiplyii^ 

each Term by the Index of e in it, and then di^ 

viding the whole by e i and what we have de** 

. monilrated of Cubic Equation; is eafdy extended 
to all others i fo that we conclude ''that the 

laft Term but one of the transformed Equation 
Js the Equation for determinii^ the Limits of 
tbc propofcd Equation.'* Or, that the Equa- 
tion ari&ng by multiplying each Term by the 
Judex of the unknown Quantity in ic^ 1$ t^e 
Equation whole Roots give the Limits of the 
prppbfed ^uation ; ifyouaddtothem thetwo 
ptKptionfd io f44* 

^48. For . the £uDe Reafon^ it is plain thae 
the Root of the fimple Equation s^-^bso^ 
(^ ^* 1^) is tbc Liniit between the two Roots of 
.ihe,QS9dr9,w:3i?'^2pe'^zzo. And, as 
: 4^' — 3f(f^-\'^ie<^^r^o gives three limits of 
the Eqiiaj^n ^♦— ^+j«v-f<-|-j=:.Q, ib the 
Qg^Klwic iJ^t^3|>H-f =6o gives two limits 
th«t aie.l)etwipt tb^ Roots of the Cubic 

ynt JUnut tkatiiibctMnitrjtht tifO Roots pf the 
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Quadratic 6^ — 3f^+J=o. So that we have a 
compleac Series of thefe Equations arifing from 
a fimple Equation to the propofed, each of which 
dctern)incs the Limits of the following Equa- 
tion. 

§ 49. If two Roots in the propofed Equatipn 
are equal, then <' the Limit that ought to be be- 

. twixt them mud: in this Cafe, become equal tp 
one of the equal Roots themfelvcs/' Which 
perfedly agrees with what was demonftrated in 
the laft Chapter, Concerning the Rule for find'* 
ing the equal Roots of Equations. 

And, the fame Equation that g^ves the Li- 
mits, giving alfo one of the equal Roots, when 
two or more are equal, it appears, that "if 
you fubftitute a Limit in Place of the unknown 
Quantity in an Equation, and, inftead of a po- 
iitve or negauve Refult, it be found =0, then 
you may conclude, that ^^ not only the Limit 
itfelf is a Root of the Equation, but that there 

• are two Roccs in that Equation equal to it and 
to one another.'* 

§ 50. It having been demonflrated that the 
Roots of the Equation x^—fx^'+^pc — r=o are 
the Limits of the Roots of the Equation 
3X'— 2^x+y=io, the three Roots of the Cubic 
Equation, which fuppofe to be tf, i^ Cf fubfti- 
tuted for X in the Quadratic S9^^^2px^^ muft 
give the Refults pofidve and negative alter- 
nately. Suppofc thcfe three Refiilts to be 
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-4-iV; — Mj +i ; that is, 3^ — ipa+qziiN^' 
3^* — 2/^+^=:— Af, ^(^-^Zfc+q^L ; and 
fince tf' — fa'+qa — raso, and 3^' — ipd^+q^ 
^szNmj fubtraifting the former multiplied into 
3 from the latter, the Remainder is pc^-^iq^a-i^ 
3r=7/xa. In the fame Manner p^— 2ji+3r 
==>— Afx^, ixidfd^ — 2jr+3r=:+Lxr. T\itTt' 
fore />;!?•— ijAr-f-3r is fuch a Quantity that if, 
for Xy you fubftitute in it fucceffively tf, ^, r, 
the Refulty will btf +iVxtf, — Afx*, 4-Zxf, 
Whence tf, ^, <•,• are Limits of the Equation 
^;^— ■2jAf+3r=o, (by § 45.) and, coTiverfely^ tho 
Roots of the Equation f^—-iqx-\*y"=iO arc 
Limits between the firft and fccond, and be- 
tween the fccond and third Roots of the Cubic 
9^-^x^+qx — r=o. Now the Equation px^-^ 
2j9c+3^=o arifes from the propofed Cubic by 
multiplying the Terms of this latter by the 
Arithmetical Progreffion o, — i, ^2, —3. And 
in the fame Manner it may be (hewn that the 
Roots of the Equation px^ — .2jA;*+3rx' — 4J=:o 
are Limits of the Equation ^♦— ^x'-+-^x*- 



Or, mukiply the Terms of the Equation 

^-p— ^^•+^x'— r = o 
by <i+3^, tf+2^, tf+^, a^ 

apfi — apx^'+iaqx — ar (=0) 



Any. Arithmetical Series >vlrere m is the leaft 

N 3 Term 
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Term and ^ the common Difl^fenccf, and the 
Produfts (if you fubftltutc for y, fucceffirdy, 
4, ^, Cy the three Roots of the propofed Cubic) 
ihall be +N^x^ ^My bx^ +JLx^y. F or the Erft 

PartoftheProduft ^wof*— /^+jx— r=:o ; and 

Cyb^ Cj beiDg Limits in the Equation 3^-^a^df4^ 
sp:o, their Subftitution muft give Refults //, M^ 
Lj alternately pofitive and negative. 

In general^ the Roots of the Equatioft 
:^— ./>**-'+jpc*'^— T^f"**3-H &c. aso are Limttt 
of the Roots of the Equation 



;|.»_2xjx*-S— »— 3xrx»?"?H-, &c. =o ; or of 
any Equation that is deduced from it by multi* 
plying its Terms by any Arithmetical ProgreC- 
iion a=^j ^^^2^, ^R=3^« ^R=4^> &c. And 
fonverfefyy the Roots of this new Equation wlli 
\)c Limits of the propofed Equation 

flP*— /«^**+-jx*^— , &c. =o. 

^* If afry Roots of she Equation of the Limits 
€tre impoffibUy then mufi there be fome Rocti of 
fbe propofed Equation impoj/ible.^^ For as (in 
§46.) the Quantity 3^^2pe+q was demon* 
ftratcd to be equal to the Produft of the Ex- 
cefles of two Values of x above the third fup« 
pofed equal to e i if any itnpoffible EtpreffidA 
be found in thofe Excefies, then there will of 
Confequence be found impofllUe Eifpreflions in 
tli^twoV^lM^ofir. 

• * . ^ « • 

And 
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A^'^ftomt^i* Obfervadon RuIqs amy be 
de^HcixjIr for dir^overing when th^re arc impof* 
^Gisk: R^ts in. J^qoauoos/' Of which we fhall 
tttiiMt afc^rwafda. 

(5s. Befides Ahe Method already explained^ 
there are others by which limits niay be dcter- 
mioedv which the Root of ao Equation caojioc 
exceed. 

^ce the Squares of all real Quantities are af^' 
firmacive, it follows^ that ^ fbc Sum ef the 
Sftiores of the Roots of any^ Efuaiion tm^ hi 
gr^afex than thf Square of the greatefi Root.^^ 
And the fquare Root of that Sum will therefore 
be a Limit that muit exceed the greateft Root 
of the Equation. 

If the Equation pr opofed is *•— ^^•— »-f-^*-^ 
— rx*-i+, &c. =0, then the Sum of the Square* 
of the Roots (by 1 1 5.) will be p* — 2 y. So that 



^p^*^%q will exceed the gieateft Root of that 
£qu«tk)a^ 

Or if you find^ by S 1 69 the Sum of the 4t(i 
Powti$ of the Roots of the ^qv^itioQ, jind ex« 
traA the Biquadratic Root of that Sum, it wiU^ 
alip e3K:ee4 the great^ft Root of the liquation. 

4 52* U you find a mean Propgitional h^ 
twdcA datf Sum of the Squares of any two Roots^ 
u^b^ and ike Sum of sbeirBiquadrates {a^+b\y 
this flaean Ptoportionat wiU be ^ 

\/ 4^^d*lf^+a^V^i'^. And the Sum of thtf 

N 4 Cubes 
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Cubes is «^+^^. Now finte m'^-^zAJ^^ is 
tbe Square of tf-*^, it tnuft be alwtys pofidve ; 
and if you multiply it by a^b^^ the Pmdiift 
>»***-^2a'^'-+^*** will alfo bepofitive y aad 
6on!fequentiy n *^*+^*** will be always gitattr 
than 2a^b^. Add«*+^* and wc have a^+a^ 

h^J^a^b^+b^ greater than a^+ia^b^^+i^ ; 

* ._ 

and extrafting the Root Va'+tf***4-tf'**+^* 
greater than a^'+i^. And the fan)e may be 
dernqnltrated of any Number of Roots what*^ 
CTcn 

Now if you add the Sym of all the Cdbes 
tsJcen affirmativefy to their Sum with thtix proper 
Signs, they will ^ve double the Sum of the 
Cubes of the affirmative Roots, And if yoq 
fubtra£); the fccond Sum from the firft, there 
will remain double the Sum of the Cubes of the 
negative Roots. Whence it follows, that ^^ half 
the Sum of the mean Proportional betwixt the 
Sum of the Squares and the Sum of the Blqua^ 
drates, and of the Sum of the Cubes of thQ 
Roots with their proper Signs, exceeds the Sum 
of the Cubes of the affirmative Roots:'* and 
<^ half their Difference exceeds the Sum of the 
Oibes of the negadve Roots." And by ex« 
tracing the Cube Root of that Sum and Differ- 
ence, you will obuin limits that (hall exceed 
the Sums of the affirmative and of the negative 
lloots. And, fincc it is eafy, from what has 

been 
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been abcady explained, to diminifh the Roocs 
of an Equation fy that they alV may become ne- 
gative but one, tt appears how by this Meaiis 
you may approxrmate .very near to that ftoot^ 
But ttus does not ferve when there are impoffi- 
bk Roots. 
' Several other Rules like thefe might be given 
for Limtdng die Rdots of Equations. We fhall 
give one not fnentioned by other Authors. 

In a Cubic^*— ^*+fX'r^=Q find }•— 2/rt 
and Call it ^^ ; then fliall the greateft Root of 

the Eqnadon always be greater than 12^3, or 

VC. And, 
i 
)n any EquadonV— ^«*^Hfx*-*-^x*-9+, 

* * * • 

6?c, =ci find Cn^iii^ and jcxttafting xfxc 

Root of the 4;h Power out of that Qjiantitjr, it 
ihall always be ie(» than the greateft Root of 
tki £q\iatioo, 



,.j 
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C M A P VI. 

Of die Refblutton of Eduatitms, 
AH whofe Roots areCommenfiirat& 

§53.Tt w» dcifMmftnMd, iit Cl^. t. thac 
X Che kA Terine^ dity Equation is die 
TroAtiSt of its RMb : ftoitn irinch k foUQii«s» 
that the Roots of tti Equfttiofit whefi 4x>iiimeii'* 
iutthle QyantitieSt will he fouad among the Di* 
viibrs of the laft Term. Atid hence we hav^ 
for the Refolution of Equations, thia 

R U L E. 

Bring all the Terms to cne Side of the Ejuation^ 
JM all tie Divi/ers of the lajt Tefmy ' andfuk^ 
ftitnte them Jucceffivefy for the unhumm Sljfm* 
iity in the Equation. So fhall that T>iviJor 
whiehy fubftituted in this Manner^ gives the 
Refiilt =30, he the Root of the propofed £- 
ftation. 

Poi^ Example, fuppofe this Equation is to be 
rtfehred, 

wherethe lail Term is ta^hy whofe fimplelite* 

ral 
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Ul Divifors are a^ b^ 2a j 2^, each of which mzf 
be taken either pofitively or negatively : but as 
here we find there are Variations of Signs in the 
equation, we need only take them pofidvely^ 
Suppofe ^rza tht fir it of the Divifors, and fub^ 
ftiCutiog a for Xj the Equation becomes 



So that, the whole yaniflitng, it follows that s 
is one of the Roots of the Equation. 

After the lame Manner, if you fubftitute h in 
place oft, the Equation is. 



which vanifhlng fhews ^ to be another Root of 
the Equation. 

Again, if you fubftitute la for y, you wiU 
find ^1 the Terms deftroy one another fo as to 
make the Sum =0. For it will then be, 

— 4ii*H6-»** 1 

Whence we find that 2a is the third Root of 
the Equation. Which, after the firft two (+a^ 
-f^,) had been found, might have been col-* 
le^Wd from this, that the laft Term being the 
produft of the 3 Roots, -)-^, -4-^ being known, 
the third mdft fttcefikfily be equal to the laft 

Term 
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Term dirided by the Produdt o^, that is» ss 

. * Lec the Roots of the Cubic Equation 

^*— 2**— 33Af+90=ao be required. 
And firfl the Divifors of 90 ar^ found to be 

i» 2» 3» 5» ^y 9» ^o, 15, 18, 30, 45,90. If you 
fubftitute I for Xy ypu will find Ar'-<-2;if*-~33^ 
4-90=56 ; fo that I is not a Root of the Equa- 
tion. If you fubfticutp 2 for x^ the Refult will 
be 24 : but, putting xsk^^ you have 

ft 

jr»— 2**— 33*+90=27 — 1 8— 99-|-90c=i 17—117=0, 

So that 3 is one of the Roots of the propofed 
Equation. The other affirmative Root is +5 ; 
and after you find it, as it is manifeft from the 
Equation, that the other Root is negative, -you 
are not to try any more Divifora taken, pofiti vely^ 
but to fubftitute them, negatively taken, for x ; 
^uid thus you find that -*^ is the third Root. 

For putting x= — 6, you have 

*'— 2 AT*— 3 3*4-90:=: — 2 16—72+1 984-90=0, 
This laft Root might have been found by di- 
viding the laft Term 90, having its S^ change 
cd, by 15, the Produd of the two Roots al- 
ready found. 

§ ^^. When one of the Roots of an Equation 
is found, in ofder to find the reft with lefs Trou* 
ble, divide the* propofed Equation by the fimple 
Equation which you are to deduce from the Root 
already founds and the Quotient fhall tgive an 

Equation 
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Equation of a Degree lower than the propofe^ ; 
whofe Roots will give the remaining Roots re- 
quired. 

As for Example, the Root 4-3> ^^ found, 
gave x= 3 or » — j =0, whence dividing thus, 

:tf— 3) X*— 2x*— 33X+90 (x*4t^— 30 

**— 3* 

3OX+9O 

—30^+90 



The Quotient (ball give a Quadratic Equation 
x^+x^-*30s=£0, which muft be the Proda£l of 
the other tWo fimpie Equations from which the 
Cubic is generated, and whofe Roots therefore 
mud be two of the Roots of that Cubic. 

Now the Roots of that Quadratic Equation 
are eafily found by Cbap. 13. Pari I. to be +5 
and —6. For, 

x*+x=so 
and . . y=d sV - l =-hS ^ — ^- . 

4 is*' 
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% 5^. After the fame Manner^ if the biqua- 
dratic j^*— 2;ir'— 25X*+26x+i2o=o istpbe 
relblved ; by fubftituting the Divifors of lao 
for 9ff you will find that +3, one of thofe Di- 
vifora is one of the Roots 1 the Subfticution of 
3forAf giving 81— 54— 225+78'4-i2oe279 
«— ^y9=so« And therefore dividing the pro* 
pofed Equation by x— 3, you muft enquire for 
the Roots of the Cubic x'+x*— 22;^— 40=^), 
and finding that +5, one of the Divifors of 40^ 
is one of the Roots, you divide that Cubic by 
xu»5, and the Quodent gives the Quadratic 
x*-|-6x+8=09 whoie two Roots are -^2, — ^4. 
So that the four Roots of the Biquadrauc arc 

f 57* This Rule fuppofes diat you can find 
' all the Divifors of the laft Term % which jgn 
. iqay always do thus. 

f' If a is aj!mf4e ^niity^ OwUit ly its legft 
JXvifor ibsi tneeeds Umi^ and the ^ofiefU 

. ^(Un kf Us la^ Divi/ir^ fr^ieeding ibus tiU 
y$u bavi a ^ycripu stst is nat Hirifiklt^ m^ 
Number greater than Unit. This Quotient^ 
with thefe IXvifbrs^ are the firft oxfimpU Di^- 
vifirs of the Quantity* . And the lYodo^ 
of the Multiplfcadon of any 2, 3,' 4^ 6fr» of 
thcm^M tkt cvff^oumi Divijbrs.^^ 

As, to find the Divifors of 60 ; firft I divide 
bj^t and the Quotient 30 again by a, then 

the 
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the next Qaotient 15 by 3, Ad the Qwcieiit 

* of this Divifion 5 Is not fiuAer divifiMc by any 
Integer above Units 5 fo that thie Ample ©nri* 

Ibrs are, 

2i 4, 3, 5; 
The Produfts of two, 4, 6, 10, ^5. 
The Produfts of three, i«, ao, 3a 
The Produft of all foMr, •••«•«; €ix . 

The Divifors of 90 are found after dk fame 

Manner s 
Simple DMfors, 2, 3, 3, 5* 
The Produfts of two, . ; ^, 9, 10, 15. 
The Produds of three, i . 18, 30, 45. 
The Produd of all four, 90. 

The IXvifofs of 2idM. 
The fimpk Divifors, 3, 7, tf, IJ, *. 
The Produfts of two, a i, 3a, 3^, 7^ , 7^,4^,^. 
The Produdb of three, 2itf, ^i^, 311^, 3^^, 

' 7^*, 7**, a^« 

The Produ6ts of four, zidb^t lib^ ^abh^ jM. 
The Produfts of the fire, • • / . ^lahb. 

Ss%. But as the lift Term may ha^ very 
many DMibn, and the. Labour may b< very 
great to fiibftitute them all fi)r the wfcnown 
Quantity, ^we fliall n^wfliav iiow it mstf be 
abridged, by fimkiogio. a fnall Nuniber the 
Divifors you are to try. And, firft k i$ pbin 
from § 42, that ** any Divifor that exceeds the 

greateft 
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greateft neg^dve Coefficient by Unity is to be 
ncglefted/* Thus in refolving the Equation 
jr* — 2;r'— •25**-4-26y+i20=ao, as 25 is the 
greateft negative Coefficient, we conclude that 
theDivifors of, lao that exceed 26 may be 
negkdted. 

But the Labour may be ftill abridged, if we 
make ufe .of the Kv^ in § 39 ; that is, if we 
find the Number which fubftituted in thefe fol- 
lowing Expreffionss 

^♦— 2**— a5**+26*+i2o, 

2*'— -ax*— 25X-I-I3* 
6x* — 6xrr25t 



wiU give in them iH a pofitive Refult : for that 
Number will be greater than the greateft Root, 
and all the Divifors of 120 that exceed it may 
be n^ledted. 

That this Inreftigation may be eafier, we 
ought to begin always with that Eocpreffion, 
where the negative Roots feem to prevail nK>ft i 
as here in theQuadratic Exprcffion 6;?*— 6^—25 ; 
wheie finding that 6 fubftituted for x gives dnt 
Expreffion pofitive, and gives all the other Ex- 
pr^lions at the lame time pofitive, I ooncluile 
that 6 is greater than any of the Roots, and that 
all the DivifiHi of lao^that exceed 6 may be 

neRle6l«d. 

If 



Chap, 6. ALGEBRA. .193 

If the Equation ^'4-ii^*+io^ — 72=0 is 
propofed, the Rule of § 42 docs not help to a- 
bridge the Operation ; the laft Term itfelf be* 
; ing the greateft negative Term. But, by § 39, 
we enquire what Number fubftituted foe x will 
give all thefe Expreflions pofuive. 

3X+-II 

' Where the labour is very fliort, Tmce we need 
only attend to the firft ExprefTion -, and. we fee 
immediately that 4 fubftituted for x* gives a po^ 
fitive Refult, whence all the Divifors of 72 
that exceed 4 are to be rejeded •, and thus by a 
few Trials we find that -f-2 is the pofitive Rqoc 
of the Equation. Then dividing the Equation 
by X — 2, and refolving the Quadratic Equation 
that is the Quotient of the Divifion, you find 
the other two Roots to be -^9, and — 4. 

§ 59. But there is another Method that re- 
duces the Divifors of the laft Term, that can be 
ufefiii, ftill to more narrow Limits. 

.^uppofe the Cubic Equation x*— ^jt *+jx-^— r 
=:o is propofed to be refolved. Transform it 
CO an Equation whofe Roots (hall be lefs than 
the Values of x by Unity, aflumingj^a^ — i. 
And the laft Term of the transformed Equation 
will be 1 — p^f-^ » which is found by fubfti* 
luting Unit, the Difference of x and y^ for x^ 

Q in 



/ 
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in the propo&d Equation \ as wilt eafily appear 
from § 29, where, when jr=9f— r, the laftTerm 
of the transformed Equation wasf ' — p^^-^i^ — r. 

Transform again the Equation x^— ^^*+?^ 
— r=so, by affuming jF=;f+i, into an Equa- 
tion whofe Roots Ihall exceed the Values of x 
by Unit, and the lail Term of the transformed 
Equation will be — i — f— j — r, the fame that 
aiifes by (ubftituting — i, the Difference be* 
twixt X and jr, for x^ in the propofed Equation, 

Now the Values of ^ are fbme of the Divifors 
of r, which is the Term left when you fuppofe. 
>=o ; and the Values of the jr^s are fome of the 
Divifors of +1— ^+J— r, and of ^i^p^q^r^ 
refpcftivcly. And thefe Values are in Arith% 
metical Ptogreflion increafing by the common 
Difference Unit ; becaufe x— i, x, x+i, are in 
that Ftogreilion. And it is obvious the fame 
.Reafoning may be extended to any Equation of 
whatever Degree. So that this gives a general 
'Method for the Refolution of Equations whoie 
Koots are commenfurable. 

RULE. 

^ Suhftitute in Place of the unkntrtm $udntiiy 
fuccejfroely the Terms of the Progreffioni^ o, 
— I, &c, and find all the Divifors of the Sums 
that refidt \ then take out att the Afitbmetical 
Pr^^nsyou can find among thefe Divifors^ 

3 whofe 
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wiofe common Difference is Unit ; and the Va^ 
bus of X wiU be among the Divifors arifing 
from the Subjlituiiofts of X=:o that belong to 
thefe Progreffions.^* The Values of ap will be af- 
firmative when the Arithmetical Progreflioil 
increafesj but negative when it decreafcs. 

E X A MP L E. 

§ 60. Let it be required to find one erf* the 
ftootsoftheEqu«ion;!p^—**— 10^+6=20. Thd 
Operation is thus; * 



^uttofit. Refuit. Pivifors. AHth.t'r&g.titCr, 




Where ihcSuppofitjons of ^=: i, ^=:o,;r=:— i give 
the Quantity y*—x*-rlp^-4^ equal to —4, 6, 
14; ajnong whofe D}vifors*wc find only one* 
. Arithmetical Progrcffipn 4, 3, 2 5 the Term of 
.which oppofite tc^ the Suppofition of Af=o, be- 
ing gj and the Scries decrcafing, we try if —3^ 
fubftituted for ^ makes the' Equation vahi(h % 
which fucceeding one of its Roots mull be —3. 
Then dividing the Equation by jir+S^ we find 
the Roots of the (Quadratic) Quotient 
**— j4;c-+-2=o are a=fcvf2* 

§61 4 If it is required to find the Roots of 
the Equation ;r*— 3X*— 46;v--.72 5=:Oi the Ope* 
xation will be thus $ ' 

O ^ Suffof. 



■H* 
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Of thtfc four Ariihmeticil Frogrefnom hav- 
ing chdr common Oiffvcnce equal to Um^ the 
aft 
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firft gives x=9, the others give xs s 2,y= — 3, 
y= — 4 ; all which fucceed except x=: — 3 : fo 
that the three Values of x are +"9» — 2, — 4. 



CHAP. VIL 

Of the Refolntion of Equations by 
finding the Equations of a lower 
Degree that are their Divifors. 

% 62.nr^ O find the Roots of an Equation is 
JL the fame Thing as to find t\it fimple 
EquationSt by the Mulriplication of which into 
one another it is produced>^ or, to find the fim* 
pie Equations that divide it without a Remain- 
der. 

If fuch fimple Equations cannot be fpund» 
yet if we can find the ^adratic Equations from 
which the propofed Equation is produced, wc 
may difcover its Roots afterwards by the Refo^ 
lution of thefe Quadratic Equations. Or, if 
neither thefe fimple Equations nor thefe Qua- 
dratic Equations can be found, yet, by finding 
a Cubic ox^ Biquadratic that is a Diviforof the 
propofed Equation, we may dcprels it lower, 
and make the Solution more eafy. 

O 3 Now 
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Now, in order to find the Rules by which 
0iefc Divifors may be difcoycrcd^ we (hall fup- 

pofe that 

DW — n 1 r Sinnpic 

wx* — ^»x4-r C arc the \ QuadratiG 

mx ' — r»>tf *rfrr>r-J ) C Cubic 

pivifors of the propofed Equation ; and if £ 
^eprefent: the Quotient arifing by dividing th^ 
propofed Equatioij by th^c Divifor> then 



Pr, Exot;?* — nx*+r9c — s^ will rcprefent the 
propofed Equation itfclf. Where it i^^Iain^. 
(hat *^ fince tn is the Coefficient of Hhe higheft 
Term of the pivifors^ it mufl be a Divifor of 
^he Coefficient of the |ijjgheft Term of thp pro- 
pofed Equation/- 

§ 6 2. Next we are to obfervc, that, fuppor 
fing the Equation has a fimple Divifor mx-HT^ 

if we fubftitute in the Equation Exfrix-rrH^ in 
JPlace of X, any Quantity, as ^ , then the Quanr 
pty that will refult from this Subftitution wil| 
peceflarily have mar^n for one of its Divifors,: 
(ince, in thijf Subftitution ffix^r^n becomea 
pia — n. 

if we fijbftitute fucccffively for x any Arithr 
pietical Progreffion, j, a — e^ a — 2^, &c. the 
Quantities that will refult from thefe Subftiti^- 
gonsy fill have among their Divifors 
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ma^^'ime—^^ which arc alfo in Arithi-' 
metical ProgrjeHIon, haying their common Dif- 
Cerencc equal to me. 

If, for Example, we fubftitute for pc the 
Term^ of this Progreflion i, o, —1, the Quan« 
ties that refulc have among their Divifors the 
Arithmetical Progrcffion i»— ^, — n, — <» — n ; 
or, changing the Signs, n — w, », n-^m. Where 
the Difference of the Terms is », and the Term 
belon^ng to the SuppoGcion of x=o is n. 

§ ^4. It is manifeft therefore, that when an 
Equation has any fimple Divifor, if you fut^fti- 
tute for X the Progrcffion 1,0, — i, there will 
be found amongfbthe Divifors of the Sums that 
refuk from thefe Subflitutions, onie Arithmetic 
cal Progrcffion at leaA, whofe common Difie« 
rcnce will be Unit or a Diviior m of the Co* 
efficient of the higheft Term, and which will bo 
the Coefficient of « in the fimple Divifor rOi- 
Qtnred : and yhofeTerm^ anfingfrom the Sup? 
pofition of xso, v^ll be n the other Mem^c oC 
the fimple Divifor mx-^ir. 

From which this Rule is deduc^ for difco? 
vering fiich a fimple Pivifor, when there i^ 
my. 

O 4 RU LE. 
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RULE. 

** Suhftitute for x in the fropofed Elation fuc^ 
cfjftvely the Numbers i, o, — i. Find att the " 
Divifors of the Sums that refull from this Sub- 
Jlitutiony and take cut all the Arithmetical 
Progrefftons y$u can find amongfi tbem^ whofe 
"Difference is Unity or fome Divifor of the Co- 
efficient of the bigbefl Term of the Equation. 
Tbenfuppofe n equal to tbat Term of arty one 
Trogreffion tbat arifts from the Suppojition of 
x=:o, and in= the for ef aid Divifor of the 
Coefficient of the bigbeft Term of the Equation^ 
which m is alfo the Difference of the Terms 
ef this Progrejfton ; fo fhall you have mx — n 
for the Divifor required*^ 

. You may find Arithmetical Progreffions giv* 
ing Divifi>rs that will not fucceed ; but if there 
18 any Divifor it will bb found thus by means of 
thefe Arithmetical ProgrefTions. 

% €5. If the Equation propoled has the Co* 
efficient of its higheft Term = i » then it will be 
msssi, and the Diviibr will be ^•*— n, and the 
Rule will coincide with that given in the End of 
the laft Chapter, which we demonftrated after a 
different Manner ; for the Divifor being y — n^ 
the Value of :( will be +nj the Term of the 
Progreffion that is a Divifor of the Sum that a- 
rifes from fuppofing xzzo. Of this Cafe we 
4 gave 
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gave Examples in ihe lafl Chapter ; and tho* it is 
eafy to reduce an Equation whofe higheft Term 
has a Coefficient difierenc from Unit, to one 
where that Coefficient fhall be Unit, by $ 30 ^ 
yet, without that Rcdu(^iori, the Equation may 
be rdfoWed by this Role, as in the following 



EXAMPLE. 

5 66. Suppofe 8^'— 26x*+ii^-l-.xo=o, 
and that it is required to find the Values of ;^ ; 
the Operation is thus \ 



^'^M 



Rifults. 



Di'viJors.\Progr, 



X ss O 



8*' — 26^?*+! i«4-io; 






^3- 
1,2,5,10. 



3 3 
2 5 

I 7 



The Difference of the Terms of the lafl: A- 
rithmetical Progreflion is 2, a Divifor of 8, the 
Coefficient of the higheft Term x' of the E- 
quation, therefore fuppofing iyi=:2, )ir=:5, we' 
try the Divifor 2x — 5 ; which fucceeding, it 
follows that 2 X — 5=0, or;^=:24^. 

The Quotient is the Quadratic 4^1^*— -3^^ — 2 
=0, whofe Roots are ^i^ , and 1=^" , fo 

O o 

that the 3 Roots of the propofed Equation are 2-^, 

^ » 8 

greffion gives ;f+2 for a Divifor j but it docs 
not fucceed, 

567. 



The other Arithmetical Pro. 
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^6y. If the propolbd Equation has no fimple 
DiYiibry then we are are to enquire if it has not 
fomt Quadratic Divifor (if itfelf is an Equation 
cf more than 3 Dimenfions*) 

An Equation having the Divifor mM^^^^x^ 
may be eaprefiedi as in the firft Article of this 
Ch;^ter by jBx»fx*f— »x-+-r 5 and if we fubfti- 
tute for X any known Quantity a the Sum that 
will refult will have ma^^^-'na+r for one of its 
I^vilbrs ; and, if we fubftitute fucceffively for 
X the Progreflion tf, a — e^ a^^ie^ a — 3^, &c. 

the Sums that arife from this Subftiturion will 

1- — ^ 

trnta — i^ *— Hixa — ^+r 

&c. 

amongft their Divifors, refpeftively, 

Thefe Terms are not now, as in the laft Caft, 
in ArithoKtical Progreflion ; but if you fub- 
traft them from the Squares of the Terms tf, 
a — e^ 4h^%e^ a—^^^ &c. multiplied by 01 a 
Divifor of the higheft Term of the propofeci 
Equation, that is from 



pui 
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m a* ' 



mxiP^^V&c. the Remaindein^ 



«Xd- 



inoi — i^e-^r* &c. Ihall be in AritH- 
inetkal Progrcflion, having their common Dif- 
ference equal to wce^ 

If, for Example^ we fuppofe the affumed 
Progreffion a^ a—e^ <»— 2f, a^^^e^ &c. to be 
Si I, o> -— J9 the Plvlfors will be 

4111— an+r 

+r 
iw+»+r, which fubtrafied from 419,^ 

p,o,»i, leave 2» — r 

>-^;f — r^ an Arithmetical Progref- 
fion whofe Difference is 4-0 ; and whofe Term 
grifing from the Subftitutioii of p for k is 



From which it follows, that by this Opera? 
fion, if the propofed Equadon has a Quadratic 
pivifor, you will find an Arithmetical Progref- 
^on (hat wiU determine to you n and r, the 

Coeffickii( 
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Coefficient m being fuppofed known ; (ince it is 
Unit, or a Divifor of the Coefficient of the 
higheft Term of the Equation. Only you arc 
to obferve, that if the firfl: Term mx* of the 
Quadratic Divifor is negative, then in order to, 
obtain an Arithmetical Progrefllon, yoU are not 
to fubtraA, but add the Divifors —40V — 2/14-r, 
— m — «+r, +r, — m+n+Tj to the Teims 

^ 68. The general Rule therefore, deduced 
from what we have faid, is, 

^ SubJlUute in the pr^fed Equation fcr x the 
Terms 2, 1,0, — i, &c. fuccefioely. Find all 
the Divifors of the Sums that refulij adding 
and fubtraSing them from the Squares of tbefe 
Numbers 2, 1,0, — i, &c. multiplied by a 
numerical Divifor of the higheft Term of the 

' propofed Equation^ and take out all the Jritb^ 
metical ProgreJJions that can be found amongft 
thefe Sums and Differences. Let r be that 
Term in awf Progreffton that arifes from the 
Subftitution ofii=Oy and let =pn be the Diffe- 
rence artjing from fultraSing that Term from 
the preceding Term in the Progreffton \ laftly^ 
let m be the forefaid Divifor of the higheft 

Term I thenfl^all mx*rtnx^— r be the DivifoY 
that ought to be tried^ And one or other of 
the Divifors found in this Manner will fuc- 

cccdj 
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ceed, if the propofed Equation has a Qua- 
dratic Divifor. 

•% 

i Z 

I 

^6g. Suppofe, for Example, theBiquadra- 
dradc x* — 5^*+7^* — 5^p— 6=0, is propofed, 
which has no iimple Divifor ; then to difcorer 
if it has any Quadratic DivifoTj the Operation 
is thus. 



Si^fftf. 
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The firft AritfimetiGai ProgrdBon gives the 

iDmibr x*— 3;i^«— 2 5 the fecond giTe8;i^'«-2;r-f 3 : 

both which fucceed, fo that the Roots of the 

twoEquations Af *^— 34f-«2s30»aiid ir*-^2a(s4-3s90t 

^/2^ l^iAZ ^nd idbV^^, arc the four Roots 

z 

of the propofed Equation, the two laft of which 
are icBpoflible. The Divifors which the other 
Arithmetical Progrefilons gire, do not liic- 
cecd. 

§ 70. After the' fame Manner a Rule may be 
difcovered for finding the Cubic Divifors, or 
thofe of higher Dimenfions, of any pcopofed 
Equation. 

Suppofe the Cubic Divifor to be a»x**^«x*'4- 
rx—s^ and by fuppofing 4^ eqi^al to the Terms of 
the Arithmetical Progrefliont it will be as 
follows ; 



Smftrf, 



R0fkhs, 



X 
X 



= 3U7«— 



PJ 




SE7 

rnwuhf 



m 
o 



1/ IHffnMiDtJ, 



9«— 3 

•i 



±1 



■ t .'"^ 



1 



3»- 



m 

in 



m t » mm ii ■ ^ 



Where the ift Differences are not tfaemfelvesin 
Arithmetical ProgrdSon, as in the laft Ca(c> 
but the Differences of its Terms, or the- fecond 
Differences, - are in Arithtnetical Progreffion, 
the common Difference being 2if, whence iris 

known. 
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known. The Quantity, r is found in the CoUiqui c& 
of the^ 2d DiSl and s is always to be aflUmetl > 
fomp Divifor ofxhe kft Term of the propofel 
EquadoO) as^ is of the Coefficient of the firft ' 
Tern;); Whence all the Coefficients of a DivU • 
for »;» *— »;^*+rx — st, with which Trial is Co be .^ 
nude, may be determined. 

If it is a Divifor of 4 Dimenfions that is re*^ 
quired,, by pFOceeding in like Manner, you 
Will obtain a Series of Differences whofe 2d Dif* 
ferences are in Arithmetical Progreffion. If k 
is a Divifor of 5 Dimenfions that is required, * 
you> will obtain, in the fame Manner, a Pro* 
greffion whofe 3d Differences will be in Arith- 
metical Progreffion -, and by obferving thefe 
Progreffions, you may difcover Rules for de- 
fmnining the Coefficients- of the Divifor re* 



The Foundation of thefe Rules being, tha^ 
if an Arithmetical Progreffion a^ a-^^e^ ^^+*2r^ 
^+3^* &c. is affiimcd, the ift Diffirrences of 
their Squares will be in Arithmetical Progref- 
fion I thofe Differences being 2tf^H-^*, 2ae+^*9 
*^+5^*» See. whofe common Diffi^rence is w*. 
And the 2d Differences of their Cubes, and the 
3d DiJl^f eoces of their 4th^ Powers are likewife 
in Arithmetical Progreffion, as is eafily demon* 
ftrated. 

§ 71. Hitherto we have only fhewn bow to 
find the Divifors of Equations that involve but 

0nc 
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Me Letter. But the ikiiie Ruks lerve for dif- 
<!<>^ringthe Divifon^hen there are two Lrttcrs^ 
if ail the Terois have the (amis-Dimenfions i 
for, <« fy Jufpdfini ehe of the Lgtten zftal t$ 
Vnii^ find tbi DivifMT by ibi ffeceiiu^ RmUs^ 
tOdtben by cmpkatiiig tbi Dimenjhns tftbeDi^ 
irifir^ fulfiituting tbe Letter dfain for UM^ yM 
wittbwt tbe Divifmrtequiredi*^ 

Suppofe^ for Example^ you are fo find the 
IXvifor of 8;r^~26«*+iitf**-+-io4*=:dj by 
patting «=» I, thatQuantity becomes Zn^-^tSx* 
'+*<^^iix+iosso ; whofe DiTifor iras founds 
§ 66i to be aAM**5 ; now multiply the Term 
«»5 by -Mf to bring it to the famd Diihenfiona 
as the others and the Divifot required is 

i 72. Befides the Method hitherto etpla1n6l 
for finding the Divilbrs of lower Dimenficms diaC 
ttay divide the propofed Ecluation, there are^ 
others that deferve to be tonfidered. The fol« 
lowing is applicable to Equation3 of all fortSf 
chough we give it only fdr thole of four Dtmch'* 
fions* 

Let the Biquadratic **— /*^+j**— ^x-H/=0 
be the Equation propofed % and let us Aippoft 
it is the Produft of theie (ta> Q^igdratif £qua« 
tions» 



If* 
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X X* — -kx-i-l^o 

Che Terms of which will be equaU refpediwlf » 
to |be Terms of the propofed Equation. 

In this EquatioD) / and n being Divilbrs of 
the lafl: Term. j> we may confider one of 
them (viz. I) aa known ; and in order .to Bod 
J9I or ^) we need onJy compace the T^rms qf 
diis Equation with the Tenm of the propoftd 
Equation refpedively, whiich gives 

3"". ml-^nk:=Lr. 

Now in order to find an Equation that fhaB 
involve only /t, and known Terpns, takie this 
two Values of m that arife from the firfl. and 
third Equations, and you will find, 

m-=.p—kz:~- = (becaufe »= -i- , by Eqa4tlOl 

_iL ' - ' • ' ■ '■ 

■ -l-i =!:^i whence, 

'pl*—^^'^rl-^, and *=^^'; and Z . 
the Quadratic x* — kx+l=o becomes 

To 
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To ^pply this to Praftice, you imA iubfti- 
tuce fucceffively for / all the Divilgrs of J, tbc 
kllTcrm of the propofcd Equation, till you 

find one of chcm fuch, that x"" — ^ — xx+l 

can divide the propofed Equation without a Re- 
mainder, 

EXAMPLE. 

§73. If the Equation ;f*-^6Af'+2ox' — 34^ 

+35=0 is propofcd. The Divifors of 35 are 

'j 5» 7» 25 i if you put/=i, theOySKkatic 

that aiifes will not fucceed. But if you fuppofe 

7=5, then the Equation Af*— *i?+A A^t fe, 

^*'^ n ' ^ xy+/=o becomes, 

divides the propofed Equation without » Re* 
mainder, and gives the Quotient 
X* — ^4^-4-7=0. 

« In this Operation it i* unneceflTary to try any 
EHvifor /, that exceeds the fquare Root of /, the 
laft Term of the propofed Equation.**^ And, 
if the propofed Equation is Literal, " you need 
only try thofe Divifors of the laft Term that arc 
of two Dimcnfiops.* ' 

If, in any Suppofition of /, the Value of *, 

Tiz, '-?^. becomes a Fraftion, then that Sup- 

pofition is to be rejefted, and another Value of 
/ CO be tried. 

P z S 74. 
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I f 74. BTCompartng the id and 4tfa Equations 
of the laft Article, you onay obtain another V*« 

lue of i. For usij 1 Mi\ i«~ 1 fii^Mft («i 
being eqittl to p-^) y sf /■ MUV •f^ 
ife*-/Hf / ■ -jaso. WittciigiTei 
ihs^^dsv^-if*— ff+H-i . So that the <^* 
dradc Dhriibr xequired 



• I I r X 



This XyMhn: vosoSi be tried when J^^% «ft 



at the £iBie dioe, /=y » the former 

not ferring in that C^e« • .r 

By this Fortnuh^ I^yifin may be. famil 

wh(^ feoond Terms may be irr4/^«/. ^ '\ 
How the Divjfor9 of higher Equadom 9tif 

be foundif when they have any, may be uii4er* 

ftood from what has been laid oflhofe of 4^^ 



- > 
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fiopplemeot to C h a f.; Vn, 



Of the Reduction of Equations hf 

. Smd DiviK)rs. 

_ ' " • • \ 

AN Equation of four, fix, or more Dimen- 
fions, although k may admit of no ratio^ 
nal Divifor^ may have one that is ■ irrationals 
As the Biquadratic x*'^fx^+qx*'+rx+s=o^ 
lnhkh we fuppofo to be irreduciUe by any ra* 
tional Divifor, may yet, by adding a Square 
F^AT^-f 2iE&4-/* multiplied into fome Quantity 

M9 be compleated into a Square J^*-K?>f+^*. 
b wiiich Cik we fliall have x*+^^\/mx 

ihH-/, and If fs found by the Reibluaon of an 
aAfted Quadratic Equation. 

'To reduce a Biquadratic Eqoadbn in this 
MaR^9 we hare the following ' 

RULE. 

• If the Biquadratic is ;f*+^*'+jaf*+rx+j=so, 
,where/, ;, r, j, reprefent the given Coef- 
ficients under their proper Signs, fui 
q~Jp»«», r-4«p=:/J, /-4»*=«C. And 
for n take fome integer common Divsfor of fi 
an4 2^, tbaf is not a ffuare Number^ and 

P 3 wbieb$ 

* Jriiim. Umvirf, fag* 264. 



fti4 4^ The ATI8E af ^ PartlL 

fvbicb^ if either p (?r r is an odd Number ^ mujl 
be pdd^ and^ divided by 4 leav4 the lUmdinder 
Vhity. U^riie tikewi/e for kfome Divifor of 

6 

-^ ifp is an even Number^ or tbe baifofum 

^dd Divifor (f p is odd^ or o iffi=o. Sub- 
traS ^from ipk, and let tbe Remainder beL 

Ft^Qjut ?ii^\ and try if, dividing CC 

' « 

by n, tbe Root of tbe ^otient is rational and 
equal to 1 ; //// /V, add nk*x*+2nklx4-nl* 
to both Sides of tbe Equation^ and extralting 
tbe Root you Jball bave x^+x^x+^Q^nhf, 

E X A M P L E I. 

Let the Equation propofcd be **+ii^^^— 17 
sso, and becaufe />=:o» j!;=:x>, r=i2, Ji=^— 17^ 
we (hall have a=:o, |3=:i2, ^=—^17. * And (3 
and 2^, that is 1 2 and —34, having only 2«for a 
common Divifor, it mufl: be »:s32. Again 

— =6, whofc Divifors i, 2, '3, 6, are to be fuo 

'9 

ccffivcly put for i, and —3, — ^ — i^ — 4- 
for / rcfpeftively. 

But ^^^i^, that is k*^ is equartp i^, and 
V' ^^^— ^=/. And when the even Divifors a 

n 

and 6 are fubftitutcd for*, ^ becomes 4 and 3^^ 

an4 
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and.^-"— X being an odd Number,is not divifiblc 
by n(=2.) Wherefore 2 and 6 arc to be fee 
afidc. But when i and 3 are written for ^fi ^ 
is I or 9, and ^-^r-s is 18 or 98 refpe<5livcly i 
"Wfclch Nufnbers c4n be divided by two, and tire 
Roots of the Qm)tient8 extra£):ed, being zkzj 
and =4=7 5 but only one of them, viz. — 3, co- 
incides with /. I put therefore kz:zij lz:=i — 3, 
^=srT, and adding to both Sides of the £qua« 
mn nl^sc^^inkix+nt^^ that is, 2 at* — i?^+i8, 
there refults Af*+2;;*+i = 2x* — 12x4-18, and 

cxtrafting the Root of each, x*+ 1 isdb/ax^f — 3, 
And again, extrading the Root of this laft, the 
four Values of at, according to the Varieties in 

the Signs, are-2iV2+VJ7r^^^^^__^ 

-ii/2 — V — 3^/2 — J., . being the Roots of 
;r^-hx2X-— ijzzotbeEquadonat firftpropofed, 

EXAMPLE II. 

Let the Equation be ap*— SJ*'— 58**— i i^x 
—1 1 =0, and writing — 6, —58, — 1 14, — 1 1 
for/j J» ^> -f* refpeftively, we have — 67 =a, 
— 315=13, and— 1133^=:^. TheNumbersP 
and 2^, that is — 3 x 5 and — ^-V-', have but one 
common Divlfor 39 that is ;^=3. And the 

Divifors of —105=— are 3, 5, 7, 15, 21, ^5^ 

^4 105. Wherefore I firft make Trial with 

P4 3=^ 



^l6 ^jT^EJlTlfvltJl^ ^IMtis^ 

4|tF:9^ and diridlag |- or'~^l«5i -bjf'lt gef^ 

Qooifent ^35,' iand this fubtraainffropi ;|j^ 
•t*.3X3, haves 28, whofe fjalf, 1^, ought'S 

^m\ to /. But !^, or ;5^% tbii..j|, 

v«»rap U equal to ^; ««d ^-w^m^t i, tvliieh 
Is .indeed diviChle by 9:^3 j bqc tbc Hoqt cif 
't}je Qqoticnt 1 37 cannot be extraded. Thav* 

•fore i rejcd the Pivifor 3. and try with'j??* | 

• ty wfaidi dWding —=--105, ihe 'Oyotiepf U 

c^a I, and this taken frgm l/ittipvjxs, lem« 

165.52/. At th«. iame tiipc, ^(^5: ^i?^)=5 

,•^^=4- And ^*'--^or 16+11, is divir 

|tt)]e by n^ and the |loot of the Qpotiept 9, tb«t 
i% 3» coincides with /. Whence 1 conclude tha| 
putting /ssb3, *=5, %=4» «=3, adding t<> 
both Sides of the Equation the Quantity 

:itk*x*-^inkl:ezh»(% Jhat »v 75**+90»+a7^ 
extrafting the Roott, it wi]l ^ 



e 5C A M P LE IB. 

In Ii)ce Manner in fhe Equation x*-^}t*^ 
^5»*-r«37«!4>>9ttpvriting —9,-1-15, --17^ 
t<H,forp,9,r,«,thei« rcfirii «s?t--5^,— solar/a, 
fb? ^nurKjq PiviM «f P spd b^. 




i 
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^^.ii» oCA^ind '^ are ^5, 9t 15, aii,4$» 
I35i b«,Sl >» * JSquarc, and 3, i^, 27, 13541- 

jridoQ by 4 do no^ leaYC Unjiy for. a Remaio- 
der, as is required when / is an odd Numbers 
6ett^ thefe afide there lenuin on]y 5 and' 45 

,10 be died for*. Fiifi kc »=i5,-aiid dift Halves 

off=-^V»thatis,|,|,|» 

Vt V« are to bp tned for i. lUssit the 

^C^odent «-^ V' ^^ *^ divi<)ed by i^ taken from 

^or --4^ leaves i8s=:2/; and^(s5 2::bi!|a: 

^-^2^ ^•—^35 — 5f which is dmfibic by 5»tbt 
the Root of the Quotient — >i» which fhquld be 
ib:99 is imaginary. Put next k:cf^ and ihe 

patient of sS' divided by k^ or of ~V by |, 

is — y. fhw fubtrafted firom 4./)ie=— y: 
leaves nothin^i that }s, /sq.' Again, ^(=i: 

S±±*)r:3, wid ^^Ja^o, 4|ld /(=: ^^') 

=0, From which Coinddence | infer that 
^=5, *=|, /=p, and adding j«*V+4«ajf+«/», 
that is, V^ to both Sides of t^ ^uatioa, I find 

« ■ ■ 

Literal Equations may be treated much in 
the iame Way. And» tf yoo put 9s|^ the 
^nfie Rule will give ygm 'the ratkmUlXmtc^t ioi 
fk Biquadc^dc Equadont , if 4t admits of ooCf 
Thu§fpr thcJE^uAtion x*~ff«-|r5«*+i2Af-^isa> 

putting 



putdfig nts^ii rfin^ i^h 1=-^ ^' cbcE- 
quation is tcdoced to the two Qi^ni^ 
J?*— 3y+3s=o and x*+2;p— 2=0. 

When the Divifors of — arc fo many that it 

would be troublcfofne to make Trial with them 
all fori, their Number may be redBced bf 
finding all the Divifors of aj — ^. For to one 
df thefe; or to its half when odd> the Number 
^muft be equal/* 

The Ground of this Rule is as follows. 

If a Biquadratic Equation af*+/>x*-|-jx*+^* 
4"j=:b, in which, p^ j, r, Sy are the given Co- 
dfictents with their Sigtis, and the Equatiot) is 
fuppofcd clear of FrJadiohs and Surds j if this 
Equation can be compleated into a Square, in 
the Manner already defcribed, we (hall have 

+2»H*+»/*=**-Kpx+^*, that is, 

;c*+p:,^+2^-K/^^+P^M-^- And 
comparing the Terms, we get thefc firee E* 

quanons, 

a. r+2nkl=z.p^y 

in which there being four unknown Qnantities, 
, they can be found only by Trial. - 
■ - • The 
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Tht Values of ^^ taken frohr the t ft and 2d 
EqimdoAS and' made equal ta each other^ give 

n= ^7^x^ = (writing, as in the' Rule, 
^-4jf =&«, and r— r^=/3) = 



Whence, if the Quantities «, i, /, ^, are to be 
found, it follows, (i^O That » being a Divifor 

of ft giving the Quote hCj^k—iU k will be a 

Piyifor of J^ , giving the Quote ipk^il ; and 

that fubtradlirig this Quote from 4^^, / will be 
"equal to half the Remainder, (2*".) In the firft 

Equation we had 5= -2——, and, froiti the 3d, 
?=^^\ .(3^) Bccaufe ^=:i«+4:»** and 

(ifC=i--ia*) - "^ -r , that is, H 

divides 2^ by i*x*44»**— /*• And if the fcve- 
ral Values of the Quantities ir, *, /, ^^ anfwer 
to tfaofe Conditions, or coincide, ic is a pfxx>f 
that they have been rightly aflfumed ; and that 
adding to the given Equation the Quantity 

wx^^H^/l*, it will becompleated into the Square 

It wis faid that ^will always be Ibme Divilor 
of dj—^r*. For «j=j:^_-«w/% and taking 
from both ir*=:ip'^^p^nkl-{-nk*l*t feeing 

the 



33enii) tlve Thing i$ manifeft . 

-; ft isneediefi to be particular as to thcleycol 
limitations in the Rule^ fi^;(^ they, follpw. 
csl% fitMn ifie Algebraical ExpreffioDS of fbft 
Quantifies. Tou are not, for Inftance, if joii 
leek a Surd Divifi)r, to take nz fquare Nupber,^ 

for if jv is a fquane Number^ ^rndtx+i would be 
lational* Or if ir is a. Multiple of a &]uar6| aa^ 

ixMi*, then at feaft, mcfr+J would be faCio«ilr 
aiid n would be deprefled to t. 
, Let OS exstmiiieone Cafe, when p is neu oMi 
r^i «ndb]rdieKulej» muft be an odd Num^'' 
h$i^ a Multiple of 4 more Unity. 

I. Sering /3=r — Jijp, orp+i^pszr^ of the' 

Numbers |3 and ^af one muft be even and t^o 

otfier odd, that their Sum r may be odd. If^.. 

is odd its Divifor n muft be odd likewife. Sup* 
pofe (3 to be ^ttn, then 4^,'^ and confequentiy. 

4^9nd « are both odd. But if « is odd, 2^s 
2s^^^ will be half an odd Number, and « its 
Dinrifor 18 odd. 

IntMsCafe, ^b half an odd Number. For- 
Idt It be an Integer^ p^ will be an eyen Num- 
ber. But if ^is an Integer, fo muft /, becaide 
j-)-ffi^=^ I and 2i$kl nnift be eren. \Aiid 
r+iM (an odd Number) s^^ an even 
Nbmber, wbUb is iiifurd. 

3 a. Let 
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^ 2. Let jy^ rejpfs^ any Nwnbo^ ia^;d|eai|^ 
/ an cKi4 I^uinbcri tkeii t Ufi ^ icntf 9iA 
Number is a Muldple of /mTi : moie or dkft 
ITw/r," that is, /=4iVdbi. •< T>c SqqaflB of 
an odd Number is ^K^i^** and *^ if fromiiiclr 
C Square there be taken any Multiple of 4, tl)e 
Itemttnder, if greater than Ufnity, wilt be 

Hence it fdtows that nss^N+u For fechr 
iflg i$^ss^^s I becaufe /and ^are ^ Hal^!^^ 
of odd Nomben^ we have, accordii^ to tSio 

ptfeht Notation, ?^ =i~4^ , or without thf^ 

Oommon Denominator 9xJ!^»JV>4f, that a^ 
iM^If'+^i^^N'^M^ and ce iifeq te m ly, iis4Jir 
H«x. For it is not 4A^i but.4J\^-& tluK caof' 
give the Produft 4i^+t. 

In like Manna* the other licniCKioiis maybt^ 
dftfbrmined* We fliall add only this Remaik. j 
more* 

' That if )^=d, n^ceflarily /Sano ; far in tim \ 
Oife ^ss^mdf^r^ wtoice p («sr-.-4i^ . 

Biit the Cbnverie of this is not univerlaUy tnm ' 
altho* it is for moft Part. For p being siixfac 

^TI^ aicbo* i( be a real Quantity, if 4^sif 
or/=^, jSiwillvaniih, 

In this Cale wc nyajr uft the fbUowing 



n 



RULS^ 
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■ 

R,U LEI. 

** Of the fompound Divifors of af take one 
that is a Multiple of a fquarc Number, but itfellf 
not a Square, as »**, and try if the Quotient 

4^ =«-K»i»-4/>* ; if this happois jait **4-l^ 

M* 

• Thus inrfleEqawioiii»*-4^a«'— 37«*— 38* 
+1=0, where «=— 38, P=o, 4C=— "7*® • 
ttfhofe Divifors are mixif^ \m, by In^)e&io« 

only I can reica: the leaft to the Purpofc, and 

■ if ' 

tryiDg: with. 4-5 =5x3x3, the Quotient — =-^ 

j6=— 38-+-V— 4- Wbi<;h givts »Mnac-^^ 

R U L E IL 

* *« When p=sO, and likcwife *=o, » being 

be r, the Root of this Squace (hall be /. ** 

As in the Equation **H-2**4-6x*-4-5^— 5 
=0, it being «=5, P=o, 2C=^. «king 

»=5, ii^'=-i» that is, /=^, ^=4. And 

Whatihag been faid may lead to the Invcn- 
.* ti(M» or Demonftration of fimilar Rules for the 

higher 

% 
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highv Equations of even Dim^ofionSy if any 
one pleafes to take the Trouble. 



» I ■ ' * 
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I 

of the Refolution of Equations by 
C'ardaT^i Rule, and others of that 
Kind. 

§75.TTTE now proceed to fhew how an 
VV Expr^fflon df the Root of an E- 
quatb»>cap he obtained that ihaH in voire only 
known Quantities. Jn Chap. ii. Pari L 
we (hewecl how to rei^lve J^mple Equations % 
and in C^^ i ^ wc ftewiil bow to rdbl ve any 
^uadf-atic Equation^ by adding to the Side of 
(he J^qqaidon thftfr in.yolv<^ the unknown. C^an- 
tity, what was neceflary to $i4ke it a-compleat 
Square, and then q^cra^r^thc fquai^ !RoQ( Qfi 
^th Sides. In § 2^ of this Poi:/, we gave an- 
other Method of refolvirig ^^^//V^quationf^ 
by taking away the fe.cond Term : where It ap- 



■^^ 



pewiwl chit If xV--jN^+f==o, ^^Jpsfcy.^^^-^, 

%j6. The feeond Term can be taken away 
out of iny Cubic Equation^ by $ 25 ; fb that 
they all ovqr be reduced to thisForin^ 

Let 
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Let m fuppde that x=a+t ; and sc^+qx-^ 
#|^t^j^r=0'4-3^4-^'+f^-K=: (by 



Buc^s — 1.^ and *•= — -jj^, and amfc*. 

qoently, «•— -lL-|-rsso ; or, «*+ni«ssg, 
Snppofe a*aBZ, and you have, s^^irna 
^i which is a Qjudratic whole Rdbhidon^vcs 

zsi-irdb ^ir*+^=4», 
and «=: ^«|ni:V^ir*+^ , and 



S : m which Esqprtflima 

there are only known Quantities. 

$ 77. The Values of ir may be found a lictlo 
differendy* thusi 

Since tf ^ =— frdb y^r^J^ it follows^ 




*iii' » 



that «*4^=s4.if*i3 V^^rH^* and . 
it (B:-#«-r) s-^ftp /p+5 J ib that 



Clvft.f. A L 0. ]^ B I^ A. 2*5 

\f » 

» , ■ ■■ > ■■ V^ " * " 

which giyej but pne Value ©f y, becaufe when, 

intheVaUicoftfthcSufd ^i^+fz Wppfuiv^ ^ 

it b negative in the Value of ^, and there is only 
the Difference of this Sign in th^ir Values. So 
iba( ^e may conclude 

§ 78. ^ The Value? Qf x may be cjifcpvercd 
without exterminating the fecond Term. 

Any Cubic Equation may be reduced to tUs 
Fprnj, 

which, by fuppofing af=2+^ will be reduced 
to z^*— g|:5 — 2r^Q, in which the frcondXcrm 
is wanting. But by the lad Article, fince 
%*• — 3ja^^2r=o, it follows that 

2= 'v^HVr*--f^+ Vr— V' 



fuppofe that the Cubic Root of the Binomial 

And fince x=:24-i>» i' fpUows that yssp-i-zw. 
• Vid.PUI.Tnmf. 309. 

Q, S 79- 



^^6 V^^s'A'-^ArfV ^PirtU 

$79. Bu^as4h^(gu«crKqpM>f<oyQu^ticy 
is twofold, '^ ffie-tube'kooru /irf^*iii" ud 

Suppc^t^jiXub^Koot of llnic is requii^, 

,-iJ«lklJf*.T:fo «J.'— I =0. tt^cn fince Unit 

idcIfisaCviit^Iloptof I, qnc of the Values.xtf 

y is 1} fo that the Equation y—iz^o ihall di- 

;.TKl^C^fifA£quatipn;'^ — 1=0, and the C2uo- 

So tlut the 3 Ezpreffiuis i^iCi.iuV' X» -" ^'T^^^ > 

i .V<* ""' ^ ^ ' , And, in giawnil, the Cube 
- Root of any Quanmy A* may. be Ji a 
•■- -iV=3 )t^ „ =2:1^3^ i lb th« Ac 



Cube Root of the Binomial r+ V?-~j' may be 
ffi+v/», as wc fuppofe^'above, OT ^ "V " "^ 

xw+^, or — r • - " ■ ^ ■Kffp-h^ And hence 
'* we have three Expreflions foi' x, viz. 
I". *=:p+2W, 

-and theft: give the duKcRooes of tteptopofcd 

Cubic Equation. . ■■ . - 






: '; i^^^l ^-^ (»0| fOtt find; 

• *. • ^ ' 

Kjif=i2. f9 that. . ; . . i . i .^^4, 



and cqnfegdently, r^—^ sgi W =s— ^ ^, 
>4^V^^C^si34^ — ^. ^ow tBe iOube Root 

bf this Biabniil is found a» tei — i^f^— ^ 
<=sii+v'».y^. Whence 



So that the three Roob of the p^opbfed ^xfm\ 
fion are, ti 3, 7. 

ifou may find other two Expre^ons of the 

Cube Root of 3+^^=%, befidcs — i-fVH^; 

«^. 4-+-*'^^« and — F=-*^~Fi but thefe 
fubfthueed for nHr^n give the isune Values foe 
ir are akeady found. 

Q,^ - fiX- 

•4131, ?«t I. 



EXAMPLE IL 

• In tie Equacioa x^-f-X5X^H-84x«-Yoo^o# 
y pu find p^Sy f»-^ S, ^»i-35^ *d ^4-^ 
^r*-rf' = i354Vi8252, wfaoft Qibe Root 



M 34V t2 ; fo that :f= {f^Tm) at— 5+4=1. 
The other two Vahies of a^, w. — ^-|j*^I^» 

—8 — ^—3$,, arc ixnpofllBlc 

After the fame Manner^ you will find that 
the RGk>ts of the Equation >'+jr^-^i6£tX+^6a 
B=:o, are —15, 7=fc=^. The Rule by which 
we may difcoicer if any of the Roots of 2m Equa^ 
tion are impoffible^ flull be denK)nft£ated after* 
wards. 

^%z. Tl^e. Roott^ of ]Biqqa4ra^ Eqmtiwt* 
niay be found by reduc^ig i^m toCubes^ tbiB> 

Let the fecond Term be taken away by the 
kule given in Cbdp. 3. And kt'the Equation^ 
i:hat Fefults be. 

And let us fuppofe this Biquadn^le to b« tlir 
FroduA <)f tbefe two (^ladracic Equations,, 

x'^ — ex+gzzo 

*♦•-+■/ 



jjf. J *** i^ } «C+/f =«^ 



Where 
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Where ciM die Coefficient o{,x in both Equa- 
tipns bu| afie^te^l with contrary Signs ; becaufe 
'whea die fepoiid Term is wantihg in an £qua* 
tion, dte Sum of the a^rmative kooes muD; Be 
«)ual to ^ Sum of the taegativt. 

Compire Aow the propoied Equation with 
^he above Piodu^ and the refpe^live Temis, 
pat equal to each other will give, /+j-^^*=j, 
^— ^=r^ J^ssj. Whence it F6llow^ thit 

/4-^t=jf4-^^ and j p * /:^ ^ahdcMfequentljc, 
y— 1., the lame Way, you will fipd, 

a • 

i>y Subttttftion, i^c, /ac rT . A^ tttd J% 

(=j) =^*4-2j^*+^*-r— J I and multiply- 

• • • « 

ifig by 4^* and ran^ng the Terms pu hare 
this Equation, 

Suppofe ^*==y, and it becomes >'+2jjf*+ 

5*— 4jrjr— r*steo^ a Cubic Equation whofe Roofi 
are to be difcovered by the preceding Articles. 
Then the Values of y being founds their fquare 
Roots will give e (fince jf=:tf* ;) and ha^ng «, 
you will find / and g from the Equations 

!I1_-L, ^-ULJLs.. Laftly, cxtraft- 




V' *i*tir 



SjS yf Triatisb 

ing the Jloots «^ the Ec{uutoD& »*rH*"l-/=o» 
i;«.^!^x4f==6, you witt find ^He 'ftiur Rooa of 
the . Biquadratic jf ♦ V»4^*tif «o j for vO^ 



1 1 I 



'•■T>.K 




— ■<■* 



.J 



§ 83. Or if you wailt to -find theRlwo of 
die j^quadotic without takii^ f^^^ fccond 

Term t 
S^ppofe it (p be otHm Tanup 



pod theVialuesofy will be 



iJ^ 



<V 



J>H*^ 



where 



•fid jr=:/>+/db /p^+f-^+ 
i^l^e^ial to the Root of the Oibic/ 

The Deotopftration i^ d^dueed 'botfk t|iB iaft 
ILrticle, M the 78 is irotn tite ftfecedoig. 



« « 
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GH A P I^. 

of ^Mi^oos by which, ycm may 
' approxiniaiCe to the Roots of JVu-^' 
•'■ fftefM E<]^irtk)n8 by dicitLimitStfi": 



^ i 



§ 84,TT 7 HE'N any Equarioa U^propofcd 
^yV;^ tobc'reiblvcd, firft find the 14- 
mlts of ttre ^.odts (by Chop. 5.) ** for F4»mple,. 
if the Roots of the Equation ^ — 1 6M-^5i<l 
are required, you find the Limits are p, 9* wd 
17, by.i48 } that is, the. leaft Root is betweeQ 
o and 8, and the^greatefl: between. 8 jind 17.-^^ 
In order to find t|ie Hrft of the Roots, I con- 
fider that if I fubftitute o for x in«x^— ti 6x^tf^ 
the Refute ispofltlyie, vi^. -^-5$^ ^d confe^ 
J^uenthr aoy^ Number betwi^ct o^^^drS that gives 
apofitiye H^^^ltf Q^uft be leis than^eleaft Roof, 
and any Number that gives a nejgatlve Refult, 
mufl: be greater. Since q and 8 are the Limits, I 
try 4^ that is, the Mean betwbct them, and fup* 
pofing x=4^ **—-l6x-h55=i6— 64+55=7^ 
jjrom wUch I conclude that the Root is greater 
than 4* So that now we have the Root limitec^ 
between 4 and 8. Therefore I next try 5, an4 
fubftitudng it for x we find ** — 1 6x+5s=3^ — 
96+55= — 5 J which Refult being negative, I 
Conclude that 6 is greater than the Root required, 

.^^ Whic^ 



i 



131 Ji TtLtATtst ^ firtlt 

which therefore is limiced now between 4iuid 6. 
And fubftituting 5, the Mean betwtai diem m 

Place of X, I find *"— 16«+55.=25— 8q+55 
sso; ancil^coniequendy 5 is the leal& Root of 
the Equation . After the fame Manner you will 
difcover 11 to be the greateft Root of that £- 

quit on. 

$ 85. Thus by diminifliiog the greater, or 

lAcreafing the lelTer Limit, you may dRcover 
the true Root when it is a commenfujiable Quan* 
tity. fiut by proceeding after this Manner9 
i^hcn you have two Limits, the one greater 
thatt the Root, the other lefler, that differ from 
tfne another but by Unit, then you majrcon*- 
dude the Root is incommenfuruhie. 

We may however, by continuing the Ope- 
ration in Fra^ions, approximate to it. As if 
the Equatiori prdpolcd is x^ — Sx+yzzbf if wc 
fuppofe Ar=:2, the Refult is 4 — 12+7^= — i, 
V^hich being negative, and the Suppofition bf 
5r=:o giving a pofitive Refult, it follows that 
the Root is betwixt o and 2 . Next wt ^ppofe 
>f=i ; whence, 9^ — 6.v-+-7==:i— 6+7=4-2> 
Vhich being pofitive, we infer th^ Root is be- 
twixt I and 2, and confequently incommenfu- 
tible. In order to approximate to it, we fup* 
fofc x=i I -J., and find x^—Sx+j;;^!^ — ^9+7i=-l'» 
g nd this Refult being pofitive, we infer the Root 
muft be betwixt 2 and i|. And therefore.we 
try 14, and find x^^6x+y=^—^+y=3-^ 

5 — »^ 
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^^it>A+7— — ^, ^^ftidi is negative ; to that 
we conclode the Root to be betw^ t^ and if^ 
And thcrcft»e we ttjf faext i|> which giving 
alfd « negative Refolt, we conclude ^ Root is* 
betwixt il (or i^) arid' rj.. We try therefore 
i-^ and tbit Rcfuft Vittg pofitiv^ v^ con^' 
dude that the Rbot muft be bewixt i-f^ aiid 
i^ afidtheftfefcishehrly I3I. ' 

^ 8 6. Or you may apprb^dmate more ealUy 
by trdnsforming the Equation propoFed into an« 
other whofe Roots lhall.be equal to lO^ loo^or 
1000 Times the Roots of the former (by § 999) 
and taking the limits greater in the lame Pro- 
portion. This Transformation is ealy ; for y oil 
are only to multiply the 2d Term by lo^ 100^ 
or xobo, the 3d Term by their Squares, thef 
4th by their Cubes, t^c. The Equation of the 
laft 'Example is thus triansformed in(o ^*-— 6oodr 
+70o6tf=o, whofe Roots are 100 Times th0 
Roots of the propoled Equation, and whofe 
Limits are 100 and 260. Proceeding as before^ 
we try 150, and find a:*— 6ooy-+-7oooo=; 
22500— -90000-1-70006=2500, fo that 1.50 is 
lefsthan the Root. You ndct try 175, which 
giving a negative kefdt m\ift be greater than 
the Root : and thus proceeding you find the 
Root to be betwixt 158 and 159 : from which 
you infer that the Icaft Root of the propofcd E- 
ijaadon x'-r^)r-^7=¥0 is betwijo: x.58 and 



-HgfB=u>is jtttfpofed CQ be fe|^ ' 

don of the Limits wUi be (^4.4^ BJ^'^'^IO^ 
4-£9»o> ^(*.#*rrjgMr»<RC)r v^ie.Rooiji 
aifq^ 7 1 efvllaf iubfti|uiin9;^»£}r xtbf Value 
of flp'— i5Af*'-i-63«H-50 is negadvc, and by, . 
lB>^ftil»PPP3.f<>r??^ that Qjantitjr becomes po* 
fiuve, ^=i gives it negative, ui^ir=2 ^Ves 
it pofidye;* fo.that the Root is between i and 2^ 
and therefore tiicommenlurable. Toil nviy pro- 
ceM as in the foregoing Examples to appioxi- 
tf!»v6 to the Root. * Bat there arb other Me* 
thods by which you may do that more ea(3y 
«nd readily \ vi^ich we proceed to explaih. 
. '§^8. When you have dUcoverfid the Vahi^ of 
the Root Xo lefs (h4n an Unit (as m this Ex** 
ample, you know it is a )itt}e^(boVe x) fuppofe 
the PiCfcf^ce be(wi3(t its leal Vahie and the 
JNuhibrr thatj^ou bave fpund^Mttilf ^eqoal to 
Jt, to be rcprclcnted by^f as^ln this Ettmplfc.^ 
Ijd y= i+K ' SuBlfitUte , this V^dipc for * 1n^ ^ 
the Equation, thus, . , , 






' yx 1* lit 






fofli«'*wUH)oiie*ly l.oajf. '-oh 

it IWlows that' • ^ • ■'>•' -' 1'3 



SSg^ ^ut thcYaliie pf/may be C(»ri 



dftcdC' 



,3 
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uid dctenpu)ed mote accurately by fuppc^g^. 
to tie the biffosaf e befwkt its real VaJue^ apl ^ 

that which we Uft £^a4 nearly ^'"^ ^ i^ . ^ c 
tbtt/as^8pyfy. Tl»en by fut>fttt«i^$ lW« 
Valtis for / in .iJbe Eqoaken 
/«--*a/^+3i^^5?0!, itwillfbuidas foliows^;^: 

:fj$-s! Lo^f ,+36* , ...,., .. .., , , rr 

— I =3 -71. ■ • • ; ' '• • '-• J : 



Of which theifirflLi^ TenAs, ne^te^g the 
«*» »▼« S5«3^5<537!^P-9oo3LJ^^'374> and 

p.6a803^$ia2i and*=:t+)&ir.oa8o3923i27i 

>«*id| «,y<»yrjL%;«^e;i™cl^09?X!^'l 

fion t^ w« "profqred, ^ 



tw{«t tbc traf Yfdue of/ tad fiuit w« have al- 
r^7 found, ais^ pHxxediqg u ^hovt y^u. iqaf 
<oiTe£t the Value of #. 

S fO« For anotha; Example } let the 'Exfjm^ 
tioa t9tt ftlblved bo ^r'^^v-aiH-fao^ and lay 
ibme of Ihe preceding Methods you di&over one 
t>f the Roots to be between 2 and g. There* 
fo^e you iuppofe x=2-f]r» atid fabftkutmg this 
Value for tt> you find» 




■ 

from which we find that 

K^fsti nearly^ or/so. i. Then to corrodb 
this Valuct we fuppofe/=o«i4;^ tnd fiad 

'. /•= o.ooi4* o.03j+o.3jf*4.^« 
€f*= 0.06 + U2 f 4;6.^ 




& ^Att S^-jTTi «— 0'0054. 
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Then by fuppoBng f ff -^.oc^4-h^,^ jfOB may 
correft its Vakie» and you will &i4 thai ^ 
RdQt re^ed is near^ 4*^9455 14^ ^ 

§9U Itisnotonlf 9n$^ReotofaiiEqua^ 
idiac can be obtained bf this MetbcNi, Im^ bf 
makttig u% of the other t^ifnit»r y<Mi.n^ di^ 
cover the odier Roots in the fame MaHai^r^ 
The Equation of |87,.Ai^<^f5x*4'6.^a0iM^oc:o» 

has for its Limits o,. 2^ 7' 5^* ^^ ^^^ ^ 
leady found the Icaft Root to h; nfarly 
1.02 8039. 1^ ^^ ^^ rtquirod to find Ai mid^ 
RoQt» you proceed in the ikme Manner to da* 
termine its n<areft Umitk «l ^ 4 iid 71 fill? 
1$ fubftituted for » gives a po&me^ ^ j(nd 7 ar ne- 
gative Refult. Thevefera y^ may liippofe 
jnot t/ , andby fobftimt^Dg thia Value .f^r ^ la 
that Equation, you find* /'4*sr-*>9/+43ao» 

fo that f=^ nearly. Or * fince /= -^— ^ ^ 
k is (by fubftitotmg 4^ for /; /as -~ 



!««• 
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9 — r" li 
whence ;rs=6+|vT nearly. WWch Value may 

ttU be corrected as in the pKcedtng Artiefcrs. 

After the fame Manner you may approacknate to 

the Value of the higheft Root of the Equation. 

^92. ^^ In all theie OiMcadoAt) you will ap- 
^roi^mata fooner to the Value of the Root, if 
you take the three laft Tesms of the Eq«tiop» 
and extraft die Root of the Quadratic Equation 
confifting of thefc three Terms,** 

Thus,; 



'i . T|^ ia^;S8».juiflfcidjof the twolaftTecins 
Itftbe Eqaatiori /»*>»sf|2/*+3^j=o, if jjoto 

Qiacitatic is/^-^j^j^tso,: yOu will find 
/suoi&ofsv . 'vlffick it. miaslb. n«tfer-4|Ht fipe 
Value than what foft di&orec bf fappoGi^ 

>^ ^tt obnoQS tint dib Uk&aA drtotflio all 

>^ ' 1 93. «* Bf vfiumii^ Equations •fiCI'ed'wltfa 

■ffnati Coefficients, you may, by thb Mi^itlM, 

ifedtice Qedetal Roles or tbeorms ifofapj^roxi- 

f tiadng CO Uke Roots of {>rop«idd Eqtiation^V 

' whatever Degree.** ? ' 

^ tjA /*— f/*+!/'*"'*0 Tvptt&vx the Eqi&< 

tjtfte'i^ which the Fn£ion/ b-«o be ^c|0r- 

ImatAi wlubh-is ep be added to the Liniic,,or 

iitti^aaifd Mc> it> in ord<r to- have the n«ur 

' Vahieof*. th«m j^— rsso will give/=4- 
' IfKrhave thkTheoim for finding /nearly, viz. 

After the fame Manner, if itis a ^qiiadfadc^ 
• by which /is tto be deterrhinfcd, ^p^pp+^ 
" f^0Hf\^5:siOy then /being veiy little, we fhall 

" have/s — } which Value is corre<^ed by ay- 

.-;: . lidering 



( .--,.- *,**^ 




TlitoitniliSi^ "tlY^qdadratlc fiquadcMH^* - ^ \ 

afluming.che three Terms of the I 

nytif^a ihc Root of the Quadj^q whi(;Ih&iey 

Thus, to find the Valii*. of/ in, the ?i|JJI- 
. don /••HS^+S/M^o where / 
be very little, we negleft the i^Term/^t ^^ 
jcxtiaA the Root of the Quadnitk^y^~f/!i^^ 

or of /*'^-r;jf4-r=^o 4 and nme fiid 

But this Vaiu^ .t^fjosy be correded Iqr j^ 
pofingit equal to «, and fubftituting m' for/*' 
in the Equation /*-^/i/^^^l^ which ^^ 

give «»*— ^/•4V— ^"s^^i and p/'-^jf+A*^' 
so ; the Refoluiion of which Quadratic Equa* 

tion gives /= ^ ^ "^^+1^^ ^ ygry near the 

true Value of /i 

After the fapie Manner yoii^ may find like 
Theorems for the Roots of Biquadratic Equa^ 
tions» or of Equations of any Dimenfiq^ wju^t^ 
even " ' * ^ . .., . i.. 

i9S^ 
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J 95. In general, let *"-+^*~-+f**^-*- 
rtct^t &c. +/t=o tepekat an Equation of 
any Dimenfions »» whcfe wl is itqtpofed to it- 
piefent the abiblute known Term «f the Equa- 
tion. Lrf^t k reprelent the l4<Dit next lefs th»n 
any of the Roots, an4 ftippofing *=at+/, fub- 
ftitute the Powei^ <^k^fif\&ead of the Powers 

of Jf, and there wiU arife, l4^4f)Jn^»-H>e 
J^^-'+ncH-/^ &c. +i^:;=o, dr by Invo- 
lution, difpoGng the Terms according to the 
PimenfiQns of / < • • • 

3 

1 



1 

+ 



1 






fl\ 



I 
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where oegle^Ung «II the Powen of / after the 
tirft two Terms, you Bod 

I 



I 



If 



whence particular Tlia>r«Quiarcisiiaing the 
RooB «f Eqiatiom ma; be deduced. 
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§ g6. " By this Method you may difcover 
Theorems for approximating to the Roots erf" 
pure Powers ;'* as to find the n Root of any 
Number yf; fuppofe k to be the nearcft lefe 
Root in Integers, and that k+fis the true Root) 

then ihzW t+uk'^'f+nx^^ k"^*/^, &c. =:yf; 

and, affuming only the two firft Terms, /= 

J in 

: or, more nearly, taking the three firft 

Terms, 

/= -"irrr ' and (taking -^ =/; 






ac (putting m:=:zA—t) =z—J^ — ; which 

is a rtf//(?»tf/ Theorem fof approximating tof. 

You may find ant irr(^tional Theorem for it 
by affuming the three firft Terms of the Power 

of *+/, viz. it«+«*«^-'/f.»}ci=l/l''-»/»— ^. 

I 

For, nk'-Y-^nx^!^'k'^/^zfiJ—k«=:mi and 

mm 

revolving this Quadratic Equation, you find 






«X«— lXjt''"^+ 



^'-in 



In 
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In the Application of thefe Theorems, when 
a near Value of/ is obtained, then adding it to k 
fubftitute the Aggregate in Place of k in the 
Formula, and you willj by a new Operation, 
obtain a more correft Value of the Root re- 
quired ; and, by thus proceeding, you may ar- 
rive at any Degree of Exaftncfs. 

Thus, to obtain the Cube Root of 2, fup- 

pbfe ksszXj and /(= — ^ — —\=iz^o.2s. 

In the fecond Place, fuppofe ^=1.25, and / 
will be found by a new Operation, equal to 

0.009921, and confequently, ^^1=1,259921 
nearly. By the irrational Theorem, the fame 

Value is difcovered for ^2. 



*. • 
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CHAP. X. 

» 

pf the Method of SerUs by which 
you may approximate to the Roots 
of Literal Equations. 

§ 97.T F there be onljr two Letters, k and a^ 
jL\n rheproppfbd Equackm, fuppofe 4e 
equal to Unit, and find the Ropt of the nume- 
ral Equation that arifes from the Subftitutiotiy 
by the Roles of the laft Chapter. Multiply 
thefe Roots by 19, and the ProduAs will give the 

» 

Roots of the propoied EqUatk>n. 

Thus the Roots of the Equation ar^ — v€x\ 
. 55=:o are found, in § 84, to be 5 and 1 1. 
And therefore the ^Roots. of the Equation 
jf*-— i6tfx+55a*=o, will be ^a and iia. 
The Roots of the Equation ^'+tf*;r — 2tf'=o 
are found by enquiring what are the Roots of 
the numeral Equation j^'+a; — 2=0, and fincc 
one of thefe is 1, it follows that one of the Roots 
of the propofed Equatioa is 4 ; the other two 
are imaginary. 

§ 98. If the Equation to be refolded involves 
more th^ two Letters, as x-'+^rtr — 2tf ^+^;f 
— ■j^*=o, then the Value of x may be exhibited 
in a Series having ia Terms compofed of the 
Powers of a and. 7 with their reipedive Coef- 

fi^Qts ^ 
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ficieacs ; which Will ** conv^ge tht fbPtter ihe lefs 
y is in rtfpelt 4if 2l^ if the Term are continually 
multiplied hy the Powers af y, and divided by 
tbafeef^^* Or» *' mil cHttv^e the Jimier tbie 
greater y is in refpeS of^^ if the Terms be cm^ 
tiwtatty muUipHed iy the P^t&ers cf ^ and di* 
wded ky tbefe ^ y ." Since WKcn y it irfery little 

id refpeft of tf, the Terms jr, iL^ ^, 2!^ Z!, 

&c. dccreafe very quickly. If y vaniQi mi re- 
fpeft pf tf, the fccond Term will vanilh in re- 

fpcdl of the firft, fincc ^\J ::y :a. And af- 

ter the fame Manner ^ vanifhes in rcfptft of 

the Term immediately preceding it. 

But when y is vaftly great in refpeft of a^ 

then a b vaftly great in reipeft of — , and y 
in refpeft of ~ 5 fo that the Terms a^ — , ^, 

In either Cafe, the Series converge fwiftly thac 
conOft of fuch Terms \ and a few cf the firft 
Terms will give a near Value of the Root re- 
quired, 

§ 99. If a Series for x is required fix>m the 
propofed Equttion (hat (hall converge the fboner 
the leis y is in refpeft of ^ ) to 6nd the firft 
Term of this Series, we ihaU fuppofej to va« 
n^fli^ and cxtrafting the Root of the Equttion 

R 3 *'+ 



^, ^ 9 &c. in this Cafe decreafe very fwifdy. 
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AP'+tf*x — 2tf^=o, confiftingof the remaining 
Farts of the Equation that do not vaniih with jr, 
we find, by § 97, that x=tf -, which is the true 
Value of X when^ vanilhes, but is only near its 
Value when y docs not vanifh, but only is very 
little. To get a Value ftill nearer the true Value 
of X, fuppofe the Difference of ^ from the true 
Value to be p, or that x=:tf-+?. And fubfti- 
tutingtf+pin the given Equation for at, yow 
will find, 

a*y+apy—y^S > 

But fince, by Suppofition, y and p are very 
little in refpcdt of tf, it follows that the Terms 
4a^Pj a^yj where j' and p are feparately of the 
leaft Dimenfions, are vaftly great in relpeft of 
the reft *, fo that, in determining a near Value 
of />, the reft may be neglcfted : and from 
4^ */>+tf *j^=o,we find;)z= — \y. So that x=tf+ 
^=^— 4^^, nearly. 

Then to find a nearer Value of )>, and con- 
fcquently of at, fuppofe pzz — Jy+j, and fubfti- 
tuting this Value for it in the laft Equation, you 
will find. 
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a*y=: ay 

+4a^q y 

And fincc, by the Suppofition, j is very little 
in refpeft of/, which is nearly = — ^j there- 
fore q will be very little in rcfpeft ofy ; and 
confcqucntly all the Terms of the lad Equation 
will be very little in refpeft of thefe two, viz, 
— ^^y\ +4«*J> where J and j are of leaft Di- 
menfions fcparately : partieularly the Term 
— ^y^ is litdc in refpeft of 4^*^, becaufe y is 
very little in refpeft of ^ ; and it. is little in re- 
fpcft of — jV9'* becaufe q is little in rcfpeft 
of j^. 

Ncgleft therefore the other Terms, and fup- 

pofmg — 1^^*4-4^*2 =^»y^^ ^^'^ '^^^^ ?= 6^^ • 

fo that xz=a — iy+^^^» And by proceeding 
in the fame Manner you will find *=a— — + 

^ looi When it is required to find a Series 
for X that Ihall converge fooner, the greater y is 

R 4 in 
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in refpeft of any Qijantity a^ you ne^d oi^fop- 
pofc a to be very Ktdc in refpeft of ^, and pro- 
ceed by the faine Rtafoning as in the laft Ejt« 
wipje Oft the Suf^fition of /foemg very litde. 

Thus, to find a Value for ar in die EquaMn 
*^— ^;tf+^*-^«=0 that fhaU converger the 
fooner the greater jr is in refpeft of ij. Suppofe 
A to vaniihi and the remaining Terms will give 
^'— ^' =o, tor af=yr. So that when y is vafHy 
great, it appears that ^:=:y nearly. 

But to have the Value of ;i? more accuratelyi 

'+-ayx:=::af+ajip 







where the Terms 3fp+af become vaftly greafiet 
thsn the reft, y beii^ vaftly greater thto a or 
f J and confequently pzz — \a nearly. 

Again by fuppofing p=s — 4^4.^ you wiH 
f mnsform the laft Equation into 

^y—ayq^^f 1 =p. 



1= 



where the two Terms 32^*— a^j muft be vaftJy 
greater than any of the reft, « being yaffly Ief$ 

than 
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thaajs iMq nMf left than «, Y^ ttifc Suppo- 

fitioni fo that 3iy*T-^5^=o, and j= — ncttfy. 

By prooeedingui this Maimer, you may correct 
the Value of jr and find that 

which Series cod verges the fooner the greater jf is 
rpppofed to be taken in refpeftof^. 

$101. In tbt SolMCiM of flM fitft EMt^i 
tb^e Terim were always tomparad ki order to 
determine ^9 ;, r, &c. in which jf atid tbofe 
Quanddes p^ ;, r^ &c. ^ett fep^ar^ttly of fewed: 
IKmenHons. But in the id ExampU^ thofe 
Terms were Compared in which 4 and the Quan<- 
tities^, }, ft &^- ^<^ of lead Dimenlions le^ 
pamtely. And tfaefe always are the proper 
Tenns to be compared together, bec^ufe they 
become raftly greater than the reft^ in the re* 
^pedtire Hypothcfts. 

In general ; to determine the iitft^ or any. 
Term in the Scries, fucb Terms tf the Equals^ 
4ire to h ajfumed together only^ as will be found 
fo becom vafily greater than the other Terms ; 
that is, whicii give a Value of x which fubfti- 
(uted for if: in ail the Terms of the Equation 
ihaH raiie the Dimenfions of the other Terms all 
above, or all below, the Dimenlions of the af« 
fumed Terais, according as ^ is fuppofed to be 
yafHy Ktile, or yaftly great ip Tt^jyft of <t. 

Thus 
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.St]ua(e.iTiAy exprcfs its Diftaocc from the Lise 
AC. Of this Square we art to obferve, . 



« 


•■.? 












J5 


\" 


■A 


\ 


',7^ 


y'^Jc 


.,h-* 


yV 


■fZr' 


1^5-7 






yf. 


^fx> 


.s^ 


','J 


•ii.' 


y& 




f\ 


.■« 


fj 


i^ 


A' 


y^J 


if^' 


,C^ 






\ 


yl^ 


s 


vV 


/J 


yfj 


yl? 




f 


fA 


W 


rU 


fj\ 


W 


fj 


'/47 




J,. 


yfe 


¥f 


■^ 


^J 




.fj 


» 7 




/ 


y,r 


A 


•,:k 


./J 


Y-^ 


:^ 


f^^ 




o 


X 




> 


>■?" 


^ 


kc 


A 








\ 






^- 


\ 



I. That the Terms are not only in Gcometn* 
cal Pro^inon in tlx; Vertical Column AB, or 
the Horizontal AC, and their Parallels ; but 
alfo'in the Teems taken in any oblique firait 
Line whatever \ for in any fudi Terms it is ma- 
nifeft that the Indices ofy and * will be in Arith- 
metical Progreflion. The Indices of,^, bccaufe 
chofe Terms will remove equally from the Line 
AC> or approach equally to it, and the Indices 
* . of 
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of ^ in any fuch Tcr^is ^c as their Plftanc^^ 
from chat Line AC The Indices of x wi{l alio 
be in ^tthmetic^ ¥^OffcQlqr^ be<;au^ thfibi 
Terms equally remove fir^m, or approach Co th? 
Line AB. Tim k^ Estan^Ic* bx the Terti^s 
y* y^f,y^%y^''t thf ladiccs <?f J! dccrcaC^ 
hy ih^ CPWtnoA difference ^, while the Indicpa 
of ;r in?reafc in th§ PfogrcflBon of the mcuial 
Numbers* ihe cooptpv^a Ratig gf the Tenm^ia 

— ♦ itfoHons^ 

9. From t^ Uft ObTefYatioiv that *' if aqy 
twoiTenDs be fuppofed equal, then all the Terms 
in the faoie ^it Line wUb rhefe Terfns, wiJl he 
equal :'* becaufe by fvippofiiig tbefe two Terms 
^q^^ the comn^p Ratio t& fuppofed to be a 
1^9 of Equality ; and fro^i tbis it follow^ 
^ V if you fgbftitwe every where for x thcj 
Vajfue th^f an&a for it by fuppofing any tVQ 
Terms equal, wpreflcd in the Powers, of ;^, the 
Dimenfion^ ofjr in all the Term? that are foun4 
W t^e fame ftnut Line will be equal »'^ but 
^ the Pupenfioiis of jr in the Terms ^me that 
line wijlL be greafer thfin in choie in that Use ^^ 
and ^* the Dimeofions of j in the Term9 iek!ip 
ijie faid Line will be Ufi than its Dimenfioos iip 
that Line/^ Tfa^s, by £^)pofing^^4i^', vr 
fin4 x^^^j or i^zs,y^ y ^nd ilibfticuting this Var 
l^e for a; in all tbi» Squares, tJ^ JDimen&ms 0^ 
iitjic X«Oi$ j% j.% >'V, jwr't which are att 

found 
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found in the fame ftrait Line, will be 7, but the 
DiimcnGons in all the Terms above that Line 
will be more than 7, and in all the Terms be- 
low that Line will be Icfs than 7. 

§ 103. From thefe two Obfcrvations we may 
cafily find a Method for difcovering what Terms 
ought to be aflumed from an Equation in order 
to give a Value for x which Ihall make the other 
Terms all of higher ^ or all of lower Dimenfions 
of_y than the aflumed Terms : viz. " after all 
the Terms of the Equation are ranged in their 
proper Squares (by the laft Article) fuch Terms 
are to be aflumed as lie in a ftrait line, fo that 
the other Terms either lie all above the ftrait 
Line, or fall all below it.** 

For Example, fuppofe the Equation propofed 
isjr^ — ay^ x+y^x^+a^yx^^^-^x^ =o,then mark- 
ing with an Afteriflc the Squares in the laft Ar- 
ticle which contain the fame Dimenfions of jc 
and y as the Terms in the Equation, imagine a 
Ruler ZE to revolve about the firft Square 
marked atj^, and as it moves from A towards 
C, ic will firft meet the Term ^r'y, and while 
the Ruler joins thefe two Terms, all the other 
Terms lie above it : from which you infer that 
by fuppofing thefe Terms equal, you fhall ob- 
tain a Value of x, which fubftituted for it, will 
give all the other Terms of higher Dimenfiong 
oF;r, than thofe Terms : and hence we conclude 
that the Value of x deduced from, fuppofing 

thefe 
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thefe Terms equal, viz. — , is the fifft Term 

of a Series that will converge the fooner the Jcfe 
j^ is in refpcdt oia. 

If the Ruler be made to revolve about the 
fame Square the contrary Way from D towards 
C, it will firft meet the Term 3^**% and by fup^ 

pofingj'^-f-J'*^'=^o> wefind^=;r, which gives 
the firlt Term of a Scries for 9Cj that converges 
the fooner the greater that y is. And this is the 
celebrated Rule invented by Sir Ifaac Newton^ 
for this Purpofe. 

§ 104. This Rule may be extended to Equa- 
tions having Terms that involve Powers of x 
and_7 v/kh FraSional or Surd Indices; "by 
taking Diftanccs from A .in the Lines AC and 
AB proportional to thefe Fraftions and Surds," 
and thence determining the Situation of the 
T^rms of the propofed Equation in the Parallelo- 
gram ABCD. 

It is to be obferved alfo, that when the Line 
joining any two Terms has all the other Terms 
on one Side of it, by them you may find the firfl 
Term of a converging Series for x^ and thus 
*' various fuch Series can be deduced from the 
fame Equation/* As, in the laft Example, the 
Line joinings y and j;^* has all the Terms above 
it ; and therefore fuppofmg '--^ay^x^a^x^:=^Q 

wefind;v'=— , and «=^, which is the firft 



a ' «i' 



Term 
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Ttrm 0f another conyergpng Series for y. Ag||dR# 
the ftraic Line joining yx^ and x^ h)m all the 
oeher Terms above it, and tkerefbre, fuppofing 
ii^^jir*— «c*=o, wc find ay =^9 and' ^rtsifffjrf , 
the firfl Term of another Serks ferx, coovtrg- 
ingaUb the feoner the kfsy ts. There are mo 
Seriet conwigtng the fooner the greater jr is, to 
be deduced from fuppofing y^zaL « y ^sfi^ or 
y^ifitssax^. Andy to &id all thefe Series^ ^de» 
feobe a P^fy^ 21abed, haThig a Term of ijbe 
Equation in each of ks Angles^ and indudmgaE 
the other Terms within it» then a Series may be 
found for ir» by fuppofing any two Terms equal 
that are placed in any two ac^acent Angles of 
the Polygon.** 

5 10$. If the Rider ZE be made to move 
parallel to i(felf> all the Terms, which it will 
touch at once will be of the lame Dimcnfions of 
y : for they will bear the lame Proportion to one 
another as the Terms in the Line ZE thcmlelyea* 
The Terms which the Ruler will touch firft 
will liave fewer Dimcnfions of jr, than chofe it 
touches afterwards in the Progrefs of its Mo; 
tion, if it mores towards D ; but more I^men* 
ions than diey, if it moves towards A. The 
Terms in the ftrait Line ZE, fcrve to deter-* 
mine the firft Term of the converging Series 
required. Thefe with the Terms it touches af^ 
tcrwards ferre to determine the focceeding 
Terms of the converging Series 1 all the reft 
4 vaoUbiog 
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vaniihing coofpired with ihefe, when y is very : 
little and the Ruler moves from A towards D . 
or when y is vaftly great and the Ruler moves 
from D towards A. 

% io6. The fame Author gitrts ariodier 
Method for diicovcring the firft Term of a Se* 
ries that fliatt cocnrerge the £x)tier the kfi y is. 
^* Suppofe the Term where y is feparately of 
feweft Dimenfions to be Dy^ ; compare It fuccef* 
(ively with the other Terms, as with E^ify and 

obferve where — is found great eft ; and put- 
ting ^ zsiHj Af will be the firft Term of a 

Series that Ihall converge the foonerthelcfsj^is:** 
for in that Cafe ly and Ef^ will be infinitely 
greater than any other Terms of the propofed 
Equation. . Suppofe jFy**^ is any other Term of 

the Equation, and, by the Suppofition, -^(=») 

is greater than -^ » ^^^ confcquently, muld- 

plying by K you find nk greater than U-^y and 
nk-^ greater than / j now if for x you fubftitute 
Af^ then i5>V=F^V"*+'f which therefore will 
vanilh compared with Dy {{waxnk^e is greater 
than /) when y is infinitely iitrle. Thus there- 
fore all the Terms will vanifh compared with 
1>^ and £}*x' which are fuppofcd equal ; and 
confequently they will give the fitft Term of a 
&ries that wtU converge the fooncr the lefs^ is. 

S $ 107; 
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§ 107. If youobfcrvc " when — is found 

leafi o£ all, and fuppofe it equal to i^, then will 
-^y'bc the firft Term of a Series that will con- 
verge the fooncr the greater y is.** For in that 
Cafe I>s^ and Ey^x* will be infinitely greater than 

^«x*, bccaufe — (=») being lels than -jr- ^ 

It foMowi that nk is Icfs than A— ^, and «*+^ 
lefs than /, and confcquently Fy* sfi {:=LFj^y^) 
vaftly Icfs than I)y\ when y is very great. 

* After the feme Manner, if you comp*e any 
Term 2)y'x*, where both x and y are found, 
with all the other Terms, and ob&rvc ^where 

T-rr is found greateji or /^ijj, and fuppofc 

^^=», then may ^» be the firil Term of a 
converging Series. For luppofing that Ffs^ \% 
any other Term of the Equation, if -^(=11) 

is greater than —-^^ then tbzWnk — ^»j& be greater 

than i — ey and »{'+^ greater than ^l-^-nb. But 
nk^e are the Dimenfions of y in Fy')fi when 
x=,Af9y and l+nb are the Dimenfions of y in 
Ey^X'-y therefore />';t* is of more Dimenfions of^ 
jhan Efx\ and therefore vanifhes compared to 
it when y is fuppofed infinitely little. In the 

iame Manner^ if j—^ is icfi than -j— 7, then 

: will 
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will Ej^ be infioitely greater than Ffs^y when 
y is infinite. 

$ 108. Wkcn the firftTerm {Jf') of the Se- 
ries is ibund by the preceding Method, then by 
fuppofing; M5= ^f-^f^ ^"^ fubftituting this Bi- 
nomiaj and its Powers for sc and its Powers; 
there will arife an Equaf ion for deiermiiiing f 
cbe ftoQiod TccQOi of the Series. This new Equa* 
don aiayj:)$. treated in the fame N^oer as the 
Equatipii of ^, vA by the Role of § 103, the 
Xermd that are tQ be compared in x)rder to ob- 
tain a ne^r Value of /^ may be. diicovered ; by 
Means of which Terms p. may be fouBd : whicb 

^pofe fq^al to Bf^^ then hy fyppt^ng 

pszBjT^'+fj the Eqnaaon may be tranf- 
formed into one for d^tebxiihing q the third 
Term of the Series, and by proceed&igin the 
&me Manner you may determine as many Termfs 
of the Series as you pleafe ; finding xz=:Ay'+ 

i{y^+C/+'''-^iy+3'' &c. where the K- 
menfions of jr alcend or deicend according as r 
is pofitive or negative ; and always " in Atith- 
raedcal Progrelfioo^ that this Value of » b^ing 
fubftitut^d for it in the propofed Equation^ the 
Terms involving y and its Powers may fall in 
with one another, fo that more tbaxt one may 
always involve tbie fame IXmenfion ofj^^ which 
snay muGually dcftroy each other and make the 
wfaole Equation vamih, as it ought to do/' 

S 2 It 



ft6o ^Treatise ^ Part II; 

le id obvious dut as the Dimenfiom of ^ in 

^y+5/+''+C>*+^'-+Zy+5'' &c. arc in aiv 
j^rithmetical Progrcffion whofc Diffirrencc is r^ 
the Square, Cube, or any Power s of -/$^+ 

' J9/+'"+C/+^'+iy+3'-^. &c. wjllconfifl: of 
Terms wherein the Dimenflons of jr will confth- 
tute an Arithmetical Progreflion having the fame 
common Difference r ; for thefe D^nnenfioni 
will be j», sn+Vj sn-^ir, J»+3>^ &c. There- 
fore, if in any Term Ey^x* you fubftitute for 9f 
the Series ^y+5y*+^+C/+*''+2yH-3'' &<v 

the Terms of the Series expreffing £y**' wit! 
confift* of thefc Dimenlions of y^ viz, m^sn^ 
iw-f-w-f-r, »-t-j»+-2f , i»4--^»+3r &c. and bf 
a like Subftitucion in any other Terni as jF)'**, 
the Dimenfions of jr will be e-^-nk^ e-^nk-^rj 
t^nk-^Zfj ^+«*+i'* &c. . The former Series 
of Indices mull coincide with the latter Series^ 
that the Terms in which they are found noay 'bt 
compared together, and be found equal witk opr 
ppfiie Signs fo as to deftroy one another, and 
inake the whole Equation vanifii» 

The firft Series confifts of Terms arifing by 
adding fome Multiple of r to ff§+sn^ the latter 
by adding fome Multiple of r to ^+»t; and that 
ti\efe may coincide, fome Multiple of r added 
to fli-4vnmuft be equal to fome other Multiple 
of r added to r-f^« From whkh it appears 
that the Difference of m-^n and H-^ is always 



4 
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a Multiple of r^ ) and coqfequemly that r is a 
Divifor of the pifference ofDimenfions of > in 
the Terms £y V and Fyx\ fuppqfiog ;f=:-^*. 
It follows therefore V that r is .a common Di- 
vifor of the Differences of the Dimenfions of^ 
in the Term's of the Equation, when you have 
fubftituted Ay* for x in all the Terms/' And 
ifrbe aflumed equal to the ^r^^/^ common ^ 
Divifor' (excepting fome Cafes afterward to be 
mentioned) you will have the true Form of a 
Series for :c. And now the Dimenfions j*, 

/+% /+*'', /+3'' &c. being known^ ^crc 
]remains only, by Calculation, to determine the 
general Coefficients Jy By C> A &c. in order tp 

find the Scn^Af^^By'^^Cf^r^^+Dy'^^'^ 



§ 109. This leads us to SSr Ifaac Newtoif% 
Second General Method of Series ; which con* 
Ms in afibming a Series with undetermined Co* 

efficients exprefling x,as -^•-f-J?)r*+^+Q>»+*^+ 
• &c, where Jy JJ, C, &c. are fuppofed as yet un* 
known, butir and rare difcovered by what we 
have already demonftrated; and fubftituting this 
every where for at, you muft fuppofe, in /the 
new Equation that arifes, the Sum of all the 
Terms that involve the fame Dimenfioi^ of jji 
to vanilh, by which Means you will obtain par* 
ticular Equations, thtfirji of which will %v^J^ 
th^fecond J7, the liird C, Sec .and. thefe. Values 

S 3 being 
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feeing fobftitutcd in the affumtd Scries for 
A^ By C, &c. the Scries .for x will be obtained 
as far as you pleafe. 

Let us a:pp!y, for Example, this Method to 

Ac Equation (of § ^8) ^^+tf*Af— 2tf^+^*— ■ 
jf*=o. Suppofc it is required to find a Scries 
converging the fooncr the Ie(s jp is : its fiift 
X^rm (by $ 99, or 102) is found to be 4, fo 
that »=o. Subilicute a for x in the Equation^ 
And the Terms become ^ '+« *— aa*H-^--^^i 
and theDifFcrences of the Indices are O9 i, 2, 3 ; 
whofe greateft common Meafure is U fo that 
r-rzt. Affume therefore x=-/f+5y+Cy+-JC>)f* 
Sec. and fubftitute this Series forir in the £qua^ 
tion. Then . 

+6ABCy'+ &c, 
+aV=tf*yf4-«*5y+tf'C/4-tf*I)y'+ &c, 
^ajfx:=z a4f+aBy^ •+• aPy\ + 8fc, 

Now lince x^ -{-a^ x-^-sj/x — 2^*— ^^:^o, it 
follows that the Sum of thefe Scries mvobring jf 
muft'vanifh. But that cannot be if the Coef- 
ficient of every particular Term docs not vanilh. 
For every Term where j^ is infinitely little, is in- 
finitely greater than the following Terms, fo 

4 that 
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that if every Term does not vanilh of itfelf, the 
Addition QT Sttbtra^lic^i of the following Terms 
which are- infinitely lels than it, or of the pre^ 
ceding Terms which are infinitely greater, can- 
not deftroy it 5 and therefore the whole cannot 
vanifti. It appears therefore that yf'+'tf*-^— * 
^4 ^^o, is an Equation for determining A^ and 
gives Az^za. 

In order to determine 5, you muft fuppoft 
tlje Sum of the Coefficients aflfcftingj' to vanilh^ 

viz. 3^*JSH-a*J5-h<?/6<y=o, or, fince -^=:tf. 

To determine C, in the fame Manner fup- 
pofc3yf5*jy*+3i^*Cy*+^*C/4.tf5y*=o, or, 
fubflituting for A and B their Values already 

found, ^% — |-4i»*(y— — =0, and confc- 
quendy C=s: — . And, by proceeding in the 
fame Manner, 2)=—^, fo that x=:a — iy+ 
^y*A — -^J^' &c. as we found before in 

§ I ID. By this Method you may transfer Se- 
ries fromohe undetermined Quantity to another, 
sind obtain Theorems for the Reverfion of 
Series. 

Suppofc that xz=Lay+by*+cy^+dy^+ &c. 
and it is required to exprefs j' by a Series con- 
fiding of the Powers of x. It is obvious that 

S 4 when 
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whem X is very litdc, y is alfo rtry litde, and 
that in order to determine the firft Term of the 
Series;, you need only afliime x=z^. And there* 

forej=— ; fo dUit %9bi. By fubfticuting -* 

forjTy you find the Dimenfions of x in the 
Terms will be, i, 2, 3, 4, (^c. fo that r=i 
alfo. You may therefore affumc j=sif;if+Bjr*+ ' 
Of*+D**+ &c And by the Subftitutiort of 
thjs Value pf jr you will find, 

dy=aJx+aBx*'\-aCx^+ Sec. 

0''=5? cJ^x^^.Sc(u 

&c. &c. 

But the firft Term being already found to be 
— , you have-rf=— 5 and fince aB+bji*zzo^ 

■ 

it follows that £=- — r . After the fame Man- 
ner you will find C=^ — j- — . Whence y:=: 



§ III. Suppofe again you have ax^^^hc*^ 
rx'+^*4- &c. ==gy+*)^*+iy+*y* &c, to 
find X in Terms ofy. You will eafijy fee, by 
§ 103, that the firft Term of the Series for jr is 

^, that 11=1, r=i. Therefore aflume x= 

* • 

/jf-^By*+Cy &c. and by fubftituting this 

Value 



I- 
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Value fatn-mtd bitagiog^ aU tl)C Ttfint to one 
Side, yoa will have 

ax=aA:f-\^dty*+aC^+ &c. 
*»»=s 'iAy^iiAJSlf*^ &c. 

&C. &c. 

— ly* 

&C. &;c. 

p 

From whence we fee, firft, that tf^fs^^ and 
^=:^. 2\ That tf 54-^-rf*— *=<>, andi?= 



i— 5. 3\ That aC+iiAS+cJ' 

and therefore C= ^ ^ — . And thus the 

three firft Temw of the Series -^r+iJy^+Cjf* 
&c* are known ^. 

§ 1 1 2. Before we conclude it remains to clear 
a Difficulty in this Method that has embarrafled 
fome late ingenious Writers, concerning ^^ the 
Value of r CD be afliimed when $fvo or more of 
the Values of the firft Term of a Series for ex- 
preifing m are found equal /* a Corredion of 
the precedii^ Rule being neceflary in that Cafe. 
And the Author of that Corredion having 
only colledled it from Experience^ and given ic 



• Sec Mr. Df MoUn in Piil. Tran/. 240, 



VA wrdiout Prciof, it is the more neceflkry to 
demonftrace it here. 

It is to be obfervcd then, that in order that 

the Series ^•+S/+'"+Q'^'''+Zy+3'-+ &c. 
may cxprefs x^ it is not only ncpeflary that 
when ic is fubftituted for x in the propofed £^ 
quation Dj^-4-£j*x'+i3''A?*=o, the Indices «+w, 
jw+»jH-r, m-^-ns+ir &c, fhould Fall in ^th 

• • • « • 

the Indices e^nky ^+»*+r, ^+»*+2r, &c. 

• ... - 

in order that the Terms may be compared to- 
gether to determine the Coefficients A^ 5, C, 
&:c. but It is alio neceflary, th^t in tl»e particu- 
br Equations for dectrmrning asiy. of thoft Co- 
efficients, as B for Example, thofe Terms that 
involve B fhotild not ddlroy each other: Thus 
tbe Equation ^A^B — iA^B-^*raA=o qan never 
determine 5,' becaufe ^yf*^— 3/f*5=o, and 
thus B exterminates itfelf out of the Equation % 
befides the Contradidion arifing from — aA&Oy 
when A perhaps h^ been detern^iined . already 
to be equal to fome real Quantity. 

In order to know how to evite this Abfur- 
dity, let us fuppofe that the fy-ft. Order of 
Ttriw in ihe prc^fcd Equation are, as before, 
Z)y^ J^**% fee. and if Aj" is found .to be the 
ikftTtrmofaSerics for x^ then the Dimcn- 
fions 6iy in the Hrft Order pf Tcrmsv arifing by 
iubftituting in them ^ for x^ will be m+nSf 
«d the Dimenfions of j^ arifing by fubftituting 

Af^ 
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JfJl^By'^+Cy'^^'' &x. for x will be m+nt^ 
m+ns-^-Tj m^ns+tr &c Suppofc that ^V 
is the next Order of Terms, and, by the fame 
Subfiitutioni the Dimenfion& of y arifing front 
it will be (becaufo Ffx^:=zFyK 

&c. Now it is plain that H-nk muik coincide 
with fome one of the Dhnenfions tn+ns^ w+w j+r, 
m^^-Hr &c. that the Terms involving them 
may be compared together. And therefore^ 
as we obfcrved in | 108, r muft be the Diffe- 
rence of f+«ib and irrhfSy or fome Divifor of 
tim Difference, hgeneraly r mnft be affumcd 
fuch a Divlfer of that Difference as may allow 
not only f+«t to comctde with fome one of die 
Series m+ns^ tn+ns+r^ utiiis+ir Sec. but as 
may make all the Indices of the other Orders 
befides e+nk Kkewifc to coincide with one of 
that Series : that is, if Gyfx^ is another Terni iri 
the Equation, r muft be fo afiumed that the Se* 
titsfhtby fhdHrr^ fhdb^zr &c. arifing by 

fubftituting in it Jy +Sf+''^+Cf+^'' &:c. for 
*•, may coincide fomewhere with the firft Scries 
pi+nsj iwrN^+r, m+m+ir &c. And there- 
Fore we find, in § 108, " that r muft be aiTumcd 
ib as to be e^l to fome common Diviibr of the 
Piflferenccs -of- the Indices i»-Hj, e+nkj /-{-yib 
fK. which arife in the propofed Equation by 

fubftituting 
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lubftitudng in it for x the firft Term already 

known yJFy»*' For by aflliming r. equal to a 

eommon Di^ifor of thefe'' Dfflfcrertces the thrc6 
Sencs ■ c ...... . 

- m+njy «-(-.|w4-r, m^tts+ft^ «^-^^4^^^ &c: 
e+nky e-^-nk+r^ ^+»^+2r, frJ-»H-3r &c* 
/+^*,/+»*+r, /+»*+2r,/4iw^+.jr fee. 
wilf coincide with one another, fince fomc Mul- 
tiplc$ of r added to n^^ns wiif give t+nksmd all 
that follow it in the fecond Series, and fome 
]S4ultiplcs of r added to nk+4fs wilt alfo give 
f+n& and all that follow it in the /i^iri Series. It 
is alfo obvious, that, if no particular Reaiba 
hinder it, r ought to be afliitned tqua} to the 
greateji common Meafiire of thefe DifFerences. 
For Example, ijf the Indices .iB|hHv, e+nk^ 
f^nbj happen to be in Arithmetical Progrelfion^ 
then r ought to be aiTumed equal to the com- 
mon Difference of the Terms, and the firft of 
the fecond Series will coincide with the fecond 
of thefirfl, and the firftofthe third Series will 
coincide with the fecond of the fecmd Series, 
and with the third of the firft, and fo on^ 

§ 113. Th^fe Things being well underfkood, 
we are next to obferve that ai^r you have fub^ . 

ftituted Jy+Bf^'''+^f+^ &c. for x in the 
firi^ Order of Terms in the Ec|Ujido0) the Terms 
that involve m^ns Diipenlionspf jr wiU deftroy 
cm another ^ for x-^Af" muft be a Divifor of 

. • . \ • xhe 



Chap.io. ALGEBRA. 269 

the Aggregate of thefe Terms, fincc they g^vq 
Af as one Value of. x :^ let x — JfxP reprdCeot 
that Aggregate, and, fubfticuting for x its 

luc Jf HT^r^'¥Cff^'' 9€c. that Aggr t 
becortes >^"+fl/+*'+Q^+^'' &c. — ^> 



^*+^f^+*^&c.xP. Now the loweft Di*' 



menfion in x^^AfxP was fuppofed to be m-^ns^' 
whence the Dimenfion of P, in the fameTfcrms* 
will be nh^^msr^n^ and the lowed: Dimetlfion in* 

i{y«+r^t/+^'^-4- &c. xP will be »4-r-Hw4-«>' 
— -fr^m+ffi+^* Suppofe again that two Values 
of Xj dctcrnrincd from the firft Order of Terms, 

are equal, and then x — Af* will be a Divifor; 
of that Aggregate of the firft Order ofTerms.^ 

Suppofe that Aggregate now x — jfy\ xP, which 
by Subftitution of ^*+J?/+^+QpH"^^ &c 

for X will become fl/+^+C/+^^+ &c?\p; 
in which the loweft Term will now be o^ m^ns 
Dimenfions, fince in x — Ay^^xP- the lowcft 
Term is fuppofed of i»+ffj Diaicnfions j and 
confequently, in thefe Terms, the pimcnnon of 
P itfelf, is i»+»^— 2». 

Ingineral^ if the Number of Values o^x fup- 
pofed equal to^ be p^ then muft x — A^^'^ be a 



Divifor of theAggregateof the Terms of the firft 
Order. And that Aggregate being expreflcd by 

X — Ay^^aJP^ in the loweft Terms, the Dimenfions 
• • of 
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of jr in P will be JR^HfiH-iM^dMt ia;v*«^j^^ tbqr 
jfn4y be ^Hhirj, ;is we always fapfiofe. .3ttbftv* 



wtc in x^Jy^xP for *w*^ its Value J8^+' 
+C/+*'^+- &c. and in the ReAilt 

|f/+''+Cy^+*^+ &c.^xP the loweft Dimen- 
fions of y will be frhi-^pr^ftHms^^n=m+JU 

§ 1 14. From what ha$ been faid we concludet 
that when you have fubftituted for x in the firft 
Order of Terms of the Equation propofed the 

Series 4y'+5/+^+C/+^'*+&c. the firft Term 
of which Jy is known, anid the Values of 9c 
whofe Number is p are found equal, then the 
Terms arifing that involve m+ns^ m+ns+r^ 
«+w+2r, &CU till you come to fn+m+pr^ will 
deftroy each other and vaniflx i fo that the firfl: 
Term with which the Terms of the fecood Or«* 
dcr e^nk can be compared muft be that which 
involves m+nsj^pr ; and therefore fuppofrng 

i^Misdmhts^pr, or r= ^ v . 'JuZ^\ ^< the higfe- 

cft Value you can give r n)uft be the; Difference 
of f^Jfir and m.^ divided by^ the Number of 
equal Values of the firft. Term oi the Series.*' 
If this Value of r is a common Meafiire of all 
the Differences of the Indices, then i$ it a juft 
Value of r ; but if it 1 is not, Cuch a Value of r 
muft be alTumed, as may meafure this, and all 
the Differences : thafLi|» ^Vfuch a V^luc as may 

be 
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be the gceateft. comnon Mesduni of the kiift 
DifFcrencc divi\l<d by p {viz. ^Xr -'^f "^ V ^^ 

of the common Mealtirt of all the Differences.** 
For thus the Indices tn+ns^ m+ns+r^ wthts+ir 
&c. will coincide with rhfk^ c+Ttk-fr^ t+nk+ir 
&c. and with f+nby fhth+r^ fhii+ir &c». 
and you fliall always have Terms to be com- 
]}ared together fufficient to determine JJ, C, pi 
&c, the general Coefficients of the Merles affutoci 
forx 

i 115. To all this it may be added, thacif 
*— -4^be a Divifor c^the AggmgatB erf" the 

Term? of the jirW Order i^'Xj, &c. then, by. 

fubftmiting for X the Series Jy'^Bf+^+Cf+^'' 
4- &c. there ranifli not only as tmny Terimof 
the Serfcs |nwWng#i+irj, m+ns+r^ iw+fj+ar. 
&c as there are equal Values of the firft Term 
yly J but the Terms involving e+nk Dimcnfioos 
of j^ vanifli alfo ; and therefore it is then only 
neceflary that e+nk+r coincide with m+ns+j/r^ 
fo that, in , that Cafe, you need ^ only take 

for of the Aggregate of 'the fecdnd 'Older o£ 
Termi, then^ the Ttrms (after fobftituting for 
X the Scrks 4f+By'^''+Cf+^ Sec.) which 
involve e-hi, H^Hr, ^+w*+2r '&!;. will va^ 

ftifli tothc Tferm f+»H^— ixr-; fothat, fup- 

pofing 
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pofing i>^h\f^\Yr:ssm^p*tpry yoti binr^ 
t:ss:H^-'-^'>-*^*^ that is^ to;\tEe iS^if Sific'* 
ifpce of the Indices m\ni^ H*»i> /f^ &cu 
provided tha( DifFereiice be a Meafure of the 
other Differences ; altho' there may be as many 
Values of the firft Term of the Scries equal aS 
there arc Units in f. Or, if that does not hap- 
pen, r muft be taken, as formerly, equal to 
the greatefl: common Meafiire of the Diffe* 
fences. 

f ii£L Suppofe that the Orders of Terms of 
the Equation can be expreiTed the Firft by 

^— -^•V'xP, the ficoni by a^— 4>i«Vx^» the 

third by l^jty^^ydL^ &c. and fuppofe that Efx* 
h one of the firft, i^'x* one of the fecond, t5j/«* 
one of the third, and fo on : then it is plain 

that, fubftituting for oc the Scries -4^+5/^+ 
^»+2r gj.^^ ^j^g loweft Term that will remain 
in the firft will be nir{^+pr Dicnenfions of jr, 
the loweft Terna that will remitn in the fecond 
will be of ^4Jii4^r» amd the loweft Term re* 
jnaining in the third oi f\nbVl r Dimenfions of 
jf.. • for by the lame Rcafohii^ as we ufec), ia 
^ 113, todemonftrate that^ in tjie fiift Order 

of Terms *— -^«^xP, the loweft Dimenfions 
of J ace IW-+-W+/T, we (hall • find th*tj in 
(be fubfequent Orders» the JoK<ft Dimen- 
fions 
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B/^-hCf^^ BecJfjr^muft he ^^i— ^iif j» 
+jr«rHnH-^f and fo of th^ other Term* 
yt^AflyCL the lowcft Dimenlions muft b« 
l^b^k. The Indices therefore of the Tcrmi 
(hat do not vanilh bcinj^ 

* ♦ ♦ ♦ #+«fcV 

« « « t « <^f+tfj^r 

if r be taken equal to iEL^SlZ^^ then will 

w-J-^H-pr andrhiH-jr coincide : and if at the 
feme Time r be a Divifor of /-pw&— /» — ns^ and 
he found in it a Number of Times greater than 

;p— /, or if r be lefs than /+» 7*^^! !^ then r 

will be rightly affumed. In generah ** take al' 
thQ Quotient* dii^^ /+,a-^-„. ^ ^^ 

either the /^^ of th^t or a Number whole 
Denominator^eiCtteding^— jbyan Integer, mea« 
fares it and »ll the DiBPerences/f«£— iki — nsj 
gives r j" fuppofing f^ y, and / Integers. But 
if A h ^^ ^ ^^ FraAtons, you arc to ^ take r 

fo that ic be equal to ^^ — rv— — 

^^^^. •"» fo 1«i:»d Jf n», beta. 
tegcrs." Suppofe, for Example, mt-Nkts^ 

T ^4. 



^74 i^TRiATist ff PartIL 
}z=i^% eJ^nk^L^, q=iifhd>=i, and /=i: 

then putting , — — i— — (r=:) 

ilffc4+T^; whence it besfilf feca that $ 
and I X arc the ieaft Integers xhat can be aflumed 

for K and M. And tliat r=:-4;2=T t ^^ 

therefore »+*^"+:?^=to H^+jr=:44» and 
/+»H-/^=W. That is, the Terms of the firft 
$enes whofe Dimenfions arc m^s^^'p+Kxr^ 
m+ns+p+M)(r fall in with the firft Terms of 
the fecond and third Series refpeftively *» 

* See on this Sabje£t» CoUbn. Epift. in Animadr. D. 
M^rdi ^ Tajldr Meth; Incr. Stirling Lin. iij Ord. 
&'Qf^veiandr Append. ^Ii^. ^fchr* Si^wartoa the Qua* 

irarttf e of OiiTe*. 
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C H A P XI. 

Of the :Rule»>£br findnig the Nuin>^ 
ber of imipoinble Rbdts in an £-^ 
quatioQ. 
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f 1 17.^^ H E.Noinber t>f Imp^h Roots b. 
. JL «Q Equatioa may, for moft part^ 
be found bjr this 

RULE 

> 

•• H^rite iwm a- Series of Fta^kns wbefe De^ 

' nominatcrs are the Nttmiers in this Progteffim 

I, 2, 3, 4, 5, &c. c9H$iBued to the Nmnief 

which expreffes the Dime^/ion of the EqwUiofi^ 

^Divide every FraSiom in the Series by that 

which precedes it^ and place the ^ff^ients in 

. Order aver the middle Terms of the Equation. 

And if the Square of any Term multiplied int0 

.the fraffion thatjiands over it gives a ProduS 

greater than the ReSangle of the two a^aeent 

Terms J write under the Term the Sign +f hut 

if that Product is not greater than the ReS* 

angle^ write — \ and the Signs under the eu^ 

treme Terms being +, there will be as many 

imaginary Roots as there are Changes of the 

$ignsfrom -f- to — , and from — /^ +. 

T a Thusy 
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f ■ « • » . 

Thus, the given Equation being x^-^x* -f- 
3P*x — ;s=o, I divide ihe fecond Fiadion of the 
Series 4^ 4) -3? by the firft, arid ttit third by the 
fdcond,. and plaoe che Qjpdents- 4 dad ^ ovcp 
the fn^dle Terms in this Maoticr, 



ff t 



f. . . 4" -~ *+• •4** 

Then becaufe the ' Square of the (ccond Terni 
multiplied into the Fraction that ftands over it, 
that If, ^^*x\ h ]e| dian 3p*x^ the Red- 
angle under the firll and third Terms, I place 
under the fecond Term the Sign — : but a^ 
^gp^x* (=2P^x*) the Square of the third 
Term multipKed into its Fraf^ioii is greater tbioa 
mtbing^ and confequently much greater thiUi 
-— f^*the negative Produft of the adjoining 
Teriiis, F write under the third Term the Sien 
+. I write + lik^wife under x^ and — j tne 
firft and lad Terms ; and finding in the Signs 
thus marked two Changes, one from 4* ^ ""^ 
and another from •— to +, I conclude the £- 
quation -has two impoflible Roots. 

'In like Manner the Equacion x*--4xH'4Ar— 
6so has two impoflible Roots i 

t 1 

T T 

A-^— ^4X*-|74Jif — 6=0 

am} 
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itid the Equation ^♦^ — 6x*— 3*^— 2=0 thifimc 
Wurfibfcp^ • - 






For the Scries of FraftionS -t, 4* t> t fields, by 
dividing them as the Riile dire6b« the Fradiona 
4* T^T ^o be placed over the Terms. Thfcn the 
Square of the fecond TcriUy which is nothings 
multiplied b^ tRc Fraftipii oyer it Being, ftiil 
nottii^^ arid yet greater than —6x^ the negative 
ProduflE of the adjacent I'chns;, I write unt^er 
(*) the Term that is war>cing, the Sign 4s and 
proceeding as in the former Ex^mplev I COn* * 
dude, from the t>yo Cha^i^es that happei) in jM 
^ries 4«4--f..^-*K that the Equation has two 

of its Roots impofl^le. 

X^i^^P. w^y we difcover two impoffiyble 
Hoots in tl^ Equation 

T T Y 3 

ir'*-— 4Af*4^4^^**--2x*---^5V---4=d 

- When two or move Terms ire wanting in the 
Equation^ under the firft of fuch Terms place 
the Sign «— , under the fecond +» under the 
third -^ attdfboti.«herhately^; only when the 
f€#o Term tir ijha right and left of the d6ficiehc 
Ik T 3 Term 
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Tcrtm biive contrary SigQ% you urc alw^ to 
write theSigp + wider tht UA deficient Term. . 
As in the Equations 

+ + — +— + ; 

and x»+tfx* ♦ • • -^»=o 
+ + — + + + 

the firft of which hzs four impbflible Roots, and 
Che other two. Thos likewife the Equation 



19 S 3 5 

T T T T T 



X^ 2X*+3X* 2X^+X^ * • —3=0 

+ — + —+—+ + 



has/x impoffible Roots. 

Hence too we may difcover if the imaginary 
Roots lie hid among the affirmadve, or among 
the negative Roots. For the Signs of the Terms 
which ftand over the Signs below that changtf 
from + to — and — to +, (hew, by the Num- 
ber of their Variations, how many <^ the impof- 
fible Roots are to be reckoned affiranadve ; and 
that there are as many negadveamaginary Roots 
as there are Repetitions of the fame Sign. As 
in the Equation 

X*— 4x*+4x' — 2x* — 5x— 4=0 
+ -- + + + 



the Signs (— -^ ) of the Terms — ^x^+^x^ 

-^^ which iUod oyer theSjgris -i:-~+ point*! 



ing out two affimsitive Rooo \ we infer thaC^ 
two icnpoffibie Roots lie among the affirmatirc r^ 
and the three Changes of the Signs in the Equa* 
tion (+— ?!——•) giving three affirmative 
Roots and two negative^ the five Roots will be' 
one real affirmative, two negative, and two ima- 
ginary Aflfirmatives. If the Equation had beea 

+ + — —+ + 

the Terms — %4y*' — 4^' that ftand over the firft 
Variation -f -*--*f flicw, by the Repetition oftbe 
Sign — , that one imaginary Root is to be 
reckoned negative, and the Terms — 2x* — 5X 

that ftand over thfi laft Variation J-, give, 

for the fame Reafon, another negative impoP- 
fibie Root ; fo that the Signs of the Equatioo: 

(.^ — — ) giving one aifirmative Root» 

we conclude that of the four negative Root9t 
two are i maginary . 

This always holds good unleis, which fome^ 
times may happen, there are more- impoflibl6' 
Roots in the Equation than are difcoverable by 
the Rule/* 

Tbis Rule bath keen inveftigated tty fcveral emi- 
nent Mathematicians in various Ways \ and others^ 
fimilar to it^ invented and publifhed f. hut tbs 
original Rule beings on Account of its Simplicity 

T 4 and 

* Siee } 19. 

f See Siir/hfs Lineae iij. Otd. Nni^n. p. S9« Fitil 
friu^. N^ 394, 404, 40s, 
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iM7^ eafy Application^, ^notpt^JuMih. i4i^aU:^kers^ 
at Ifaji the fin^ for this Plfi0ii 'tiffugkim <#; 
dirdi the Rtaitr wbcr/ be mqj:J^diiim Stdjta 
fjiore fully treated v and. to addjke Dm^n^rMttmK^ 
0ir Author bos given of it towards tbe End efbiM 
tetter to Mr. Folkes, Phil. Traot N» 408. at 
it (legends only an ^bal bos h^jo ,dmanfiraiediKi 
Cliap. 5. concerning ibe IJfniti eftbf Roats of 

liquf.tions. 

§ 1 i 8 . Lec 4x*=fcr^d3j=o be ^ny adfeitcd Qaa- 
dratic Equation %. and* by § 88, Parti, its Root) 

will be ^x=Fycfc\/p*=^=4Hf ; whence ie is plain 

riiat, the Sign of y in the given Equation being 
•f*» the Roots wlTi Be impbffibfe as oft as ^aa \% 
greater than p^y or 4/* leu than a^q. 

§119. It was fhcwn, ihgekerai^ t§45 — 5^) 
>ijr /i&^ i?<><9/j of the Equation Xn— Ax'^'-j^ 
Bx»— *— Cx*^3 &c. =0, 4r^ /i>^ Limits of the 



i?tf(7// ^/ the Equation nx*"' — n-r— .xxAx*~*-fc- 

n — 2xBx"— 3 l^c. =0, or ofuwf Eq/mion that 
I J deduced from it fy multiplying itj Terms hy. any 
Arithmetical Progrefjion l=pd, J^ipad^tpjd &c. 
and converfely the Roots of this new Elation will 
be the Lio^its of the Roots, of the proofed E^- 
•//V» x«— Ax'^-^+Bx»-*^r. ;?:q. .. . 

And that // mt/ Roots of tb^ Equation of the 
' Limits are impofjibky there' muj hffsme Roots of 
'the propofed Equation impo^tile. 

I 120. 



§ f 3CX iM ^v^A*-h*^C=i:& be i C»» 
faic E<|iiiCf(MH ftid Che E^mihn of LMU 
^^^iAm^So^ If tht tw6 Roots of tUi 
lift^ tru hili^;MAf7V tBercf are cvto itnagtiiary 

i^My hf^xMt liAArt. But, by tlie preceding 
ji^^ ikbkippraiarcfc at^if^is Ids than B i 
and, in that Cift^ the given Bqtiation has cwft 
imaginary Roots. 

Again, cnutciptyine the Ternns pf C^^CqU^ 
lion by the Terms cff the Progrei)Son«. 6, .-rr*» 
!r-r2, -«^3, we get another Ejuation c/tbeU^ 
mits u^*— ^B«4-3C=o » whofc two Rodo; 
^d confequcDtly two Roott of the g^ven Eqiur 
tion, are unagijiary when^i}^ is Ids than iicC. 

Hence Kkewifc, the BiqMitcIi'lltic pc^r^Ai^-^ 
^x*-r-Cy-f-2)=OrWUl have twp ima^naryRooi^ 
if two Roots of the Equation ^*— ^vfif^-f^a Ar 
— CssabeiiiM^nJiyjWifnto'RMC^ofdiefir 
^tioii A'*---2Af**f^O-^4l>s8:o bo ioiagh 
mry. But two Rooes of the Equadon 4^*-^ 
^il^+ajB;^— Cf^o nrmft be imaginary, whei^two 
Roots of theQuadratic ^i^'-^iAi^B^do^or cf tbf 
Quadratic iAx^-^-^^x+^^o aijf iina9mry> 
bccaufe theRoots of theie^|mdratic Equations are 
i\it Limits of the Roots of that Cubic ; and for the 
fame Realoii two Roots of the Cubic Equation 
Ax^ — iBx^-^-^Cx — 427=0 muft be imaginary, 
when the Roots of the Qaadracfc 2^^'^4B$Hh 
sC^o^ Of of th^ Quadratic Bx^-rra/CxJ^-eDsn 

are 
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are^ impoflfible* Therefore -two Roots of. the 
Biquadratic *♦— y&'+jB;<*-^Cy+D=o muft 
be imaginary when the Roocs^ of any one of 
thcfc three Quadratic Equ^ions ftr* — 3>^H* 
Bsao, 3ifjp*— •4fiAf+3C=ao, Btt^ — jCj^-f 6jDia> 
became imaginary % t^t is^ when \jp' is left 
than it) fS* lefs than JC^ of 4(? kfi tha» 

§12 1.. By proceeding in the lame Manner, 
you may deduce from anyEquation *^ — ^^fj(p"^»+ 
B«*^ — C;c»^3 &c, =0, as many Quadratic 
Equations as there are Terms excepting the 
firit and lafl:, whofe Roots muft be all real Quan- 
tities, if the propofed Equation has no imagi- 
nary Roots. The Quadratic deduced from the 
three, firft Terms ;t«— /iif»-«-|-5A*--* will nuwii- 



mm^mm^m^ ^mtmm^imm^ amma^m^timm 

feftly have this Form, jixi^— ix»i~2x«— 3 tec 

x«»— «r- noi— -zx*— jx«— 4 &c. x//*+iii~2X 

fh^y^ — 4X« — 5 &c,xi>«ad, continuing the 
*Fadors in each till you have as many as there 
txt Units in n-^-a. Then dividing the Equar 
tion by all the Faftors n — 1, »— 3» » — 4 &c. 
which are found in each Coefficient, the Equa- 



•m^i^^^ 



toon will become »x«— ixap*— f^ix2-^x-H2xi 
xB=o, whofe Roofs will be ipiaginary, by § 1 18^ 
when »xii— 1x2x45 exceeds »— i^^xf^S or 
WbOi B OK^* ^^^^ ib that the igsogoSe^ 

Equadoa maft have ftafe^ iougiiMury Roots 

when 



ClMp.| X. A I^ O £ •& B. .A^ stji 

when B txc6edi^^^J*» The CNclniitic £> 
quadpo deduced in the fame Mtnner from the 

-+.3C**-! Sec sspi wiil have .this Form 



x2£H^-^^^-~4xtt — 5 &c. ^30=0 5 which 
by dividing the Faftors common to all th^ 



TermstrfB minced to n — 1x9— 2XvdEi^— if~-2x 
4iBAH-^=a» whofe Root» tniift be imagmarf 

when j5l — -xfl* is kfs than jtC % and therefore' 

in that Cafe ibme Roots of the propofed Equa- 
tion muft be imaginary. 

§ 122. In genera}, let Dx*^4i— .^x*-r4- 
Jir''-^' be any threeTerms of the Equation, jtfx-^-i 
-A^'+^'f**^ ^c, =0, that immediately follow 
one another 5 multiply the Terms of this Equation 
firfk by the Progreffion », »— i, n — 2 &c, then 
by the Progreffion 9 — i, »— 2$ »-^3 &c. then 
by n — 2, »— 3j »— 4 &c. till you have multi- 
plied by as many Progreffions as there arc Unit^ 
in »— r-^-i : then multiply the Terms of tbp 
Equation that arifes^ as often by the ProgreiTion 
O9 I, «, 3> 6?^. as there arc Units in r — i, and 
and you will at length arrive at a Quadratic ©f 
this Form. 

n— r+ 1 x«— nof— r— 1 xn r— t &c. xr^ 

►39crw-4&cP<J2»* 



•IX 









cny-^ixr-^2 dec. x^dd^'' . 
god divi&ig^lsy the IhS^ #-£jk— i ^ i|jur.^i 
&c. and r — r, r — 2 &Cw" wtich are lound in 
each- Coefficient, this Equadop will H^ti recced 



axixr-fixriwoy whofe Roots miift bft HmgiK 
WU7, bj § 118, •ten r3;X ^nb X £Mlldl 
than Pfl Ffom which it il imntfeii thit iTyott 
divide each Term of thi9 Series <H1?hB5m. — 

fti i=i &c, 2zd2 ^ b^ that 

precedes if, and place the Qiiodems 
a]bove the Terms of the Equstion^if "— f^yf^***^^ 
J5y*-»— -CAf*~3 &t. sro, begpmiiog with th» 
iecopd : then if the Square qSmpj Term afuki- 
plied by the Fraftion orer it be found lefi thtrt 
tbc i^oduft of the adjacent Terms, fomt of 
tb$i Roots of chat Equation muft be imag^bary 
Cfe»titiesw 

:%iiZ* ^ Equation may have impofllbh 
itoQts althoiighnoAcare difcovered by the |(iule ; 
h^€4ufei . ^ tbo' real Roots in the given iqu0- 
ticH lilw^ys g^ye r^ Roots in the Equatiefttf 
iMti^ii yfeV it docs not TolloWj^Mv^r/;?^, that 






^> t 



has two of ja -Eooti iiiiigiiHM7« ' »+V^, 
V — ^»> the third being +j :: and yet in 

ifm^m^ tfip^^ir^ceod8^4, the ROdd d{^ 



jiHr2f»+»X;f+33X»'4.»=::o is found by jaH|ltl-, 
plying by the ^rogreflion o, — i^ *>^2> -~3 ; 
it mil have iu. Bj^ots real as oft^s »?+a^«4^ 

exceeds lirf^xSJXwH*- And the like rpaj[ 
be (hewA of bighcr-Bqaarions. ~ '' 

^ i^Uk ^^tiUaiaiT why xhif RiUr, and pf>« 
hap§ every oth^r that depends x>ff the (;o^ipai*i-^ 
i2>Q of th^ Square of aT^^tm with the Ite^^anglej^ 
of the Terms f oh etthitr Side pf i t, tno^ ioiotr 
times fail to difcpver the impoQibk RpQt^, May* 
appear kkewiic from this Cgnfideration ^ tHaC 
(be Ndmber of ftich Compaiifons l^ing ilwayif 
leis by Cf/i// than the Nun^ of theQualit^liai^ 
f^ m^ n^ &c. in^the ^general-fiquatioo'; they tarH' 
not inchyie and fix the Relations of tbefi Quan^ 
tides^ on which the Ratio of gnaitrcT Ujfer 



1 36 'A!^)i BAT i> B • 9/^ Part It*^ 
Inequality of the Squares and Reftangles de- 
pends: no more than Equations fewer m Nuth- 
bcr than tfie Quantities fought dm ftitulh a de- 
terminate SoluQon of a ProUem. 



c H A p xn. 

mtaining a general Demonftra- 
tion of Sir I/aac Ntwton&.Kvle 
for finding the Sums of the Pbw- 
ers of the Roots of an Equa- 
tion +. 



L 



ET the Equation be x — a)oc — hcc-^-cK 
X — dx &c, =0, or. 



^— ^;Jtf«^«+^X'^*— Cx^-J . . • I _^^ 



• • . • 



It is known that ^=:tf+^+f+^+ &c. 
i^ab+ac+ad'{'bc+bd+'cd+ &c. .C»a^r+ 
ii^d+hcd+ Sec. D^akd-i^ &c. the Parts or ^ 
Terms of the Coefficients Jy 5, C, D, &€. being 
of 1, 2, 3, 4, &c. Dirmtffions ; that is> containing. 
as many Roots or FaStors as there are Terms of 
the Equation preceding thpm, refpcAivcly. 

... CASE^ 

... * ^ 

t^^Scc 4rlthm. Vnhtrf: pag. 157- And Qbap. II. 

6 
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Let r 1^, ap rJMf^ -efual to », or ^rwKr than 
m then, mukipiying-t^i&iuatioii bg^y-", and, 
fubftituting fucceffively «, ^, f, </, &c, for x, you 

obuio . — - 






• • 



.Ice 

Whence, by Tranfpofition, and Addidpn^ihii 
Theorem refults, that, in this Cale, *^ the Sum 
of the Powers of the Roots, of the Exponent r, 
is e(^ to the Sum of their Powers of*^e*Ex« 
ponent r— i Multiplied by ^, minus the Svm 
of their Powers of the Exponent r— "2 multi* 
plied by J> + the Suoi of.thofb of the Expo* 
ncnt r— -3 multiplied by C, and fo on." 

It remains to find the Sums of the Powers of 
the Root$, when the Exponents are lejs than n^ 
the Exponent of the Equation. 

C A S E II. _ . * 

If r is Icfs than 9, and Hht the Coefficient, 
in the' Equation, of the Dhnenfions r i that is, if 
Hbe taken fo that the Number of Tertiis pre- 
ceding it in the Equation be equal tp r, or the 

, Number 

i 



Nutnberof FaOtrs in its Parts oMtf^t abdefgi^ 
%[c. equal to r, then tbe Thoama nay be ex^ 
|cefl«() ia (be IbUowiBg Mwiar. 








TlM^Gftfe when fssn'-i t» «^f "clanon- 

Saud i for, dividing the ^uadon bf M» m 

have 
jif 

Whence 

1^^ 

jir. Af. », w 



^ (becarfc 1=7 +f+ T + 7 + **^> "^ 
Ihall have ij^'+i^'-K"^ &c. « 

.I**.) -^cj J^cj. 



♦ ♦ ♦ • 



When 
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When m^'-r^s the Dcmonftratioa u de- 

tivcd fimn bmee^ that Jm5?H?+5^&c zx 
^ — 2 j5 (^;. 1 42.>« follow. 
% § 3J2» transfori|i the g^en ^quation^ viz^ 

die Equation 

«•— ^Ja-^-H-^si^— 4 »-^ ...1 



iJk Roots «, |9^ ^'^'^ &c. of which newEqua- 
cbn fliall be relpeftiirely equal to the Reciprocals 

•^> -J-, — » Y &c. of the Roots of the ori^ 

ginal Equation. 

Divide now the orig^ital Equation by a^, and 
in the Quocienc fubftituce fpr Xj the Ropts 4^ ^^ 
f , 1/, &c. iucccflively, fo (hall you have 




• • * 



■i«4j& 



1 + i? H 



4E; . if 



• ■ • 



-»+*-f+F 





.— A+JT- 

fcc. 

1(1 aH thdv QquMiaM 'togetber, «iid for 
liibftitute its Value r, nd i« will be 



ngo 



yf TRBATi^E/" PtftH. 




+ &C.— &C.J +8CC.J 



But by the Principfc adduced from pa^. 142, 
«»+|3*-H''+&c=^»— ^- wlicrefow, by 

Multiplicadon and Tranfpofidon, it will follow 
ttiJit 



A 7 

' I+&C.3 



2*:— ^xi+Ji^ 



Which Equation being fubtrafted fronti the pro- 
ccdingj there reoiaios 




■a 



• • • 



5" . ' • * 

x/+rx^?=o. Which was .to be 

j>roy«d. 

' But to ih£W it '.whmfaHjr^ wc may ufe the 
fiaUowiogLsMMA^ 
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** That if ^ is the Coefficient of one Dinien"» 
fion, or the Coefficient of the fecond Term, in 
an Equation, ^ any other Coefficient, H thd 
Coefficient next after it 5 the Difference 9f Che 
Dimenfions. of G and A being r— 2: if like- 
wife yfxG'Teprefent the Sum of all thofeTermJ 
of the Produft AxG in which the Square of any 
Root, as a\ or i\ or c\ &c. is found i then 
will AxGzizAG-^rH:' 

This is a particular Cafe of Prop. VI. concern- 
ing the impnjpble Rom in Pbil Tranf, 40S j 
which, by' continuing the Table of Equations' 
in pag. 1 40, and obferVing how the Coefficienuf 
are formed, may be thus demonftrated. 

Let the Coeffident bf a Term of the Equa-* 
Oon, as D{z=xibcd-^ab€e^abcf &c. '•^icdej^cdf 
&cO be nouhipUed by A{z=iar\'k^c^dr)r. &cc.) 
and, in the ProduiSl AyD^ fetting afide all the; 

Terms, A'yJ^^ in which a\ i^, <:*, &c.' aref 
found, any one of the itmaining Terms wiii a* 
nfe as often as there are Favors in the Terms of 
the following Coefficient £. Thus the Term 
ahcde will arife/^;^ tin>es: becaufe it is made up 
of any one of the five Roots (or Terms of -^ 
tf, by Cf d^ e^ multiplied into the other four that' 
make a Term of D : the like is true of every 
other Term as abcdfy bcdef^ &c. each of which 
will arife^w Times in the Produft A^'^D: And 
tb?. Sum of thefc Terms abcde+abcd/+ &c* 
making up the Coefficient E, i( fpllows chat 

U a Jxf> 
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jfi<D'^A'xi)^sE^TA'xI)^'^JD^E. And 
the fame holds of any two Coeffidcofs G^Hr 
whofe Dimenfions arc r— i and neipcfttvdy. . 
. To apply this to the preleot Purpoff^. it is to* 
be obferved that^^ in each of the Coefficients 
A B; Q.D^ Stc. except the laft My which is- 
ibe Produft of all the Roots 4, i^ c^ 4% &c. we. 
may difttnguifii two federal Portions or Mem-^; 
bers, in one of which any particallu* koot^ as tfy. 
is contaitied^ but in the whole remaioing Por* 
tion of the fame Coeffiaieai^ that pamculap 
I^oot {a) is wholly abfent* Now if^ for Bre- 
yky's Sake, we denote that Portion of any Co- 
efficient wherein ^ny Root, as 'i^-, is contained^, 
by annexing the Symbol of ttie faid R'oot with 
the Si^n 4rin an Uncu^ to fhe Symbol, as G^. 

of that Coefficient (thus G(^$>and if we de» 
note the remaining Portion of the lame Coeffi* 
cienr, from which the £ime Ro6& n is tbtatf/ 
abfent by annexing the Symbol of the fi{d Root 
with the Sign -~ in zn* Uncus to the Symbol <S? 

of the fame Coeffident (thus (^^^^) it will ap- 
pear that (if G be any Coefficient and H tfe 
ibliowihg Ooefficient) 

G=G(+'+G(-^ and i¥f+^=i^Gf-* 
G=G(+*-f.G(-* and i/(+*-=WH*' 

Din*- 



•r ; 
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Divide now the Equation propofed bf 9f^^ 

4Uid it will become 

• » •• • . 

In which (ijt^ituting ^,.^, <^ 4cq, . fucodlNdjr 
far Xf we obuib 

, , . +Cc-i/+4_^+ ^ _^ [=0. 
Sow by the ^f9alti(» Hen tM «nd q^Iained 

jf /^-* jet 



< f 



«* . M a' 



jr(--«. z( 



4»» 






•* 



IT 3 Whence 



• Whence 

tf or a^ J>^^ 






<» 



And the Sum of thcfe ==«iGf+*+>«(+*-HG<+' 
H-&C. ^ (by this Notatipn) =^XG's= (by the 

# 
• .. . . ■ . • 

Compare this laft Conclulion with that which 
' followed from dividing the propofed Equation 
by x*^» and fubftituting for x the RootSt-0* Vt (^ 
(cc. and you will hayc 



+&C.— &C.J •-f.&c.J 

'•... i'.jx^-'-^ 

wbtelvwas tbbedemonftratedt ,. * * 

•From 
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From, chefe two Theorems Sir J/aae Newtet^i 
Rule maoifefUy followsi 

But^ . to tUnftra^ the Reaibning here ufed by 
ibme Examjples: fuppoCe r=^> then we are to 
take C for H, becaufe throe Terms only pre- 
cede C in the Equation *■ — A)^~^^Bx"-*— 
Cx**~3^ &c. =0 i and we are to prove that 




xfi+sC 



That this may appear, obferve that <»'+3*+ 

+c*+J'^Scc. =?+^7+?+ &c. X 

x«+*+f+</+ &c. — a*xH-H-«i+&c. — i»X 

X«+d-<H-&c.— ^Xa+H-</+ &c. — <?x 

X<«4^+f+ &c. — &c. sss (becaufe yf 5'= 

=flX«^+aHW+ &c.+^yflH-^-M</+ &c. + 

'i<Xac+i>c+de-\- Scc.+dxad+id+cd+Scc. +&c.) 

s=a*+^*+c*+<^* + &:c. yA —ABzz (by the 
Lemma) =F+JM^F+5»+ &c. X^— ^+ 
+3C. 



In like Manner, « ♦+^ ♦+<•♦+</♦ + &c. =b 
=«»+*'+f*+</'+ &c Xa+b^-c+d-\- &c. — 



+^»^.f 1 +<f »+ &c. yab-\-ac-^ad-\-bc^bd-^d 

+ &C. +«*x^7Wff3+&c. +^*x^^+^'^+^+ 

U 4 +&C 
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£»i ^ the Second Parr. 
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PART III. 

Of the Application rf ^/ge^ 
hra and Geometry to each 
other. 
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CHAP. I. 

Of tlie Relation between die Equa- 
tioo9 of Curve Lmes and the Fi* 
gore of thoieCiffves, in generaL 

I i.T Kthe two firft Farts we confidered AI« 
X gebra as independent of Geometry ; and 
dcmonftrated its Operations from its own Prin- 
ciples. It reniains that we now explain the 
Ufis of Algebra in the Reiblution of Gcometri* 

cal 
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cal Problems') or reafonir^ about Geometrical Fi- 
g%^ ; Md cfafc l/feM* GebmecricAl Lb<s and Fi* 
gurh in fhe Refoliitioo''df£quatk>as. "^he mu- 
tual Intercourfe of thefe Sciences has produced 
many cxtenfive and beautiful Theories, the chief 
of ^ich wt flial) endeavour tt> explain, beginning 
wich the Relation betwixt Civve Lines and thair 
equations. 

— 4 *• *We are now to confider Quanthfcs as 
reprefented by Lin^s ; a known Quandty by a 
given Line^ and an unknown by an undetermined 
line. • 

But as it is fufficicnt that it, be indetcrmlned 
pn one Side^ we may fupppfe one Extremity to 
Se known. 

b p A P P B 

, i H 1—- — t— i — I • 

Thus the Line AB, whole Extremities A and 
B are both deternliiied, In^y rcprefcnt a given 
(^antity : while AP, whofe Extremity P is 
Undetermined, may rcprclent *an undetermined 
Qiiantity. . A lefler undetermined Quandty may 
be reprefented by AP, taking P nearer^ to A ^ 
and, if you fuppofc P to move towards A, then 
wiU AP,. fuccefljvcly, reprefent all Quantities 
Ipis than the firft AP \ and after P has (oin- 
cidecj with A, if it proceed in the fame Direc*. 
(iof to the Place p, then will Ap reprefent a ne-> 
gative Quantity^ if AP i^asfuppofcd politive. 

. If 
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If APrepcefenc^t.aBd Ap=AP, theo will 
Ap reprefent — *•« ; and for the (kine Reaibii, if 
ABreppefen((-^tfO thcE will Ab (=: AB) repre^ 

jfent i^^y 

f^. After the lame Manner, ifPMrcpre* 
fenc *4^9 and you take Fm, . the Concinuatioii 







B 



of PM on the other Side, equal to PM, then 
Will Pm rcprfefent —y : for, by fuppofing M to 
move towards P, the . Line PM dccreafcs j 
when M comes to P, then PM vanifhe^; and 
after M has pafTed P, towards m» it becomes 

negative. 

§4. In Algebra, the Root of an Equation^ 
when it is an impoflible Quantity, has its £x- 
preflion i but in Geometry, it has 'none. In 
Algebra you obtain a general Solution, and 
there is an J^preffion, in all Cafes, of the thing 
requh^ ; only, within certain Bounds, that 
Expreflion reprcfents an imaginary Quantity, or 
rather, •' is the Symbol of an Operation whicb^ 
in that Cafe ci^nnot be performed 5" and ferves 
^ only 
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onljr tp flifw tl^e Gefffi^. of th? Qoapdty^ tt(I 
tbe LimUs wid) J9 which i( is pofltble. 

In the Geometrical ftefolucion of a Qu^tioqi 
th^ Tlv9g required.!} fxhibicol 007 in choie 
Cafts wjien die Que^ioo admits qf a rM/ Sdht- 
tk>n ; and, beyond thofe Limits^ no Solurioii 
gppesa. So in finding tho Im^dtiooaof • 
given Circle and a ftiait Iine» if you determine 
them by an Equation^ you will find two general 
Expreffions for the Di^aoces of die Paints of 
loterlefUon from the Perpendkitiar dawn booi, 
the Center on the given Li«c. But, Geometri- 
cally, thofe Intededbns will be CKhibited 00I7 
whra die Diftance of the fbatt Line from tht 
Ceoter is leis than the Radius of the pven 

Circle^ 

1 5. ^^ "^hen in an Igi^atipn there m jtwo 
undetermined Quandties, ^ and j, then foreac^ 
pardcular Value of x, t^ere niay be as many Vat* 
Juesof^ as k b^Djmcnlk^ in fiat Equa* 



tion. 
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So Oaii if aI^ (I Part of the indelinice Lme 
AS) r«|MfeQt ;^ and die Perpendfctilaii PM* 
reprefent thfe comfponding Values of jr; i^; 
there i^ilUbe its m«n7poiots(M0 the Eactremkies 
eif ihefe Fhfptedictriars or OrdimUes^ as there 
are Eiiiafenfibm e^* ¥ in* tfte Eqimttoiu And tW 
Values of PM will be the Roots of the Equa-^ 
tOKm arifing b]r' ic^ftitutkig for ir its partidilar^ 
Value AP ill anf Cafe. 

' l^rom wbidi it Appears, how, when an lEF 
^joattbn is giveiiy you tnaf determine as maiiy^ 
wi the Pdbts' M as yoa pleaie, and draw the- 
line that ihall pa& through all thcfe Pbints ;* 
^ which is called the L$€us of the Equation/* 

§ 5. When any .Equation involving two un-r 
known Quahtifies (x and y) is propoied, then; 
f ubftitiitiag fqrst any particular Value AP^, if the 
Equation that a/ifet has all its Roots pofitiver 
the joints M will lie on 6ne Sde of AE ; but 
if any of them are found negative, thendieie 
are to be fct oiST on the other Side of A£ to- 
wavda m. 

If, for X, which is fuppofed undetermined, 
you fubftitute a Negative Quantity, as Ap, then 
you will find the Points M,i9i,as before : and the 
Locus is notoDmpieat till all the Points M,m, are 
taken in, that it may fhew all the Values of y 
corrcfpon^Jftg fo alfthe'psfllbfe Vihaa xrf>. ' 

« If 
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" If, in any Cafe^ One of the Valuet of jr va- 
nifli) then the Point M coincides with P, and 
the Lkus meets with AE in that Point." 

** If one of the Values of y beeomes infinite* 
then it ihews that the Curve has an h^te Arc : 
and, in that Caie, the Line PM becomes an 
Afymptote to the Qirve, or, touches it at an in- 
finite Drftance,*^ if AP is itfelf finite. 

♦* If, when X is fuppofed infinitely great, a* 
Value of j^ vanifli, then the Curve approaches to 
AE produced as an Afymptote.*' 

"If any Values of j^ become- mrp^Wif, then 
fo many Points M ranifli." 

§ 7. From what has been f^d it appears, that 
when an Equation is propofed involving two un^ 
determined Quantities (x and j^,) " there may be 
as many interfeftions of cheCurve (hat is thei^ocr 
of the Equation, and of the line PM as there 
are XXmeniicMis of y in the Equation ; and as 
many Interfc&ions of theCurve and the Line AE 
as there are Dimenfions of jf in the Equation.'* 

If you draw any other Line LM meeting die 

M 
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lame Curve in M» and riie Ltne AE in che 
given Angle ALM. Si^pofc LMrsa, and. 
ALsz $ ** then the Equatfon involving u knd 
z, (hall not rife to more Dtmenfions than y and 
X had in the propofed Equation^ or, than the' 
Sum of their Dimcnfions in any bf its Terms/* 
For, fincc the Angles PLM, MPL, PML, 
are given, it follows that, the Sines of thefc 
Angles being fuppofed to one another as /, i», n^ 
TtA : ML (jf :»)::/: iw s and confequently j^=: 

— : and that PL:ML::».:i»i fo that PL= 



- , and »=AP=(AL— PL)=:2t-". Sob- 

ftkute, for y and x^ in the propofed Equation ' 

thefe Values •— and z— — , and it is cfcviout* 

((ince u and z are of one Dimenfioa only in the 
Values of y and x) that in the* Equadoh which, 
will arifc, z and «r will not have more Dimerr- 

• 

fions than the higheft DImenfion of x and y m 
the propofed Equation, or the higheft Sum of 
their Dimenfions taken together in the Terms' 
where they are both found : and confcquerttly^* 
*' LM drawn any where in the Plane of the' 
Curve will nor meet it in more Points than 
there are Units in the higheft Dimenfion of ;r or* 
jS or in the higheft Sum of their Djmenfion.s' 
in the Terms where both are found/* "Sovr 
the Dimenfion of the Equation o^ Curve being 
denominatejd froo) the higheft Dimenfion of V 

or 
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cry 10 it, or from the Sum of dmr DUnenlions 
where they are moft ; we condude, th«t ** the 
Number of Pcunts in wluch die Curve can meet 
with any fttatt Line,]s equal to the Number dac 
€Mprttk& the Dimenfion of the Curve.** 

It appears aUb from this Artide^ how^ whei 
an Equation of a Curve is given eiqneffing the 
relauon of the Ordinate PM and Abfciflfc APy 
you may transform ic^ fo as to esqpreft the Re* 
latioo between any other Ordinate ML anA 
the Ahfafle AL, by (iibftituting for jr its Va» 

lue — » and for x its Value *" 



Or, if you would have the AbTcifle begin at 
any other Point B, fuppofing AB:szi^ (iibftttute 

ferAT) nots-^ but»— — -f^. 



% 8. Thofe Curve Lines that can be deicribed 
by the Refoludon of Equations, the Relation of 
whofe Ordinates PM and Abfiafles AP can be 
esprefled by an Equation involving nothing bu^ 
determined Qiiantides belides thefe Ordinate^ 
and AbfcifleSt are called ^ Gtameiricd or Alge- 
hraic Curves/* 

They are divided into Orders according to 
die Dimenfioni of their Equations, or Number 
of Points in which they can interfoft a ftr^ 
Line. 

Thtftrait tines thcmfclvcs conftituce die Jlr0 
Order of Lines; and when the Equadon eao 

5 preffing 
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pieiSng the JldadoD of # and y ia of one Di^ r 
menfion only, .the Points M mu& be all fouod * 
ia a ftrait Liae conftituting a gUven Angle with ^ 

Suppofe, fpr £x9(inple, thaj the Equadon . * 
giyea is 4i^xr*cd;:so^ and that . the Loau i| 
required* . ^l 

Sace jui ' ^^' ^ k foUows^ that^ APM be^' ^ 
ing a right Angle^ if you draw AN making th« 




A- 



Angle NAP fucfa that its Cofine be to its Sind -^ 
as # td i I and dcawing AD pfanillel to the Or^ ^ 

dinates PM, and' equifl to ^, through D fcfOt ' 

draw DF parallel to AN, DF will be, the Locus ^ 
required^ Where you are to take AD oA the ., 
fame Side of the Line AE^ with PN, \ihx and 
ii have the fame Sign^ but on the contmry Side.;, 
of A£ if they hatre contrary Signs. ..^ 

§ 9. Thofe Curves whole Equatbns ate of^ 
tvt^. Dimenfiona confikute the fecinid Order of 
Lines, and rktjirfi Kind of Curves. Their In« ^, 

X terie^tiont 



f". 
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terfeftions with a ftrslit Xint can never exceed 
Two, by §7. 

The Curves whofc Equations are of tbree Di- 
menfions form the third Order of Lines, orfc^ 
£ond Kind of Curves: and their InterieAiona 
with a ftrait Line can never exceed Three. 
And, after the fame Manner, the Curves are 
determined that belong to the higher Orders, to 
Infinity. 

Some Curves, if they were completely dc- 
fcribed, could cut a (trait Line in an infinite 
Number of Points ; but thefe belong to none 
of the Orders we have mentioned ^ they are not 
Geometrical or Algebraic Curves^ for the Re«» 
lation betwixt their Ordinates and Ablcifles can- 
not be exprelTed by a finite Equation involving 
only Ordinates and Ablcifles with determined 
Quantiues. 

§ 10. As ^' the Roots of an Equadon become 
impoflible always in Pain» fo the Interfcfiions 
of the Curve and its Ordinate PM muft vanifli 
in Pairs,** if any of them vanilh. 

Let PM cut the Curve in the Points M and 
)», and by moving parallel to itfelf come to 
touch it in the Point N ; then the two Pcmts 
of InterCefbion, M and Wy go into one Point 
of Contact N. If PM dill move on parallel to 
itfelf, the Points of Interfeftion wiU, beyond 
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Nj become imaginary } as the two Roots of 




an Equaucm firft become equal and then imagli 
nary. 

» 

§ XX. The Curvca of the 3d, 5th, 7th Or- 
flers, and all whole Dimenfions are odd ^um-^ 
bers, muft have, at leaft, two infinite Arcs i 
iince Equations whofe t^iihenfions are oddf^um- 
bers have always one real Root at teaft ; and 
con&quently, for erery Value ofx, the Equa- 
tion by which y is determined muft, at leafl'^ 
have one real Root : fo that as ic (or AP) may 
be increafed in infinitum on both Sides, it follows 
that M muft go off in ifffinitum on both Sides, 
without Limit. 

Whereas, in the Curves whofe Dimenfions 
are even Numbers^ as the Roots of their Equa- 
tions may become all impolSble, it follows that 
the Figure of the Curve may be like a CircU or 

X a Oval 
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Oval that is limited within certala Bouods* be- 
yond which it cannot extend. 

% 11. When two Roots of the Equation by 
which y is determined beconnie cqvial, either ** the 
Ordinate' PM touches the Qirve/* two Points 
of Interfe6tion> in that Cafe, going into a Point 
of Conuft; or, ^' the Point M is a' PunSum du-- 
flex in the Curve ;•' two of its Arcs interfedbing 
each other there ; Dr, ** S^xtvs Ovat that belongs 
to that Kjnd of Curve becoming infinitely little 
in M, it vanilhes iqip what is called a PunSum 

If, m the Equation, y be fuppofed ;=o, then 
^* the Roots of the Equation by^ which y is de- 
termined, will give the Diftances of the Points 
where the Curve meets AE frop A^ And, 
if two of thoie Roots be found equal, t{ien either 
«* the Curve touches the line AE j*' or, ** AE 
pafles through a PunSlmp duplex in the Curve/* 
When J is fuppofed =o, if one of the Vahief: 
of X vanifti, *« the Curve, in that Cafe, paffes 
through A.** If two vaniQi, then either " AE 
touches the Curve in A ;** or, *^ A is a PunSum 
duplex^ 

*' As a Punffum duplex b determined from 
the Equality of two Roots, fo is a Punffum tri'^ 
flex determined from the Equality of three Roots* 

513. A few Examples will make thele Obier« 
vations very plain. Suppofe it is required ta 
defcribe the line that k the Locus of this Equa- 
tion^ 
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r 

tion, y*=ax+a^9 or y^ — ax'^ai=o. Since 
jr=dfcv tfy+j^, and fince a and ^ are given in- 
variabk Quantities, if you aflume AP (^=x) of 

aknownV^hie, it will be cafy to find \/ax+ab \ 

and fetting ofi^PM on dncSide equal to \/a.r+att 
and Fm omdie other equal to'PM, the Points 
M and m will belong ;to ^hcf Locus required. 
And for every pofiiive » Value of AP you will 
thus ^taih a^ pQint' of the Xociis oh each Side. 
The greater AP (snx) it taken^* the greater does 



the '^ax+ai ' become, and coilfequently PM 
and Fm become the greater. 

If AP be foppored infinitely great, PM and 
Fm will alfo become infinitely great ; and con- 
fequently the Locus has two infinite Arcs that 
go off to an infinite I)iftahce from AE and from 

AD. If you fuppofe a? to vahifh,j^=::zfc:v/^; 
fo thatjy does not yanilh in that Cafe but pafTes 

through D and d, taking A I) and Adsi^ai 
a mean Proportional betwixt iS and 3. 

If yoii now fuppofc that the Point P moves 
to the other Side of A, then you mufi:, in the 
Equation,, fuppofe x to become negative, and 

yszdd^ai — ax i fo that;^ will have two Values 
as before^ while x is lefs than i. But if AB=:^, • 
and you fuppofe th^ Po int P to come to B, then 
(A^siMy and yzs.dc^ab — tfx=o.' That is, 
PM and Fm yanifli ; and the Curve there meets 
cbc Line AE. If you fuppofe P to move from 

X3 A 
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A beyond B, then ^ becomes greater than ^ 
mnd ^ greater than aK fo that a^^-rox beins 




negative, ^ab--^ becomes imaginary, and 
the two Values of j^ become imaginary \ that is, 
beyond B there are no Ordinates that meet the 
Curve, and confequenctyi on that Side, the 
Curve is limited in B. 

All this agrees very well with what is known 
by other Methods, that the Curve whofe Equa* 
tion is j^*=tfjf-4-j3, is a Parabola whofe Vertex 
is B^ Axis BE, and Parameter equal to a. ^qt 
fince BPsfedbr, and PM==y, if BF be equal 
ton; then the Reftangle BN (=tffei=tfAr) will 
be equal to PMj (=y* •,) which is the kpown 
property of the Parabola. And it is obvious^ 
fhat thfc Figure of the Parabola is fuch as we 

I 
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bavc determined this Locus to be from the Con- 
fideration of its Equation. 

§ 14. Let it be recjuired to defcribe the Line 
that IS the Locus of this Equation, a(}^+^J+0^= 

Here, it is plain, the Ordinate FM can meet 
tho Curve in one Point only, there being but 
one Value of jr correfponding to each Value of x. 

be 

When xsso, theny=— r-, fo that the Curve 

does not pais through A. If ^ be fuppofed to 
increafe, then y will increafe, but will never be- 

cpme eqiial to h^ fince jr=foc— jJy- , and tf+^+^r 

IS ahKrays greater than r-f ^* If x be fuppofed 
infinite, then the Terms a and c vanilh com* 

pared with x^ and confcquently ji=^— ==^; 

from which it appears, that taking AD=:^y 
and drawing GD parallel to AE, it will be an 
AfimptoU^ and touch the Curve 2X ^n infinite 
Diilance. 

If Af be now fuppofed negative, and AP be 
taken on the other Side of A, then fhali 

j=5^X-r~^ » and if y be taken, on that Side, 

=r, then fliall^=^X^^=o •, fo that the Curve 

muft pafs through B, if ABczr. 

If ;f be fuppoied greater than r, then willr^^y 
become negative, and the Ordinate will become 

^ 4 negative 
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negative and He on the other Side of AE, till n 
becomes equal to a+r, and then^'s^X-j-t 



IF 
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infinite ; fb that if AK be taken ssi^+r, the Or* 
dinate KL will be an Af^tote to the Cunre. 

If 9c be taken greater than tf+r, or AP greater 
than AK, then both f»-^ and a+e — h become 

negatives and confequendy j^ (=^>^ ^ *T / *^ 



^mes pofitive \ and fince ;^--^ is always greater 

. thw 
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d^an j^ ' ^- ^ ^ it follows that jr wiH be always 
greater than i oc KG,, and con^quemfy the rtft 
of the Qjrve lies ia the AjigleFGH; Afld', a* 
If iocreafev fince the Ratio of i^->< tD' X ~ i t. ^ 
approaches fiill nearar to a Ratio of Eqpalkj^ 
it foUowft that PM approaches t» ant Equali^ 
with PN, and the Gurrc to its^ymptote GU 
on than Side alfo. 

ThisCuHKe is the comoKm HyftPhlu^i Uxf 
fince ^Xr4?=r]rxM^+^9 ^ adding, ai to 
both Sides ^Xtf-K-^^^syx^+r-fx-f^ ; and 




fXa+c-^-x^zaB i that i% NMXGN=GCx 
BC, which is the Fropert]^ of the common Hy* 
perbola. And it is eafy to iee how the Figore 
oi die JLfifus4 wt have bmr confidsiing agrees 
with the Figqre of the Hyperbola. 

%Lg^ Let. it be required todefciibe the Lacus 
of the Equation fy*--^*s=A^'+*^*- Where 



fince^-=:?^ and^;;:=fc/i^, it fol 
lows that PM and Psi mull be taken equal, on 

both Sides, to V ^3^. But that when m is 

taken equal to r, if AB=:r, and BK be pcrpcn. 
dicular to AB, then BK muft be an Afympmi 
to the Curve, If ^ be fuppofed greater than r, 
or AP greater than AB, then c—x being nega* 

tive, die Fraftion i^- will become negative. 



and its fquare Root Impoffible, So that no 

Part 



|i4 "A TutATisE of PaallT, 

Part of the Imus caa be found beyond B. If 
n be fuppofed native, o r? taken on the odier 

SidcofA,thcnjr=adbV=;:!^, the Sigo 

oF y ' and x being changed, but not the Sig^ of 
hx^ \ becaufe the Square of a Ne|aiiye is the 
iame as the Square of a Politive, but hs Cube is 
n^tire : while x is lefi than h^ the Values -of 
jr will be real and equal ; but if x:=b^ then the 
yalucs of J van ifli, becaufe, in that OUc, 

y=S^ ^ — ?ir" ^_y -==o 5 and con* 

fequently, if AD be taken =*, the Curve will 
pais through D, and there toqch the Ordinate. 
If jy be taken greater than *, then =fc: 

V ^^j]/ ^ will become imaginary^ fo that no 
part of the Curve is found beyond D. 
If you fuppofe j»>, then will ;r»+^;c»=0 be 




an Equation whofe Roots arc -^, o, o, from 

which 
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which it wppcam that the Curve paflb tmo^ 
through the Point A, and has, in A, zPftaSbm 
duplex. This Lficus is a Line of the 3d Ordec; 
^K is its Afymptote, and it has a Nodus bc^ 
>wixt A and D. ^ 

If you (oppofe i to vani(h in the Equation, 
fo that ry*-r^*=^S then yfiU A and D coin- 




(EJde, and the Nodus vaniih, and the Curve wrlj 
Juvc in fhe Point A a Cij^/V, thptwo Arcs ANf ^ 
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anrf Ajw toiichitig one anotfiei' m" tttat Pobt 
And this is* rfieCttne Cuh« wHich" by the'An- 
den6" was called tiid Cipid of Dioite:s, thb Uni 
ABl)ping the Diwifttefof difcgencratirig'Circle; 
and BK the ArymptQte. 

For, if BR be equal- to AP, aiid' tHfe' Ordi- 
nate V^ hitaikd meeting the Circle in-N, aiid 
AN be drawn, it will cut the Pwpendicular 
PM in M a Point of theCiflbid. So that if M 
be a Point in the Ciffoid. AP : PM : : AR : RN 
: : • A R : /BR : : /BP : /AP. and confequently, 
BPxPM^=:APcuB*tbatis,f^^^s«y*=*' : which 
ifi the Equation the Leau of which was re- 
qinred. 

If, inftead of fufSpofing k pofitivc, or equal 
to nothing, we now fi^pofe it negative, the , 
Equation will be c3(»—«;['==**^**, the Curve 
wtU pa& through D, as' before, and taking 
ABi=r, BK will be its A- 
^ fymptote : it will have a 
PunSum Coi^ttgatim in A, 
bccaufe when y vanifhes* 
two Values of x vanilli, 
and the third becomes e- 
B qual to i or AD. The 
whole Curve, -befides this 
Point A, lies between DQ^ 
'{titd BK. Tbefe are de- 
nronftrattd' idter ^ lame 
Manner as in the firft 
Cafe. S'6- 



/ 



m/ 



\ 



ber^ then will the Locus of the Equation have 
two infinite Ai;c$ lying on the fame Side of AE» 
For, if X become infinite, whether pofitlve or 
negative, x* wHl be pofitive, and ax^ have the 
iame Sign in eith^ Cafe ^ and as a:^ becomes 
infinitely greater thap the oth^r Tfpxishf^^^ 
€9^^ Sec. it foiiow3 that the infini^ Values of 
y will have the fame Sign in thefe Qdes ; and 
cpnfequently, the two infinite Ara of 'the Curve 
will lie on the fame Side of AE. 

But if ;i be an odd Number, then when x b 
negative, x* will be negative, and 09^ will have 
the contrary Si^n (q nffhat it {las when x is poQ^ 
live ; an^ therefore ^Ije jwo infihitc At^, id 
this Cafe, wiJI lie.ort different Si^es of AE^ an^ 
tend towards Parts direAly dppofite. 

Thus^thc J-ocusof the Equation <^=#» i$ 
the Parabola* A ist^ Vertex^ AE is the Taiw 




^ittai:tlipV«:«WF.; ^ the twq infioUc Artai 
fi; auuu&ftly on t^ £|(n9 $4<^ of 4& 

1 



Mu^i^^ ia dwOfe, Is ^wwfipoQlrre ^ and 
thertfeie the Curve nnift ttt Jktn 0|i tno^ 




/tfT^ Angles KA£ and KAf^ and hare AK 
and A£ for its two Afymptota. 



§ i8. Let the Equation giren be «•— <r*ii 
T^^'sxYi fothat,7=s=tVIf^II^x 




If;ir=:o,then;^be' 
comes infinite, and 
therefore the Ordi* 
nateatA ism ^JSm^ 
putt to the Curve. 
If ABz=r*, and P be 
takte betwixt A and 

5^^B,thcnlhaIlPMand 
Pin be ecpiali and lie 
on diflferent Sdes of 
the AbfciffeAP. If 
Mvaci^ 4hen.the two 
Values of y vanifli, 

becauft 



"i 
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becaufe 4r-»4=30 : and confequcacly, the Curve 
pafles through B, and has there a Pun^um du* 
pUx. IF AP be taken greater than AB, then 
fhall there be two Values of jr, as before, having 
contrary Signs, that Value which was pofitivc 
before being now becon)e negative, and the ne-* 
gative Value being become pofitive. But if 
AD be taken s^, and P coipes toD, then the 

two Values of y vanifh, becaufe V^^-^^*^=o- 
And if AP is taken greater than AD, then 
4* — «* becomes negative, and the Value of ^ im- 
ftffible : and therefore^ the Curve docs not go 
beyond D. 

If ff now be foppofed negadve, we (hall 6nd 

j-st-isLy/ ef- — x*x^+^-r-x If X vanifl), both 
thefc Values of y become infinite, and confe- 
quently, the Curve has two inBnire Arcs, on 
each Side of the Jfyfnftote AK. If x incrcafet 
It is plain y diminifhes, and if x becomes =ii, 
y vanilhes, and confequently the Curve paflt* 
through E, "rf AE be taken = AD, on the op- 
pofite Side. If x be fuppofed greater than a^ 
thenjr becomes imprjjfti^U \ and no Part of the 
Curve can be found beyond E. This Curve is 
the Ccnchoid of the Ancients. 

If tf=s^, it will have a Cuffis in B, the Nodus 
betwbct B and D vanifhing. And if a rs lefs ' 
than b^ the Point B will become a PunBum coti" 

jngasum. 

y From 
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. From what has been faid an Error may be 
correded of an Author in the Mtmeires ie 
VAcad. Roy ale des Sciences^ who gives this Curve 
no infinite Arcs^.but only a double Nvdus, 
Some other Errors of the fame Kind may be 
correded in that Treatiic, from what we have 
faid. 

^19. If the propofed Equation can be re* 
folved into two Equations of lower Dimenfioo^ 
without afFedling cither^ or x with any Radical 
Sign, then the Locus fhall coniift of tho cwa 
Loci of thofe inferior Equations, Thus the Lo- 
cus of the Equation;^* — 2;g^-f-^+x*-H^y=o is 
found to be two ftrait Lines cutting the. Abfdfie 




A£ in Angles of 45^, in th? Points A and^B^ 
whofe Diftance AB^:^, becaufe that Equation 
is refolved into thefe two j— x=sO;^ andjr— '«+^ 



;50. . 



After the fame Manner^ fome Cir^/V Equa- 
tions can berelblved into three limple Equa* 
timis, and then the Locus is three ftrait Lines ; 
of-may be refplved into a ^adratic and Sifnple 

Equation^ 
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Equation^ and then the Locus is a Conic SeSion 
and zftrais Line^ 

Jn general^ " the Curves of the fuperior Or- 
ders include, ail the Curves of. the inferior Or- 
ders ; and whatever is demonftrated generally 
of any one Order^ is alfo . true of the inferioif 
Orders." Sq, for Ejtaniple, any general Pro^ 
pcrty of the Conic Seftions holds true of two 
ftrait Lines as weU as of a Conic Seftiqn. Par- 
ticularly thit " the Rectangles of the Segments 
of Parallel^ bounded by them» will be always to 
one another in a given Ratio/' The general 
Properties of the Lines of. the 3d Qrderskrt true 
of three ftrait Lines^ or of any one ftrait Line 
and a Conic SeAioti. And» as the general Pro- 
perties of the higher Orders of Lines defcend 
alfo to thofe of the inferior Orders, fo there is 
fcarce any Property of the inferior Orders, but 
has an Analogy to fome Property of the higher 
Orders ; of which it is but a particular Cafe or 
Inftance. And hence, the Properties of the in- 
ferior Orders lead to the Difcovery of thofe of 
tht fuperior Orders*. 

$ 20. We have (hewed how to judge of the 
Figure of a Locus from the Confideration of its 
Equation. And when a Locus is to be de« 
fcribed exadUy, for every Value of x you muft, 
by the Relblutidn of Equations^ according to 
the Rules in Pari II. find the correfponding 

Y 2 Valuet 

f See the Jffnuti^, 
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V^lue^ ofyy and determine fr^m thefe Values 
the Points of tlie Locus. 

But there are Geometrical ConftfuSions by 
which the Roots of Equations can be deter- 
mined more conimodioufly for this Purpofc. 
And) as by thefe Conftrudions we delcribe the 
Ldci of the Equations, fo reciprocally when 
Loci are defcribed, they are ufeful in determin- 
ing the Roots of Equations ; both which fhall 
be explained in the following Chapter. Then 
we (hall give an Account of the moft general 
and fimple Methods of detcribing thefe Loci by 
the mechanical Motion of Angles and Lines, 
whofe Interfeftions trace the Curve ; or of con- 
ftrufting them by finding Geometrically any 
Number of their Points. 



CHAP. 



Chap. 2. ALGEBRA. 325 

CHAP. II. 

Of the CanJiruBion of ^adratie 
Equatiims ; and of the Properties 
of the Lines <^ the Second Order* 

$«i«npH£ gfcneral Equaci6n aprefliDg the 
-*- Nature of the Lines of the fecoml 
Order, bfiTtng aii ici Terms and Cotfficieiitit 
will be of this F^rm ; 



+ ^ J 



Where ^, b^ r, dy i^ rcprcfenj any given Quaor 
tides with their proper Signs prefixed to them. 

If a Quadratic Equation is given, as^*+^+ 
f =o» and, by comparing it with the preceding, 
if you take the Quantities tf, b^ r, d^ e^ and r 
fuch that aX'\-bz=^py and rx*4-^x -f ^=:j, then 
will the Values ofy in the firft Equation be equal 
to the Values of it in the fecond \ and if the 
Locus be defcribed belonging to the firft Equa- 
tion, the two Values of the Ordinate when 
ax+bz^p and cx^-^-dx-^e^zq, will be the two 
Koots of the Equation /+/>jF+j=o. 

And as four of the given Quantities tf, b^ c^ 
4% t^ may be taken at pleafure^ and the fifih^ 

Y 3 with 



^2,6 ATkzati^z of PartHl 

with the AbfcilTe ^, decermified, fo that ax"\'i 
may be ftill equal to p, and cx^J^x+i=:q \ 
hence there are innumerabJe Ways of conftruft- 
ing the fame Equation. But thofe Loci are to 
be preferred which are dcfcribed moft eafily % 
l^nd therefore, the Circle^ of all Conic Seftions* 
is to be preferred for the Rcfolution of Quadratic 
Equations. 

§22. Let AB be perpcndicwlar to AE, and 
tipbn AB defcribe the Semicircle BMMA. If 
AP be fuppofed equal to at, AB=:tf , and PM=y, 
then making MR, MR, Perpendiculars to the 
Piameter.AB^ fincc ARxRB=RMj, and AR 

=7, R^zstf— jr, RM=*', it follows ebat i— jnc 

j'=;r», and jr* — tfy-4-Jf* 
sxo. Andj^ if an Equation 
jf*-rrj>y+ji=o, be propoicd 
to be refolved, its Roots 
will lie the Ordinate to the 
Circle, PM and PM, ta 
its Tangent AE, if tfrs^, 
and A^^=:^ : becaufe then 
E" the Equation of the Circle 

^*-^-^+**=o> will be 

changed into the propofcd Equation y^^-fy+^ 

• • • » 

=0. 

We have therefore this Conftruftion for find- 
ing the Roots of the Quadratic Equation y—;gy 
^=0 i take *AB=/>^ and on AB defaibe % 

Semii- 
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Semicircle ; tben raife A£ perpendicular to AB, 
and on it take APsv^f^ that is, a mean Pro* 
portional between i and q{ly 13 EL 6.) then 
draw PM parallel to AB, meeting the Semi- 
drcle in M, M, and the Lines PM, PM (hall be 
the Roots of the propoTed Equation, 

It appears from the Conftrudion that If 

f=^, ori/^=4.;>, then AP=4:AB, and the 

Ordinate PN touches the Curve in N-, the two 
Roots PM, PM» in that Cafe, becoming equal 
CO one anothei* and to PN. 

If AP be taken greater than 4AB, that is« 
when v^q h greater than ip, or q greater than 
^, -tbd Ordinaces do not meet the Circle, and 
ihe Roots of the Equation become imaginary : 
as we demonftrated, in another Manner, in 
Parf II. 

§ 23. The Roots of the fame Equation niay 
be otherwife thus determined. 

Take ABrrv'f, and raife BD perpendicular 
to AB '9 from A as a Centre with a Radius e- 
qual to 4-^, defcribe a Circle meeting BD in C^ 
then the two Roots of the Equation j* — jy+q 
=0, fliall be AC+CB, and AC— CB. 

For thefe Roots arc vP+v/t?* — ?> and 
ip — y/^p* — q I and AC=t/>, CB=: 

\/ AC*— CB* =r^|/>^-^, and confequently 
thefe Roots are ACdrCB. 

T4 The 
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The Roots of the Equation /-f-0-|-faso *•■« 
—ACdsCB i as is dbnonftratcd in the fiUM 
Manner. 

5 24. The Roots of the Equation f—fy—f 
cso are decernuned by this Conllru^on. 
Take AB=i/>, BCsv'j, draw AC j and 

C 




the two Roots ihall be AB:£:AC. If the 
fecond Term i& poficivet then the Roots Aall 
be — ABdfc AC. 

And 
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And all Quadratic Equations being reducible 
to thefe four Forms, ' ' 

it follows, that thef mxf be all conftrufted bf 
this and the laft two Articles. 

§ 25. By thefe Geometrical Conftruftions, the 
Locus of any Equation of two Dioienfions may 
be delcribed ; fince» by their Means, the Va- 
lues of ^ that correfpond to any given Value of 
Pi may be determined. But if we demohftrate 
that thefe Lad are always Onic SeSions^ then 
they may more eafily be deicribed by the Me* 
tbods that are already knowi) for defcribing 
fhcfc Curves. 

In order to prove this, we fhall enquire what 
Equations belong to the different Conic Sefficnj 9 
and, as it will appear that there is no Equation 
of two Dimenfions but muft belong to one or 
other of them, it will follow that they are Lcrci 
of all Equadonk of two Dimenfions, 

§ 26. Let CML be a Parahla \ AE any 
Line drawn in the fame Plane ; and let it be re- 
qiured to find die Equation exprelCng the Re* 
lation bcstwixt tbe Ordinate PM forming any 
{^ven Angle with AE, and tbe ABfciffe AP 

beginning 
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b^;iniuog at A any gi^en Point ia the line 
AE. 




Let CF be the Diameter of the Parabola 
whole Ordinates are parallel to PM. Draw 
AH parallel to CF oieedng PM in Ns and 
AD parallel toPM meeting CF in D. Becanfe 
the Angles HAE, APN, ANP, are given, the 
tines AP, PN, AN, Will be in a ^ven Ratio 
€0 each other : fuppofe them to be always as a, 
*, r, ; let ADstii, DC=rtf ; and feeing AP(=*) 

:PN::4:*, PN=-^x; Bkewire'APiAN:: 

•vty or ANs-^ir. And GM«PM— PN 

^ NG = J, - 1,^^,; Bat jCG :i DG - 

DC= 
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DCsaAN— t>C=— *--r. If no^ the Vara- 

a 

meter of the Diameter CF be called p^ then, 
from the Nature of the Parabola /o<CG=GMj • 

tnd confequcntly, ^^j^-€5=r>— x^-H<r*t 
from which this Equation follows. 



^'v + .V-'*+T 




E {^+P^ 



Whence, if any Equation is propoied| and fuch 
Values of a^ b^ c^ dj e^ f can be aiTDmed as to 
make that Equation and this coincide, then the 
fjocus of that Equation will be a Paraboh. The 
ConftruAion of which may be deduced from 
^is Article. 

§ 27. In this general Equation for the Para* 
bola, the Coefficient of ^* Is tfa^ Square of half 
the Coefficient of ;ify \ and, " when^ any Equa- 
tion is propofed that has (His Pcoperty, tRe X^ 
€us^ it is a Purabola.^^ tou whaicvef Coef^ 
* ficients afFedt the three Uit Terms, they may 
be made to i^ee wkh the Cocffidencs of the 
laft Terms of the general EquatiQO, by afii4m<f 
ing proper Values of ^, Cy and 0. , 

It appears alfo, th^ ^ ^^^^ (^H^be. a Pa- 
rabola; abd the Term sy be wanting^ t{ie Term 
^* mqfl alfo be wanting." And,. *? if'any ]^ 
^ua^iph of Xf9o Dimenfions be propofed that 

W4nt| 
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w^ both tllfe TtrU^H ^ aod ^9 it Bugrbe 
li}way»B accomtnodated to a ParaMf^, 

'5 28. The general Equation for^t^ Ellip/e is 
deduced, from the Property pf the prcUnatcs oF 
a&y Diameter^ in the iame^aopcr ( the Con- 
ftruftion of the Figure being the fame as ii| 
§ ^6. . Only, in Place of the Parabola^ 

.ctKML be an EUiffc whofe Diameter i$ 
^having its Ordinates parallel to PM, and 




* .- • * 




, . K A p £ 

iet G be the antm of the W&pfe. SuppoTe 
CLest, and the Paramter of that DUmetcr 
tspy then GMj:CLf--CGf ::^:a/. But, 89 

• f • » 

* : whence diil Equation } 




AQd 
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Apd if any Equation is propofed that can b6 
made to agfee with thb general Eqnatioit, by 
aflummg proper Vakes of j, ^, r, i, ^ and ^4 
Chen the Ldais of that Equation wiU be aik 

% 29. ^ In the general Equation for the ElUffi^ 
the Terms ;(* and jp* have the fame Sign: and 
the Coefficient of x^ is always greater than the 
Square of half the Qoeffideni of xy^ becaufe 

—+{;;% » greater than ^. And altho* the 

Term xy beWantingY yet the Term x^ muft re- 

main, its Coefficient^ in ' that Cafe, being — ^ 

which muft be always real and pofitive. .On 
the other hand, if an Equation b proposed in 
which the Coefficfent of x* exceeds the Square 
of half the Coefficicnc of xy% or, an Equation 
that wants ^, but has x* andjr*, of the iam* 
Sign, Its Locia muft be an ElHpfi.** 

§30. In the Hyperbola, as GMfiCGj— 
CLy::p:2/ 5 when /is a firft Diameter, the 
Equation that atiies will diffier from the Equa* 
don of the Ellipfe only in the Signs of the Va- 
lues of CGj and CLj, and confequently will 
have this I^orm, 






=0. 



If 
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If / be ^/(C9nd Diameter^ cbca ^ will tc 
Mgaum. 




In this Equation, it is manifeft th^t the Coef- 
ficient of the Term x^ is lela than the Square of 
halfthe Coefficient of ;ir)r; and,, that when the^ 
Term xy is wanting, the Term x"^ muft be ne-^ 
gattve. Andy reciprocally, ^< if an Equation 
is propofed where the Coefficient of ^*is leis 
than the Square of half the Coefficient of ;^ i 
or where x/ ii wanting tad j^^ aad x* have cOn* 
trary Signs, the Locus of that Equation muft 
be an Hyperiok.^l 



] 
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§ 31. The Equation of the tifptrhl^ wh«i| 
its Ofdipfta jRM are pwailel to an Afymptote 
does not come ynder the general £quatU)<i^ 
the laft Article. LetCF and CL be ths J^ 
fMes of the Hf/eriola, «nd let {>M be p9^il|pl 




A 



toCL. TheffCGxGMwillbieqnil'toa^Wa 
Reftangle 1[ which fuiipioie jw.) Theh^ OG^ 



confequently ;r— — »— ik — *>-^iS|jSi ^• 
^whence this EquatioDy 






Where oi% one Afthe Terms jr% jf*, can be 
found wit^L^jr; and whcrejgrwiU be found wicb- 
buc either of chefe Teimsi if A£ ud AH C0 
incide, dot i^ if A£ is* parallel to the Afym* 
ptote DF. 
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It appears from this, that •* if an Equation is 
propofed that cither has xy the only Term of 
two Dimcnfions J or, has 9cy and cither x* orj^* 
beltdes, but not both of them, the Locus of the 
Equation (hall be, an Hyperboloy oncofwhofe 
jifjmptotes fhall be parallel to j or x according 
as it is / or x* that is wanting in the Equa- 
tion." 

§32. From allthefe compared together^ it 
follows, that " the Locus rfa$0 EfUathx cfiw0 
IHmeiffions is a Conic Seftion." 

For if the Term xy is wanting in the Equa* 
don, and but one of the Tenils y\ x^ is found 
in \tt the Locus fhall be a ParaMu % by $ 27. 

If )ry i^ wanting^ and^%jr% have theiamt? 
Sign, then the Locus is an EUipfe. ^ 29.— 
But, when they have different Signs it is an Hy- 

fcrhola. § 30. 

If ^ is found m the Equation, and x\ f are 
both wanting, or cither of them, the Locus i» 
an ffypsrbola. § 31. 

If both If* and jr' arc found in it,, having 
contrafy Signs, the Locus^h ftill an HyperboU. 

If/ and** have-the fame Signs, then, accord- 
ing as the Coefficient of x* \% greater^ equals or 
l^s than the Square of half the CocffidcM of r/^ 
the Locus (hall be an EUipfi^ ParaMa^ or Hy- 

fifboh. % 27* ^9* 30- 

In any Cafe therefore thf Ucus of the Equa- 
tion 13 fomt Conic Sc&ign. 
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^33. Thefemalyall be dcmonftrated more 
diredly from the Confideration of the general 
Equation of diQ Lines of the ficond Order in 
^ 2Z. For it is obvious that, by § 25* Par tlh 




the fecond Term of that general Bquadon may 
be exterminated by afluming %3jrlr ^^rZ^t and 
it will be transformed into 



x^ 



z 




=0, 



which hf ttafpo^^ the laft Term, 13 



'V 



4 2 ' 
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- Let MK be the Locos of th« Equation : a6d 

if AH be dra«n (bdMt HE be n> AE as ■£« t6' 

Unit, and AD,, paixllei to PM, be t=sit^ ta^ 

thiPMgfl D, the Line DF be drawn panllet: tot 

AH, meeting PM in G, then (hall GM (=PM 

+PN+NG==y-H<i*+i^) =«. And if AH=/, 
then DG*5AN=:/x. 

Suppofe DGsc)^4od xzs,y . Inftead of » 

fubftitute y ,. and. the. EqUadon that .refults 

will expref$ the Relaiiob Of QM and DG, of 
this£<ffi?i, 

2='= ^ .<«*+ 2*^ )a»+^-f=o. 
Which will be ao- Ifypirhla, Paranoia, or El- 
Upfo^ according as die Term ^^^ is p^ht^ 

n$tkini^ or mgafi^i. That is, according as ~ 

v^ greater J aptd to, or /(/} than r. But a was 
the Coefficient of xy\ fbofnwhkA* it appears; 
that *^ the Locus, is an EXf^fCy. FaraUk\ or 
Hyperbola, accordtng as the Coefficient of x* is 
greater J equai^to^ or Ufs thexk cbe-S<piai!ei#f half 
the Coefficient of f)f." 

It appears alfo^ that ^Mf the Term ^ be 
wanting, or a^Ot then, the LoCus:. witt he: mv 
EHipfct Parabohy or Hfperbola^ according as 
the Tcrm^^* is /^/i;^, nofbing^ ormgadvi.^ 

It 
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Hence Ukeiviifiv i( the Term ^ be wanting^ 
attd AeTdrm xf not "wanting^ then die Term 

^^3ffi^ b^itig pofitftrc (bccaufe -^ i^sJway* 

pofitivc, whatever if or /,be) *• tbc Locus' muft 
be an Hyperbola/* 

Note^ That Part of die Figure, ort the otfier 
Side of A£, which is marked with Sm^ Let^' 
C9rs« anfwersto the Cafe when die Gbtifficaefif of 
7» in the ^^uieral E4MaM>ni IfiZ* M-h^# is aegsw 
tire. ^ • 

^34. The Lines of the li Order haart fome 
general Properties which may be denionftraced 
from the Cpnfideration of the general Equation 
fepferenfirig( tliem. 

The general Equation of §21. by extermi<* 
natinfi the fecond Xcrm pan be transformed into 

tficf Eqifaridh 



2* 






fvrom WlTicb we hav« 



Where the tweValue^of :^ fir arways equal, and 
have contmry Signs, fo that the Line DP, on 
whicH th^ Abfciiles are taken, muff biTed the 
OrdinateS) and conH quendy, is a Diameter of 
the Conic Section. And, as this has* been db* 
monftrated geniirally, in ahy Situation of the 
Linef FM, it follows that if any Parallels, at 

Z a lAm^ 
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Mfjjy Mm, be drawn meeting 4. Conic Se6kibn% 
there is a Line DF which can bileft all thefe Pa^ 
rallels. And confequently if any two Parallels, 
Mi», Mm, are biiedled in G and gy the Line Gg 
that btiefts thefe two, wiS bifeft all the other 
Lines parallel to them, terminated by the Curve. 
♦♦ Which is a general Property of all the Conic 
Sedions/* 

There is one Cafe which muft be excepted, 
when PM is parallel to an Afymptote, bccaufe 
in that Cafe it meets with the Conic Sedion only 
in one ^tnt. 

§ 35. In the general Equation of.§ 2 1 , if you 
fbppofe_y=:o, there will remain cx^+dx-{-e=o^ 
by which the Points are determined where the 
Curve meets the AbfcifTc AE. 

Suppofe it meets it in B and D, and that 
AB=:A, and AD=B. Then Ihall —A and 

— B be the two Roots of the Equation «*H| 

;f+— =0 ; and therefore flf+-/&?f-hJ5=:^+ 




BIAP 



^:c+ ^ : but x+A^B?, and ;f+B=DP i 

. therefore 

f %//)r tie FJgurK 
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therefore B!^xDP=**+ ^ x+ ^ . Now, it 

b manifed from the Nature' of Equation v that 
if PM meet the Curve in M and w, the Red- 
angle of the Roots PM and Pm ihall be equal 
€0 r4^+ix+^ the laft Term of the Equation 

•f.'^-4-i* >=so- 

We have therefore FMxPm:=:ex*+dx+e % and 

BPxDP=:x*+^;^+-^ ; fothat 

That is, ** the ReftangJe of the Ordinates PM, 
Pw: is to the Redanglc of the Scgmerus of the 
Abfciffes : : in a given Ratio, r : to i .*• Which 
is another general Property of the Lines of the 
zd Order. 

• In a (imilar Manner the analogous Propertie;s 
of the Lines of the higher Orders are demon- 
ftrated •. 

$ 36, There arc many different ways of de- 
icribing the Lines of the fecond Order ^ by Mo- 
tion» The following is Sir I/aac Newlon*s. 

t Let the two Points C and S be given, and 
the ftrait Line A£ in the fame Plane. Let the 

Z 3 given 

♦ Seethe Appendix. 

'f See Geometria Organka, Pr^, I. 



©vcn Angles FCO, KSH, revolve about the 
Points C and S as Poles, and let the Intcr- 
feaioo of the Sides CF, SK, be carried aiong 




the ftralt Line AE, and the Interie&ion of ch9 
3idcs CO, SH, will dcfcribc a line of the i4 
Order. 

Let the Sides CF, SK incer&ft each otha in 
Q2 and the Sides CO, SH, in P : let PM and 
Q|J be perpendicular on CS. Then draw PR, 
QUi PT, QLi fotbatCUQ=CRP=FOG} 
*indSljQ=STP=KSD. 

The Angle RCP=CQU, fince ftCP makes 
%vm Kight ones with RCQjind QUC. So that 
the Triangles CUQ^and CRP will be fimilar. 
And offer the lame Manner you may deeaon- 

ftote 
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ftratethat the Triangles Si-Q^. ^fP arcfimiUr^ 
whence, 

and ST:PT::QL : SL. 

Suppofe CS=<2, CA=s:^, the Sine of th« 
Angle FCO to its.Cofine as d toa ; Sin. Angle 
CAE toCofih. veto a, and Sin. KSH to Cofin: 
«s f to*. Put alfo PM=;r, CM=*, QN=r, ■ 

ThenRM:PM::fli«?. PR : PM : : •oH^* : i 

« 

AN:QN::«:f. So that RM= ^ , CR=s 
(=CM--RM) =x^ f . PR^y ^^^^^ . 
Likewife Qy= !s2]& , and CU(=CA 

— AN— NU) =*— ^ z— ^ 2. And it 
being CR: PR ::Qy:CU, it fellows that 

So tbatt;= '^^;=5 =^-=s=r— r- • 

In like manner you willfind STs^ — ^^^-jPy 

» ■ 

yy^.A^ . QL= !i:^ . atid SL== 

(=AN-*.!AS-«NL) =s:«~-H ;;— • B« 

itwasST:^::QL:SL, that is, a—x-^ 
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^^*-rx.a« 



Wbence 






And from the Equation of thefe two Values of 
z this Equation refults \ 



where fince x and y are only Qf two PiavenQoniSt 
it appears that the Curve defcribed muft be ^ 
Line of the ?d Order^ or a Conic Scftion, ac^ 
cording to what has been already demonflr^ced* 

§ 37, As the Angles FCO, KSH revolve ^ 
bout the Poles C and S, if the Angle CQS be- 
comes equal to the Supplement of thefe givea 
Angles to four Right ones, then the. Angle 
CPS muft vanifh, that is, the Lines CO and 
SH muft become parallel : and the Inter fe^tion 
P muft go off to an infinite Diftance- And the 
Lines CO and SH become, in that Cafe, paialt- 
Jel to one of the Afymptotes. 

In order to determine if this may be» deicribc 
on CS^n Arc of a Circle that can have infcribed 
in it an Angle equal to the Supplement of the 
4nglcs FCO, KSH, to four right Angles. If 

this 
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this Arc meet th^ L^tie A£ in twd Fbtao N;4i» 
then when Q^the Intericflion of the Sides CP^ , 
6K ccnnes to cither of tbcfe Points^ as iriii cu> 




ried along the Line A£, the Point P will go off 
to Infinity, and the lines SH, CO, becooie 
parallel to each other and to an Afymptotc of thjts 
Curve, 

If that Arc only touch the Line AE, the 
Point P will go off to Infinity but once. If the 
Arc neither cut the Lirle KS. nor touch it, the 
point P cannot go off to Infinity. In the firft 
Cafe the Conic Sedion is an Hyperbola^ in the 
fecond a Parabola^ in the third an Elliffe. 

The Afymptotisy when the Curve has any^ 
tre detenhined by the following Conilrudion. 

Draw NT conftitoting the Angle CNTsa 
SNA, meeting SC in T ; then take SI=CT, 
and always towards o^pofite Parts, and through 
I draw IP parallel to «H or CO, and IP wijl 
be one Afymptote of the Curve. The other it 
(Jeteitttintd iii like -Manner, by bringing Q^to 

J 



it 



X.. AtA Ihe twa AryM0otes ia«rt k> ^ 
jQsiter, OQBftitvtiag tbBre.an Asgte BsJ«f&i. 
. FfQ0i thi« Conftni^oa it «. ^tIoiusi tMt- 

when the circular Arc CNsS tooches the line 
AE, tb^ngte ^KA being then «sSCN, the 
line !fff* wHl t^ofaQB^parallel K>C^i «nd there- 
fore CT 99/^ SI- become -inQgite, 4li^..>s>'>the 
AfmtttU if going off to In6nity,£hrCurve b^- 

^ 39. There h another general Method ef 
^e&dbing the Lines of the %d Ordft^ ;hif de>- 
ferves our Confideration. 




Fc AMR j?RH 



Infiead of Ang^. we now ufe three Bjokn 
DQ« CN, SP, which we fuppole to reyolve 
^boqt the Poles D» C, S» and cut ooe another 
ftlwj^s in three Pcnnts N, CLand P 1 and carrjr* 
ing aq J two of thefe Interleftk>ns» as N and Q^ 
Along the 9ven ftrait Lfnea AE» BE^ ^ thiid 
Interf«aioa P «iUdeiaribe.aConic St^Uttu 

Through 



M,tii aift through' FiShtw'FHtawiffid't^ 
BEmeedfcg-CSfriH. • - ; 

SBsr, D^:^, AFi=/» AErri^ 'HE=< AB 
(r=tf-^-f4r) =/ i ;fince iheTiunj^ Pj^y 

AEB are fimHar, therefore PHs4r» MHss 

7* ^"= — 3 — » 



CA: AN::CM:PM> t • • ANs^tandfinog 



'« • $ 



SB : BQj : SH : FH, * . . . BQxs^q^:^^ 

Bat, ' 

• • • "^--H->-^* 

Now AN— DF ; RCfcj-AN : : AF i AR j 

that is, 

Aiul muItiplTing the Extremes and Meui| 
itn4 ohlering the Terms, it is, 

I^ which Bquatiw, ithe Si^ offende Ttrrm 

an4 
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|0|d liqef.; but jra^dj npt rifing^tomoie diaa 
two DiQAenikNi8»;it qppcffs tb«t (be P<unt P al^ 

jwy* dcfaibci.a. C^^iSfSift^. ^i (Wy \fk totof 
particular 'Cafes the Conic Scdion becomes* 
flrait Line* As for Example^ whcfn D is found 
in theftrait Line CS ; for then DF Tanifhing 
die Terms; ifkx^ — ajfhc vaniflit and ^ereooain* 
ing Terms being divifible bjy^ the Equation 
becomcsj ^ 



* 
» • • 

Which is z Locus of thtjirft Order^ and ihews 

that^ inihisCaft^ P.mv&^fcnbciJtrMilJne. 

After the fame Manner it appears that if the 

Point E the Interfedion of the Lines AE, BE» 

falls' in CS, then will P defcribe a flrait iLine. 

For in that CafeV vaniffaes, and the Equation 

becomes. 



fotf ■ ■ / — /Scy— rfi(c-Htxy=:Oj 



% J9. Thefe two Delcriptions ftirhilh, each, 
ft general Method of ^' defcribing a Line of the 
tecond Order through any five given Points 
whereof three are not in the fame flrait Line.** 

Soppofe the five given Pbints are C, S, M, K^ 
K ; join any three of them, as C, S, K, and 
let Angles revolve about C and S equal to the 
Ai^ KCS, KSC; Apply the Interfeftion of 
the Leg^.QCtSK firft to the Point N^ and kt th^ 

Inter* 



C^ il A L G^WtCiS ^ 

XnHBridaiM of ^^ Legj CO Mid «« be Qj 

fecondly apply the Incerfcaion of the fameJEeg^ 
CKt^to the itoMoning Point M, add let the 




Interfe^h of the Legs CO^ SH be Li Draw 
a Line joining Qjand L, and it will be thjc Line 
AE along which if you cany the Interferon <tf 
the Leg^ CO, SH» the Interfusion of the other 
Jje^ will ddfcribe a G)nlc Section pafllng thro* 
die 5 ^ven Points C\ S, M, K, N. 
■ It muft pafs through C and S from, the Con^ 
ftruftion : when the Interfedipn of CO SH 
comes to A, the Curve will pafs through' K. 

And 








$40. l^roih the fecoftd Ddcriptioii we have 
Solution of the lain$ Ptoblem. 

LciC,$,.lK4^^K,.H,bethc ^ gprea Poistir ; 
dir^i* tioeS'Jpuun^.'thein s pcodtice tiro of tho- 
tines KCV M$». till t}v:v meet in D. (.or 

• ■ • • • _ 

three Rulers revolve about tho thrae^ Poles & 
$1 D, t^ix CP, S(^ DR. Let the tatedkc^ 
tibn of the Rukn CPf DR^ be canned over the 
giveo Lioe MIC» and the Interfc6tion of die 
Ru]enkSQ|^ DR be carried through the Line 
NX i and die Point P, the Interfe&ioa of Ac 

Rulen 
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Rulers that reiroWe about C and S, will defcribe 
a Conic Seftion that pafles through the 5 JPoina- 
C, S. M, K, N. 

§:>4i. kiaaTCfi^rltihfoFropdrtf of tfaoCd^ 
ntc SeAions, that ^^ if yoU' aflume iny Number 
of Poles whatfbever, and make Rulers revolve 
about each ofthem, and all the iBteKfedionai 
but one^ be carried along given ri^t I^ines^ 
that one fhall never cteiciibe a Line above a Co 
nic SedtiQn y** ify ioffeacl .gfRuIers )Eoufubfticutit 
given Angles which you move on the fame 
Poles,, the Curve defi:ribed will ftill be no more 
than a Cohtc Section. 

By carrjiqg one of the IhterfeAions. necefiary 
in the Defcription Qver a Cmic Se£lioo» Lines 
of^ig^er Of-i^i may be dtfcribed. 



w ■* » 



• r 
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■ 



* 



■ * • 



CHAPj 



^J ■ 



2$z jiTKEAtiiltfif Partin. 

C H A P III. 

Of the'CQnftm&ion of Qf6sc snA 
Biquadratic Equatiom* 

§42. « T^HE Roots of any Equation may 
-■• be determined by the Interfcftkxia 
of a ftraic line with a Curve of the fiune Dimen* 
lions as the Equation :** or, •* by the Interfec- 
dons of any two Curves whofe Indices multi^ 
pfied by each other give a Produd equal to the 
Index of the propofed Equation/' 

» 

Thus the Roots of a Bigmiratic Equation 
may be determined by the Interfedions of two 
Conic Sections ';. for the Equation by which the 
Ordinates from the four Pointji in which' thefe 
Conic Sections may cut one another can be de« 
termined will arife to four Dimenfioos : and the 
Conic Seiflions may be afTumed in fuch a Man-* 
ner, as to make this Equation coincide with any 
propofed Biquadratic: fo that the Ordinates 
from tbe& four Interfedions will be Iqual to the 
Roots of the propofed Biquadratic. 

If one of the Interfeftions of the Conic Seftion 
falls upon the Mis^ then ^^ one of the Ordi- 
nates vaniQies> and the Equation^ by which thefe 
Ordinates are determined will then be of three 
Dimenfions only, or a CtAic^* to which any 

propofed 
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ptopoftfd ' Cubic Eqtuitfon may be accommo- 
dated. So that the three remaining Ordinatet 
will be die three Roots of that prop<^ed Cubic. 

$ 43. Thoie Conic Sedlbns ought to be pre* 
fened for this Purpofe that are moft eafily dc- 
icribed. They nouft not howev^ be both Ort- 
(ksi for their InterfcAions ace only two, and 
can ierve only for the Reiblution of ^drattP 
Equations. 

Yet At Circle C4|ght to be ^e, as being moft 
eafUy ^tkabtdi and the ParataJa iscommopif 
afiumed for the other. Their Interieftions are 
determined in the following Manner. 




As 



Ut 
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. Let AFE be die camKnoti Afiolloiiian Part- 
bola. Take on itB- Axis, cfoo; Line AB= haiS of 
its Parameter. LecC be ai^ Potnc in the Plane 
of ihe Parabola, and from it as a Gencre defcribe^ 
witli any Radius CP, a Circle meedng the Para. 
bola in P. Let PM, CD, be Perpendiculari 
00 the Axis in M and D, and kt CN, parallel 
to the Axis, meet PM in N; . 

Then will always CPj:=:CNj+NPf (47 e i .) 
Put CP=i7, the Parameter of the Parabola 
sr^, AD=^. pC=d, AM=^,,PM=5r. 

ThcnjCNy=i?5?% NPj==y^i* ; and 
^'+y^y=a* ♦> Thatis, 

But, from the Nature of the Parabola, f^=bx^ 
andx* = jj i fubftituting therefore thefc Va- 
lues for Af*and;r, it will be, 

Or, multiplying by i*. 



Which may reprefent any Biquadratic Equation 
that wants the fecond Term ; fmcc fuch Values 
may be found for j, b^ c^ and d^ by comparing 
this with any propbted Biquadradq as to make 
them coindde. And thci^ the Ordinates from 
tht Points P,^4ii P, on thj:Axis will be equal 
to the Roots of that propolcd Biquadratic. And 

this 

« 

* x'Ji c is die Differences of ;r and ^ indefinitely, which* 
iicrj^che two is greatcift 
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this may bedonr;^ cho^ cbe P^amecer of the Pa- 
raboia {viz. b) bei g^ven : that is^ if you have a 
Parabola already 'favKie or given, by it alone you 
may refblve aU^ Biquadoitic Equations, and you 
will only need toi vary the Center of your Circle 
and its Radim 

§ 44. If theCirde defcribed from the Center 
C pafs through the Vertex A, then CPj=CAf 
ssCDj+ADj, that is, a*=i4-i* ^ axxl th» 

A 




laft Term of the Biquadratic (^+i*-^-nflf») will 
▼ani(h ; therefore, dividing the reft by jr, there 
ariles the Cubic, 

Let the Cubic Equation propofed to be re- 
iblved be y » *db^d=r=o. Compare the Termi 
of thefe two Equations; and you ^'rSl have, 

Aa a db»^ 



^ 
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■ ±2^r-i-5*==i^ and=fc2</5*'=±r» or, a« 

bftTc this ConftniftioH of tiM QttM«^*«:l::j(yfi:iP 
rs&y by means of any givoi Panbola Ai*E. 

"irm tbtPoiniB takt mtke A4tifomitr4 iftbt 
Equation has — ^^bui batkwards iffisfefitivey 

, the Line BDz:^ r^ ; . then raifi (i^c Pirpiniicu^ 

■ Ur DC= ^ , and from C, defcribg a Circle 

pajjing through the Vertex A^ meeting the Pa- 
raMa in P^ jbfiaU the Ordinate PM be one 
tfthe Roott of the Cubic y ' *=bpyJ=r=io." 

The Ordinates that ftahd m the fame Side of 
the Axis with the Centre C are ne^vc or af- 
firmative, according as the laft Term r is nega- 
tive or /affirmative ; and thofe Ordinates have 
always contrary Signs that Hand on different 
Sides of the Jxis. The Roots arc found of the 
fame Value, only they have contrary Signst 
when r is pofitivc as when it is negative ; the 
kcwd Term of the Equation being wanting » 

w^icli ^rm wkh..whajih«&l?$^dpmpnArat€d 
elfc where. 

§4^, In«rolvingiyj«wf/M/..^qu«tions, ypu 
tnay tupporfr. the Parameter ^.tQ. .b^ Unit; tjien 
iit:c|=jpr;;^t and POr4r *. Af^<i the Ordiaate 

FM 



^v 
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FM muft then be meaTored ona Scale where 
the Parameter^ or 2AB is Unit. Or, if it be 
more conveniefit, the Pafamei^ may be fup- 
pofed to exprej(8;iQ| loo, &r. or any othor 
Number, and PM will be foun^ by mcafuriog 
it on a Scale TR^here the Parameter is lo, 10O9 
&r. or chat other Number* 

§ 46. •* When the Circle meets the Para-- 
bold in one Point only befides the Vertex, th<^ 
Equation has only one peal Root^ and the other 
two imaginary/* 

Thus, if the Equation has 4-)^ ^r if D fails 
on the fame Side of B as A does, the Circle can 
meet the Parabola in two Points only, whereof 
A is one ; and therefore the Equation muft 
have twQ ima^ury Rooissi as we demooftfal^ 
elfewhere. If the Circle touch the Pifrahola^ 
then two Roots of the Equation are equal. 

Itis sdlbobviouf, thac the Equadon mudne- 
ceflarily hxvtoM refil Root ; becaufe, nnce the 
CiriHe meets the Parabok in the Vertex A , is 
inuft meet it in one other Pomt| at leail, be* 
fides A. 

§ 47. Inftead of making the Circle pais thro* 
che Vertex A, you may fuppofe it to pafs thro* 
lome other given P^nt in the Parabola, and 
fhat Inter&dlion being^ given, rfae Biquadratic 
ibund for determining the IncerfeAbns, in $ 439 
fpiaV be i'ediiiced to a-£hr^^> 

A » 3 Lcl 



! 
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Let the Ordinate belonging to that ^ven In- 




terfeftkm be^, then one of the Values of j being 
/, it follows that the Biquadratic • 

will be divifibleby ;^— f, which will "reduce it to 
a Cubic that (hall have the fecond Term. And 
thus we fiave a ConftruAion for Cubic Equa- 
tions that have all their Terms. 

For Example, let us fuppofe that the Para^ 
meter is AG, and the Ordinate at G is GF 
meeting the Curve in F. Suppofe now that the 
Circle i& alwap to pafs throggh f! \ then fhall 

CFj (=4^) =CHj+HFjz=5i^*+^» r=^+ 
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4*±2cfcfc2<^+4^%,.,a(ic}.. ful^tptipg .in the. 
Equation of § 43 this Value of a\ it becooiea 



' y'^*dt:id ly*:k2S*xy—ii* ■) 



4 • 



• • t 



2ci/iy'zt2iai/^xy — itf' -% 



qp242^ 



Where r in dip laft Term has a contrary Sign to 
what it has in the third, and /f a contrary Sign 
n "what it has in the fourth, 
. 'this Bicjuacjratic has FG, or ^, for one of 
its Robts ; and being divided by j'— ^, there 
arifes this Cubic, 

-H^*Kdbaf^*f=o, 

* 

having all ItsTcrms complcat. If C had been 
taken on the'other Side of the Axis, the fccond , 
Term In^ had been negative. 

Let now'.any Cul?ic Equation be propofed to 
be refofved^ as; y^'^pf-h^ — rzso. And, by 
comparing it wiith tbepreceding, you will find, 

. />«^ . . . 7 

j=2^*rfc2^r > whence 

Therefore^ to ccmftruEt the fropofed^ Cubic Equa^ 
Hon y»+p*-|-qy_.r— o, let the Parameter of 
yiMfr Parabola h )[qual to p, take^ on the Axis 

A a 4 from 




j6o jtTmKTl'fiTftf BUtJII, 
jhMHk y&ter J, the JJni Mhs^p^^^ tni 

raije tbe Terkniieular IX:=i^+^, „d 

firm C Afctih wX^ircie tbrngb Ft mating tbe 
ParaioUiM'Pt/^ JksH tbi Ordimte PM him 
Rgift iff ibe Efiatim. 

if the Equation propoled is a JLitiral Eqiu- 
ponof thisFonny+^+^£jr.--f^=30i htrin]^ 
j|U tkc Terms of three Dimenfioos, ^loi chi' 
Conftrufkion will tmly vtqam AD=5l — Us ^nd 

§ 48. If you fuppofe the ParaboU to pafi 
tWough any ^oint F taken anyiMiefe in the 

Parabola {inid. Bg. fratd^) mA jcatt tbe Ordir 



uatc FG=:^,thcn c — 4-' +^-7?/=3fl*, and the 
general Biquadratic may have this ForiB^ 




But fince FGzs/ is one of the Values of jp, the 
Equation - will be divifib)e by jp — iy and thft 
Quotient is found to be this G»^» 




Whicl 



gives, Fa(or4r^,.AP(=:0=.*^=^=3i^, 

. wd DC=5rf=sfi^v ,A*l tgr lllis Cenfitac^ 

tiotf tHeiioott of* compfeat Od(^ Squ«tioa 
nay be found by anf Fnibo^ W(i«ti)K?er.* 

««afti<u&tli«4tooii of aVfndbiie ^ iuiy ^. 
yabob, after the iecond-Tidnii i» (alMa smq;^ 
But «*-«he Roots of a Biqndntic may bedeter^ 
mined by uy Firabola :'* mly thiy onooc b^ 

the OtdiiMta^0»tli« Axb»'1)dt ««nqFlie equal 
to the Pdr^^aidimiart do a link piu^ to the 
4zi$, meeciai^ the Farabob ia F,. CD in fiL 
j»nd PM in !«*• 

(ict FQ be ia'OrduMte to the AxbiaCi ao^ 



w ■ • 




^he reft remaining as before, laFL^Xt PLsgi; 



tiK, Plittineter. =?*, CPs£«. l?H;^f^ CH=i, 




And fince PMj (=PL+HD\ =AM}(*, 

• - - " ;» — ' 

therefore jf*+2^-+-*»;=AG-t-FL8^=s 4- H-^^* *. 

and conuquently y+a^jres^. , ^ 

PutCNjrf-NPjssCPji tl*it is,i^»4-P^ * 
==d*. ■ \^nd fobftituting fdr x* and «r their Va-^ 

lues ^!S* and ^^'j yoy will find ' ■ ' ' 

willed IS a cbihplete Biquadratic £c[viatic^.. And 
by Coniparing^itb,it,tb? ?qq?9Q,n , ." . . , 
' j'*-f0'*+%*— ^''7'-^*^=*so» you will find 

HC (=J) =; ^^5^' , vid CP<=:tf) =5 



Mk*«i^lM 



V^'j+r^-W* : which gives a general Conftruc- 
tion for any fuch Biquadratic Equation by any 
Parabola whatfocver. if the Signs of ;>, y, r^ 
or J, are different, it ib cafy to make the ne- 
ceffary Alterations in the Conftru^ion. Ex. gr. 
Jfp is negative^ then FG muft be taken on the 
other Side of the Ai^is. . 

If you fuppofe the Circle to pafe through F, 

the Equation will become a Cuhic leaving .all ip 

' ~ • iVrmsj 
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Terms": -AeW Tcrth T+J^NJ* vanilh'ing, 
becaufc then c*^d*=:a*. It will have' tf>ii 
Fortri,' " • ■■fi'ii' ''■•• •' • ■ '"•' 




and then *' the ConftmdUon will give th^ Roots 
of a compleat Cubic Equation." 

§ 50. We have fufficicntty fliewed, how the 
Roots of Cubic and Biquadratic Equations nuif 
be conftrudlied by the Parabola and Circle ; we 
fhall now (hew how otBer Conic Seftions may 
be determined by whgfe Interlcftions the fame 
Roots may be difcoVcred, 

Let the Equation propofed be j'**-|-/»gy*+ 
y^y — h^rz=io\ and let us fuppofe, that, 

I**. h=y* ; then Oiall we have by Subfti^ 
tution of ^^ for J*, and dividing by bp^ 

2^, j^*4- — ;v*-+- J-y -^ =0, which has 

its Locus an EUipfe. Then by fubftituting (in 
this laft) bx for j*, and multiplying all the 

Terms By -j- , you find, 

J-*. •-+^4-57-^^=0, an Equation to a 
Parabola. Tli«o, adding to ' thi^ Eqjuadon 
jp* — bx=:Oy you will have, 

4*** ^*+^*_^|*'+jy---^^==o, iri Equa- 

tion to a Circle, 

The 
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Ir — -£■ y* — jy, and there will arife 

that is, "Y =^> and ^=: ^ \ which fubftitutcd 
for x^ and x in the firfl Equation, gives* 

And if you fubftitute them in the 2d Equation, 
there will arifc jp- J*+;^*+ y 7 r'" =0, 

that is» j'**+^/y*+**4y--^^^=o, the 
very fame as before \ and thus it appears that 
the Roots of the Equation j^^^—^^+A^jjr— 
£'r=o are the Ordinates that are common to 
the Circk and ElUpfe^ or that are drawn from 
their InterfcAion, 
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LinearumGeometricarum 

Proprietatibus generalibu^k 



DE Lioeis fecundi OrdioiSi five kStionihm co^ 
oicis, fcripferunt uberrime Geometrac veterei 
ii reccQtioress de figuris (fuaB ad fuperiorcs 
Linearam Ordincs refenmtur pauca & exilia tancum ante 
NswToMUM tradideruac. Vir iUuftriffimua, in Tra- 
Aatu de Enumeratient Limarum Urtii Ordinisy dodfarinam 
baac, cum diu jacuiflec^ excitavit, dignamque efle in 
qua daborarenc Geomecris oftendir. Expofidi cnim faa«- 
rum Linearam proprietatibus generalibus, quae vulgatis 
fedioniicD conicarum aflfedionibus funt adpo affines ut 
velut ad eandem normam compdGtge videantur, alios fuo 
exempb impulit ut Analogiain banc five fiaailitudinein 
qux tarn diverfis intercedit figurarum generibos bene 
cognitatn fie fati$ firroeaaicno coaceptam atque compre^ 
henfam habere ftudcreot. In qua iUuftranda & ulterius 
indaganda curam operamque merito pofuerunc^ cuoa 
nihil fit omnium quae in difciplinis pur& matbemacicia 
tradancur quod pulchrius dicatur, aut ad Animum Veri 
invefligandi cupidum obledaodum apciu$, quam rerum 
tarn dlverfarum confenfas five harroonia, ipfiufque do- 
drinx compofitio & nexus admirabilis, quo pofterius 
priori convenit, quod fequitur fuperiori refpondec* 

B quseque 



2 Z)^ Line ARUM GhsoM£TitiCAituic 

quasque fioaplicibni fuoc ad migjf ardua viam conftaiite# 
aperiuot 

LiDcaniCB tertif Ordinis proprietarei geoerales a Nntn 
ion§ tradicas paralldarum fegmeota jc aTymptocos pie- 
raquc fpeOaot Aba harun afidiooca quafiiam di- 
Tcrfi gencrif breviter iodicavimus in tradatu de fluzio- 
oibus nuper edico. Art. 324, & 401. Cdeberrimua 
Coteftus pidcherriaiatt oKm detexk Ufitaran geometn- 
carum proprietacetn, hucolque inedttam, quam abfque 
demonftraiiooe nobis cocnmunicavit vir Revercndus D» 
Raertmt Smkhy Collegii 8. S. Trinitaris apud Cantabrf^- 
cnfes PrecfeOW) DoArina operibuique fuii'paritcr ac fide 
He ftudio in Atnicos daras. Oe bis meditantibus Dobia 
alia qooqut fe obrutcium thtoitinatagCMralia i quiecuoi 
ad ardaam faaoc Geometrix partem at^endafo 8c ittti- 
ftmndacD coodaccre viderentur, ipfa qoafi in fafcicukmi 
congtrsnda 6t una Tcfie brevicer exponenda ac demoB** 
ftranda putavimus. • 

S E C T I O L 

De Line is Geometricis in genere. 

' 5 t'T Ineae fecundi Ordinis fe£tione Tolidi geometric^ 
Coni fcilicet, deftniunmr, unde earutn proprie- 
tates per vutgarem Geonseniam opttme derivamur. Ve- 
tam diverfa eft ratio ^rarum quae ad fuperiores Line- 
anitn Ordines referunnir. Ad has definiendas, earumqne 
'pfoprietates eniendas, adhibendae funt ^quationes gene- 
rates Co-ordinatarum relationem ezprimentes. Reprae* 
ijf . ic fentet x abrcillam A P, / Ordinatam P M figuras F M H^ 
denotentque 0^ i, c, d^ /, Sec. coefficicntes quafcunque 

I invaf 
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rrofri€t4tiim ffHiraUhsl a 

to9iriih»l|»l i^ dato raeoto A PJ^ fi rebtio qo-ordiia^ 
Wun xfjiy defiojatur ^Eqf^ttioDC gux, praeter ipfas co- 
jprdiantw, fobs involvat coeffiqeDtes invariabiles, Linen 
F M H geometrict «i4)ellatur ; quae qiHdem Audoribm 
f24)i^C3aip Lioef Algei^aicj^ |ili|9 Linea racioniJ^s dicicur. 
JOrdo aMtem ^ipe^e pcodet ^ I^ice altiffiov) ijj^us ^ vd 
jr 10 ^tq^if^ aequa^oni^ f ^a^ionibus & furdis liber^ae, 
vd a fuBuqa IijididU utriujiqtte m termino ubi bsec fumina 
^rodic OTjtfiffna, Termipi enim jr^, 97, j^^ ad fecundum 
Pcd^iein parlier t/c^iBruntur ^ terinini x% 9^jy xy\ fi ad 
iter^um. Itaque aoquacio ^=^jir-4-^^ &yc y^^-^x^^zo, 
.ieft pnipi Ordjnis & ddj^^ Libcaoi five Locum primi 
Oirdii^ q^ quideip ifmper leda eft. Suoqitur enim , 
jb Ordu^t^ P M reaa P N in uc P N fit ad A P uc + 
'jf ad ubitaceoQ^ con^uatpr A D pandlella ordinatx P M 
j^Ma^i^Jl^fi^^, &duaaDMparaUdlai«axANerit 
Locus cui a^uaqo propofiQi x^fpondebit. Nam P M = 
PN+ NM=i[tfxAP+AD) tf;r + *. Quod fi 
i^uatk) fit jfhrm^e ^ = tf ;ir — >veljr=: — ^^-t^^ ^9^ 
Ap, vel P N, fuaieQda eft ad alceiam patteqn abfciffip 
AP^ C0Dtianu3 enun rc<^rucQ Qciis contrariis coe£Ect« 
ifuiciaoi figfi^ refpqpdet. Si yalores affinnativi ipfius x 
4j0^cpf redas id detcraqi dudbas aprincipio abfciflae A» 
yaloces i^tiyj denocabunt /ed^ ab eodeaiptincipi9 ad 
.Gf^ftrgm d^das^ & fimiliter fi valor^ affirmativi ipfius/ 
.ordinatas reprefeDieo^tXupraabfcii&m cpofticutas, ne^a- 
tivi defigoabuqc qrdiojitaa infra abrdflam ad oppoGtaa 
partes dudas. 
^uatio genei:alis ad jLincam fecund^ Ordiois .eft big'us 

fx 
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& iEquatio getlefaib id Uims tcTtii ordiniseftjr^-^ 

Cc fimilibus seiquttioritbus dcfinmntur Lineae geometricae 
ibperiorum Ordinum. 

§ 2. Linea geotnetrica occurrere poteft Refiae in toe 
punfiis quot funt unitates in numeroqtdi£quattODisvd 
Line^ ordineda defignat, & nunquam in plaribus. Oc- 
curfas curvx & abfcKfis A P defioionnv ponendo y =0, 
quo in cafu reftat tantum ultimus aequadonis termious 
quetn y tion ingreditur. Linea tertit Ordinis</x'. ^.oc* 
currit abfciflac AP cum fx^ — ^*» +Ajr— iziro, ciqua 
iClquationis fi ires radices fine reales abfeiiTa iecabic cur- 
vam in tribus pun<5tis. Similiter in ^.quatione genenli 
cujufcunque ordinis index alciffimus abfcifix x aequaliseft 
numero qui Linex ordinem defignat, fed nunquam ma- 
jor, adeoque is eft numerus maximus occariuum curvas 
cum abfcifTa vel alia quavb re&L Cum aatem iEqoa- 
tiodls cubicne unica faltem radix fit femper realis» idem- 
que conftec de /^quatione quavis quinti aut imparls cu- 
jufvis Ordinis (quoniam radix qusevisimaginariaaliam ne- 
ceflario femper habec comitem}, fequicur Lineam tercii 
auc imparis cujufcunque Ordinis re£lam quamvis afymp- 
toto non parallelam in eodem piano duftam in uno fal* 
tern pundo neceffario fecare, SI vero redta fit afjrrop- 
toco parallela, in hoc cafu vulgo dicitur curvse occur- 
rere ad diftantiam infinitatn. Linea igirur imparis cujuf- 
cunque Ordinis duo falcem habet crura in infinitum pro- 
gredientia. ^quationis aucem quadraticse vel paris cu- 
jufvis Ordinis radices omnes nonnunquam fiunt imaging- 
rias, adeoque fieri poceft ut reda in piano Linea? paris 
ordinis duda eidem nullibi occurrat. 

3. -^quati© 
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Proprietatihus generdlibus. 5 

^ %. /Bcpiario (ecundi aut fuperioris cujufcunque ON 
Hiois quandoque eomponitQr ex tot fimplicibtis^ a furdis 
& fradss Kberatis, in fe mutuo du^s qiiot (lint ipfius 
dequati^nis propofitx dimeniiones; quo in cafu figura 
F M H non eft curvilinea fed conflatur ex totidcm rediis, 
iinsB per ficnplioes basaequacioQesdefiniuntur ut in art. i. 
Simiiiter fi seqnadoaibica componacur ex SBquatiooibus 
duabua in (e nlutuo duAis, quantm altera fie quadratica 
altera thnplex, Locos non erit Linea tertii Ordinis pro- 
prie (ic dida, fed fedUo cooica cum reSi adjund^. 
Proprietates aocem qux de LiDcisgcoroetricis fupcriorum 
ordinom generaltcer detnonftrantur, affirinandas .funt 
quoque de Lincia inferiorum Ordinum^ modo numeri 
barum ordines defignantes fimul furopti numerum com- 
pleant qui ordinem didx fiiperioris Linex deqocat. 
Quae de Lineis tertii Ordinis {ex, gn) generaliter demon - 
ftrantur affirmanda quoque funt de cribus redis in eodem 
piano duAis, vel de fe&ione conica cum unica quavis 
fcda fimul in eodem plaoo defcriptis, 1^^ altera parte, 
yix uU^ affigqaii poteft proprietas Lineas Ordini^ ipferiorls 
iada geoerafo cui ooo refpondeat aficdio aliqu^ Unearum 
ordinum fupcriorum. . Has autem ex illis derivare non 
eft cujufYis diligentiss. Pendet base dodrina onagaa ex 
parte a proprieratibua aequationum geoeralium^ quas bic 
memorare tantutp convenic. 

^ 4. In aequatione quacunque coefficiens fccundi ter- 
mini aequalis eft exceffiii quo fumma radicum affirmati- 
varum fuperat fummam oag^varum ^ & fi defit hie ter- 
minus, indicio eft fummas radicum aiGrmativarum 8c 
ocgativarum, vel fummas Ordioatarum ad diverfas partes 
^bfciflae conftitutarum, asquales efle. Sic ^uatio ge- 

6 I neraU« 
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xjr — &c. =?a, fuppooatiir 0=j »P«>J[ 

- jj .. •• • 

transformata deerit fecundus termiQUS u ; ut a; ciI- 
culo, yel qr dodrin£ ^qoa^um paflim traditi ftcilq 
patet : & bine quoque cooflat, quod per nypotbefin ?«-> 
lor quiique ipfios u minor fie valore corre^pcmdepteipiiu^ 

> dtflR:rencia -^ ; unde feqaitur lUCDmam vabruili 

n ' ' ' 

, ipfios « (quorum numerMi eft n) dhttttre i futnirii ^^ 

Ibrotn ipfios y (quas fumtna eit €x+ii dilRrentii -^ 

xif=tf44-^> adeoquc prtorem fiiounam tvaiitfder^A 
ifecaodum cerminum dieefle ia jbgpationie qua u definklir^ 
yel affirmativos Sc negativos ydloresqifii^ ar oqaikailRli^ 

mas conficere. Si ita<jue fucoatur P Q^s: -; » i<t fi| 

If ' ' ' 

<iM =; tt, reflac ex utraqufc parte pun£M Q. ad cunrani 

terminate eandem confident fumtnam. Locus autem 

fii* ^l pmBd QLeft redia B D qux abfcfilam ultra principium A 

t 

produdam fecat ia B ita iit AB= ..& 



ipfi PM paralldam ip Pitt itt Ot Ap = lyA% &WU^ 



— 1 

n 
base redh Ordinate P hi bccilrrat in pup^o Q, erit 

P9 



• <■ .'^iprittttUSt gnartSim.' 7 

PQ.adPS(ftu i-+') ut AD ad AB vd atdn, ade9- 

quePQ=— ^, ut oportebaL Atqae htoc confte 
rcAun fempet duci pofle qux paralldas quafvis Lines 

4imcftit»m iuf^akk iac hfoau fegmciitoraRi cttjuMs 
paraJIdac ex unk feomtis ptrre ad curvam cccminacorutn 
fetnper aujualis Ct fummaB fegmentorum qufdem ex al- 
tera fecantis ipartc , Ma^ifeftana auccm «ft ire&ni qucp 
duas quafvis paralldas hac ratione fecac ipGiai neceflario 
cfle quae 'fimiBter alias omnes paralldas fecabit. Acque 
bine paie^ v^tius (faeorciD^g^ NewcoQiau* ^pjo eoottiieciir 
proprictas T .incanira gooBietricanim gcnemlis, ootiffimae 
fedlioQum cooicanuD pr apnectii aatloga. Is his aaiin 
re£U quae duas quafris paralldas ad fo6kioDeQi tennis 
iMtas bt&cac diaiBeter €ft» le faificac dias omes Uice 
^dldas ad feftioncm teroHiittas. £t fimiltcer refix 
qusB duas quafvis pardidas LiaesB gebmetrteas occurs* 
leatesio rot punfia qiaoc iptk eft disienfiooum itaTecat 
Ht fummapartium ex uno iecaatis htere coofifiieDCiua 
& ad curvam tenninataniin ^yralis fit fuminaB parduai 
cjufiiem paraUdae ex altoo feouius latere coDfiftenrium 
td curvam tcmiaamruoi^.ttKtoa modo fecabit afai qotf* 
vis redas hia paralldiMi* 

§;» In^cyiatkae quavis .termious uldoras, five as 
quem mdix ^ acn ingreditur, saqualis eft hSto ex radici- 
buaamuibtts la ic mutoa^ifaadb; unde ad aliam ducimur 
jxxi mions geDetdeoi Liuearum gcometracanim proprie- 
tatem, Occunarreda P M Linex rertii Ordinis in M, Fig. x; 
w dc ^ esitquePM X Pjjix^^rs/rS —«•/** + ix-^Jt: 
Bwct abfcii& AP curvam ia.tribus punAis Ij K,Li & 



^^^4^ 



8 D^ LyKBAHITM QtOMETRIdARUM 

A I, A K, A L crunt Valorcs AbfcUfe jt, pofiu cwrdi}- 
nata 7 = 0, quo in cafu ^qaatio generalis daty>3 — ^x* 
'\'hx — i=ip pro his Valoribus detenniaaiKlis, ut in art, 2; 

• orpofuipus. Aquationis igltur x^ — ^ ^~ — ^ 

ti«8 cadica funt AI, AK, AL { adooqnc kM asquatb 
componH^r e3j iribus x-^Pkl^ ;r— AfCt **-AL ia fe 

mutuo dudis i cftque *3— /• +"7 ~7 = J?— A I x 



c=o 



#^AK X *— AL = AP~AI X AP~AK x AP— AL 
= IPxKPxLP = ~xPMxPwxPf*. Faaurp 

%itur ex Ordinatis P M, Pm, P^ ad puaflum P & cur* 
vam cerminatta eft ad faAum ex fegtDeods IP, K P» 
L P, re^ A P, eodem pundo & curva termioacis in »• 
tioae iarariabili cocfficiencts f ad uattateml Simfli n* 
tione denxMiftratur, dato anguk) A P M, (i redx A P» 
PM, Lineamgcometricam cujufvis ordinis fecent in tot 
pundis quot tpfa eft dimenfionuro, fore femper fadum 
ex fegmemis pricris ad pundum P fie curvam terroinaris 
ad fadhim ex fegmentis pofterioris eodem pundo & curva 
terminatts in ratione invariabili. 
: § d. In Atticulo praBCcdcntc fuppofuimus, cum New^ 
Xmo^ roftam A P Lineam tcrtii Ordinis fecarc in tribus 
pundis I) K, L; Verum ut theorema ^regium rcddatur 
;generaliii% fupponamus abfciflam A P in unico tantum 
pundko cue vam fecarc j fitque id puodiaa A. Quonlam 
igitur cvanefcentejf cvapcfcacquoqueA-, ultimus iEqua- 
tionis terminus^ in hoc cafu, crit fi^—gx'^ +hx=fxx 



9x -^gx + *^ = A 5f '— f +_A — « 5= (fi fiimatur Aa 



Vcrfut? aequalis ^» & ad pundhim a crigatur perpea- 

dicularif43=i- \f ) =^/x AP x « P* + ai* 

= /x APx*P»j!unde cum PMxPwxP^, ft 
^qinlif idctax»:teriniiio/Ari-'^>;g^9^ m in ArdciAi 
praecedente;'€rkPMy PmxPpad APx^P* irii»- 
tiooe cooftttice coeflBticntis/ ad Unicatem. Valor aui- 
tem rflftas perpendicularis a^ eft femper realis quotiei 
i^eda AP citfvam in uiiico pundo fecat j is hoc etna 
cafu radices aoquationfa <)uad»ticae fx^'-gx-^b fu9t ne- 
ceiEurio ioaagioaridB, adeoque 4,/b major quam^^, & 

quandtas V4./1& — ^realis. Gum igitur reda quaevb 
111 unico pmiAo A fecat Liaeam tertii Ordinis, eft to. 
lidum fob Otdinatb PM, Pm, P/«ad foJiduro fob ab^ 
<biflii AP & quadmo diflandse punafPapunao dato5 
jo ratione cooffanti. Junfti A^ eft ad Aa, five radios 
ad coGnum anguli 3 AP, ut ^^/5 ad ^, 6c At — 

V -. Idem vero paudum i iemper conveoit eideai 

/ 

f edx A P, qualifcunqu^ fie angulus qui abf^ifla ^ 0|:« 

dinatS contiDemr. 
§ 7. Sic figUra feAio conica, cujus sequatio generally 

^yy-r^^x^b xj + cxx — dx+€z=zo ut Typra^ ^Flg.%; 
& .^uacionis cicx — dx+ tz=iO radices fint imagyiarisc^ 
icStz A P feAioni non occurrec. In hoc autem cafo 
quancicas 4^^ Temper foperat ipfam ^^^ uude cum fit 



ixx'^ Jx^-^.i^z cxx^r^ — + f — — = (Gfomatuf 
A0 zjF — ^ crij^atqif ai l^erpeiidicularb ah^a£Qe in tf iC9 






que PMyPwrrfA-jr— Ar + i, erJt'^M x P«ad 
11?^ at r a uhicatem. Itaque in ftfiioDc quavis cooica 
fi rcfla AP ftdioM aoit oeoorrm/drit, Ijio teigdki 
AP M^toftanguMm tom^tutd ftb itfth li fttnAuB 9 
coofiflMtlbus 6^ ad tniivitn termhldk lid qtiitfiitMi^ 
HtfMsiB pun6H P a ^odo dim *te ndotio ooollttid^ 
isfim m tifcuto tft ilido^3tt]ualHitis. Mnifefloai tUMk 
€ft ^ndfliii tnetfaodufli adMben pofib LhNne quart! Oidl- 
ail qttHid aUciffi fecat in duobot tlaitQin pnftk, ^ 
lainc96 Ofdioii tiijaftmique quash abfioiA Iccae in puofiia 
binarid paucioribus numero qqi'figMr^OhUiiein de%MK. 

§8. Mifce pracmiflSs, pvc^gredimur ad LineaniiB geo* 
laetricaruni ^prietaw i;nhiu8 •bvias ea^oneodas #odM| 
^rc Ordioe quo <t nobis ohtqIennK. UfickaoHir afliaii 
I^ammatQ fequenti cip Bimmm doAEMPfotte^ quod- 
que* in tr^idatus de hifee nuper editi Art. 717. demao- 
Sravimus^ harum tamen aliquas per algebram vulgarem 
detUonihari pofli poftea obftrvaviffius. 

Limma, Si quantitaribus x^ y, %j 4/, &c. fimol &u*i 
etitibus, ut fie qimntitadbus }t^ T, Z, V^ &c. £t Aduni 
ex prioribus ad hOxan g^ pofterioribus in latione oon* 

^^ %f Ql^ try 

fbnti quacunque^ crit — 4.i.+-.+^ 4. , ^cc ss 

Jir jf i{; tr 

5S: t i: V 

X^ f ^ i "•" ^ *'^^' PoniDjbicriOttijpi; 

tia, quantitata appellamus fiU suMo nciprocas^ quanUQ 

in fbnofm diiaanim Ihiftum eft unitaF, Be i- diciom 

;r 

f A'^a^Mu e($e'q[A|s jir, $t ^i]^(&ci'^^ ^ ., 



(9. Thter. I* Occurrat nffa piavh p$r pun£tum 
fbtum iuhaBiM gidmHrlcm cuj^unfsrt OfdiUtt At M 
putt^is pi§t ipfa ^ d{mtn/imm, ^ Rj^0 figuram in hh 
funSif i^ntit^p^es 4^cpiJanl ab alia 'nBc^pifiiioni data 
piT idim punffum daiun du^a^ figmmta Midem hot 
fitn£i0 firminata > & borujn /igmaiforkm xtO/ltoqk i^n^ 
tUm fiifiijfir ctmfifieHt fummam^ hioio fignaniiL kd k^nStt^ 
rias fariis fup&i dati fita conttariis Jignis qffUianPn:m^ 

Sit S Kin^uiQ dflt^&^ ^h, A Pa refUe quxyis dw/;^, (^ 
ex P dudas quanim upaque oinrain iteat ia totpuoAis 
A> B, C, &c. ec tf , ^, c^ JScc. quot ipfa eft dimeoBo^ 
IRim. Abfqiilda^t taogCDtes AK, Bh^ CH, ikt* et 
^i^U^oH^tKC, a raaa E P p9 ftnOiim diti^ P dU A 
(GlBneDttPKi PL, PM/ftc. ^ntJt^Fl^Bm^ &o, 

4* p- =¥% dte. itqili^ hidc fbtUkaatn fi^atoere IMU{idf 

CAdem cbanente pun£h> P & reAa P E ppfitione data. .. 
Supponamu3 enim redas ABC, a be motibus fibi pa- 
rallelis deftfrri, ita oc eahim (^cdrfus P pro^diafut ih 
refia P £ pofitione data; cumque fit fcmpcr AP x BP 
^Ct^x&c^ adtfC^iP^fPlnrattohecoidtafEtiper 

J^rt.f. ret>ne(«acet APflaxi(»einipGusAP,9'P fliii» 

pMtatatAtPt St&it9y etc ftakmte feda« 
^m C P, £ P, &c. ttfftGdvmy «t vketor iaii» 

AP - BP , CP . »^ ^ flP . *P , £? .. 

fee Verum cuib xaAi A P motu fibi feoop^r pmHdg^ 
^eferatttr, notiffimum eft AP Buxiooem MBbt A P ^ 




*«*■<. 



12 D^ LiNEARuM Geometricarum 

A^ EP „. .,. BP Ei» CP 
«<i«Qqae AP = PK- ^^^" B"P = PL» <» = 

EP "P _ EP *P __ EP fP __ EP 

PM' a"P -^ Fl' « P — ?l ^c? -^ ?ne 

PK + PL + PM T ***^- — P* + P/ + Pa« 

.+> «^<^- « p^ + ^ + p'm + ^*=- = A + 

Haec ita fe babent quodes puaSa K, L, M, &c. et 
i^, /, fttj &t. funt omnia ad ea&lem partes punOi P, 
adeoque flurioncs rea:anim AP, BP, CP, &c. aP, 
^Py rP, ^c. oiQoei ejafdem Ggai. Si vero, ceteris 
fig. j\ manencibus, piinda quasvis M et «i cadant ad concrarias 
partes pundi P^ turn crerceptibu3 reliquis Ordinatis' A P, 
B P, &c. ncccflario tniouuntur Ordinatx C P & c P, 
earumque fluxiones pro fubdititiis (eu negativis habeodas 

funtj adcoqqc in hoc cafu ^ + pL ~ pM ' *^^' 

==: iL ^ J. _ i., &c. & gepcraliter in fiinunui 

hifcc colligcndis, tertnini iifdcm vel contrariis figois at 
fidcndi ^imt, prout ftgmcnta cadunc ad cafdcm vd a4 
Gontrarias partes puoAi dati P. 
§ lo. Si rcdia P E occurrat curv« in tot punftis.D, 

E, I, &c. quot ipfa eft dimcnfionum, fuouna ^^ + 

' 4. J-^ 4. &c. quam conftantem feu invarktam 
PL ^ PM ^ ^ 

pancrc oftcndimw, ^equalji critfimtajf feu aggrcgatQ 



- » • 



.3^u,. 



Tab. IT. 





Prcprietatibus generaliks. 13 

JL J, JL 4. -?- + &c. i. c. fuminx reciproctninl 

f^mcntis rcdx P E politione darss punflo dato P & 
curva terininatb; in qua, fi fegmentum quod vis (it -ad 
alteras partes pun£U P, hujus reciproca fubduceoda eft. 

§ 1 1. Si figura fit feAio coQica, cui re&a P E nuUibi Fig- 8. 
occurrat, inveniatur punAutn * ut in Art. 7. jung»tur 
Pi, huic ducatur ad rcftos angulos * d redam P E fc- 

cans in i, critquc p^^ + pr" ~ p^' ^* ^™ ?Ax 
PB ad iP* in ratione conftanti, adcoque (per Art. Z.) 

^ + |p- = If » «a<l« (quoniam AP eft ad EP at 
AP ad PK, BP ad Ef* ut BP ad PL, & i P ad EP 

§ I a. Similiter fi reda E P, occurrat Lineas teruiOr- Fig. 9, 
dinis in unico pun&o D, inveniatur pundum bntux 
Art. 6. reda bd perpendicularis in jundam bP occurrat 
redbsEPini, &quoniam AP xBP x CPeftadDP 

X *P* in ratione conftanci (ibid.) eric p^+pf + pjj> 
rr JL 4. -^ : Si autem ?b perpendicularis fit in re- 

dam E P, cvancfcct ^^ . 

led 

§13. Afymptoti Linearum geometricarum ex data/?<f. io« 
plaga crurum infinitorum per hanc propofitionem deter- 
minantur ; ex enim confiderari poflimt tanquam uo- 
gentes cruris in infinitum produfti. Reda P A afymp- 
rtoto paraileUa curvx occurrat in pundis A,B, 8cc. reda 

autem 



^4 ^^ LmZARtTM GfiD^M^HlCARUM 

PD^Ffi PI ' • r . f^^pt^ 

4- Ace; <c uSfWffom tMifibiti^AI^ fiv«o|e^es 

fine Imb fumatt, £ni» qiryy p| t|hfil jaiff jri t, ^pMik 

fbflUQte iaiofidbiim. 

^i4^ Ad Cfirvat0ram Lmeanim ji^oaepricttjaoiunicd 

i^^. 1 1 ^ tbeoreimte generali <k(inicD4am, fie C D R Circulus cufi 

Mcbmttt /jea« P& iQ D & R» &; oeftt PC ip C IcM; 

fecet taogeni C M redaro PD J9 M, at^ue maocpte 

reda DR| fupponamus rcAaM PC N dcfj^ri mpm iibi 

ieo)p^ {HtiiJldo ^oneip cpincidsnt pt^^ P, D^ C^ & 

X k 
qua^racur ulcinius valor difiereopx ^rrr-iTTc- laredt 

PM jpp 

P N fumatur punctual quodvi) f , occurrac f v parailda 

taogjcmi CM rodaeDRin v; ilucaciir D iQ. pmUck 

ipfi P N, & Oy {paraileU i^e&x xarcvlum coatu^qntt 

^P)ftcctORiny. 5rit league ^ — ^J^' = 

_ ^i X PM _ , 

• P^XMRxPM + Pf/^xMk'^rHO ^ ^.^"°^ 
MRxMD, feu CM% fie ad PM» atf«*adPt;»} 

yv* X PM . qv^ 

y^ x MR X PM + ^ xPM^"" P?f»xMR+}v*xPM' 
^yijn; ultimus valor^ evaaefcehte P M Sc coincideQEibus 

QV* 1 

tft valor vkUbu94Ufoeiitiis p^^ ^^&iiUCi» 

in 



J 



PfPpriHdtihus generdlibus. i^ 

ID Area XioM cqivTvis ^ifd^ 
CDR. 

§ 15. Theor. IT. Ex punifo fu§vis D Ltma giomi*Flg. ill 
frictB ducantur dme juavh u&a DE, DA, quorum 
utrafui mm fiett in tit pmu^is D, I, E^ &fr. bf D, A, 
B^ f^c. qmt ipjk $Jt Jlmiu/kuum; aiJHnJant tangtnks 
AK, BL, &r. a nBa D'EftgmeHta DK, DL, tfc. 
Occurrat uSta fuavit^ Q,V tangmti DT paraltila ipJIs 
D A (sTDE fi» Q.Qr V, Jitqui QV* tfrf D V» »/ m nrf 

XtfumatHr m D E r47tf P R i/^ f^^j^ ^quaHsJlt $^^ 



teffuifumma ^g+ g^ + ^'^ fupra Jummam gjs 



4- -JL -|. (sTc. & circulus Jiifra dirdam DR d!r- 

/ertpOts rtUam D T antinghu grit circuks cfculatmus^ 
fioi ejt^dim curvatufM €um Limu gamutrita proptffita^ ai 
puM&um D. 
Oftadifmv eaifn so jfrt. io« (Fig. 6.) gcoenliter 

futnoiam-L + ^ + -^ -|.,&c.=ji + jfg 

•f- J^ 4" &^^ ^ ^ -^^^^ prsecedence inveoimus valorem 
ultimum difiemutse ^^^^^ — ^r-sr-y coiacidentibus pua« 

P M P U 

jufdetn carvataras cum Lioea geometripi ad puodum D 
rcOaeDEocoKratiDR. Uf^fei^iiicuribfe J"^S9 

reci« 



|6 i)^LlN£ARtXM GtOMETRIciRUAf 

Itciprocam ipfi -^ x DR efle xqoilein exGcfiGd ipM 



m 

fiiouzia jttipreyaurum fcgj ncntis gmflBi D4c curva ter« 
{pioacis fuperat fummafD ijccycocarum fqfpofiDXis eodeui 
pun^ & . puigcmibuB .A K^ B^L^ JS^^r taounatai. 
Ql^ies autem cxcefliis bic eyadit iK^ivii9^ cborda DR 
fu^9eD4a eft ad alceras partei psin£ki D|^, Aijipperque adhi- 
benda eft regula fqperius defcrip^ pro fi|pi(.ter(niDoruiii 
digoofceadis. Si xoQiaL D A bifecet aoj^Ium £ D T 
r^a D £ & ^j^gente D T coacentum, tbeorecQa fie 
pauk) iimplicius. Hoc enicb id caTu QV =: D V, mzz i, $fc 

JL asqualis cxceflux quo ^ -I- ij + &c. fupcrat 



BTc+I5t+*=- 



§t6. Ex eod to prindpio conAfqdito *rheoreiM g^ 

'nerale quo determtnatur VafxaiiO curracilne, vd mcnfara 

anguli contadus curva & drculo ofctilatorio coorenti) 

in Linea quavis geometrica ; praemittenda tamen dft ex- 

plicacio brevis variarionis curvature, cum base non fatis 

:diludde apud AudZores ddcripta fit. Liilea'qusevis cur?a 

a tangente fle^car per curvaturatn fuatOi cujus eadem eft 

'menfura ac anguli contadhis curVa 8c cahgente conteDti ; 

& fimiiicer ciirva a circulo ofculatorio infiefticur per va- 

Viacioneni cur^aturae fuse/ cujus Vafiationis eadem eft 

menfura ac anguli contaftus curva & cifculo orculacorio 

CdtnprcheDfi. Occurrat refta T& tan^ti DT fett«fl- 

dicularis curvs in E & circulo orculatorio in r, & va- 

riatio curvaturse erit ultimo ut £ r fiibtenfa anguli con- 

^afhis EDr'fi deeiir'^T; cunique dato aogblo con- 

tafius EDr fit Er ultimo ut DT3, ut ex Aru jtfj. 

^ttiR3»tus de fluxionibu« (CoHigitur; geneMiter corvaturas 

I Variatio 



Pr^priiUHiiiis ^irdikus. ty 

Variatio eri| uldmo ut =^=r . Utixnur circulo ad ctirva* 

turam aUarum figufanim definiendatn ; verutn ad variV 
tiooem carvanine menforandam, qose in circulo ndit 
eft, adhibenda eft Parabola vel TeOio altqua cohica. 
QsJcmadmodttCD autem or cbccrlis nutnero indelinitia 
qui curvam datam in puoSo dato condngere poffiinb 
unicus dicitur (rfculaCDrius qui corvam adeo inttme cxq«- 
gic uc nullus alius circulus inter hunc & curvam dud 
poflSt^ firoilitdr onmiUm Parabolarum quae eandexn'lia- 
bene curvacuram cutn Ltnea propofica ad pundum datum 
(iiwt autem hse quoque nutnero infinitas) ea eandem fi*- 
mui babec curvaturae variationem, qua^ non folum ar- 
cum curvJe tangit & ofcuht, fed adeo premit ut nuliua 
alius accus pirabolicus dud poffit inter eas, reliquis om- 
nibus arcubus paiabolicis tranfeuntibus vd extra vel intra 
utrafquc. Qpa vero ratione bsc Pard)oIa determinart 
poffir, ex iis quae alibi Mus explicavimus facile intd- 
ligitur. 

Sit D 6 Arcus curvzy DT cang^ns, T E K redh tan- 
gent! perpendicularis, litque re&angulum £T x TK 
f(bmper aequale quadrato taogencis D T, & curva S K ^ 
Locus pundi K^ qui itQgt DS curvse normali occurrat 
in S, quemque tangat in S rcAa S V tangentem T D fe* 
cans in V. Reda O S erit diameter circuli ofculatorii^ 
& bifeda D S in y^ erit / centrum curvaturae ; jund& 
autem Vy^ fi angMus S D N coqflituatur aequalis angulo 
/VD ex altera parte reaae DS> & reda DN circulo 
ofculatorio occurrat in N } turn Parabola diametro & 
parametrp DN defcripta^ qusque re£huxi DT con- 
tingtt in D, ipfa erit cujus conta&us cum Linea propoGta 
in D intimus erit atque maxime perfedus toi proximus. 

C Omncs 



l8 De LlNEAHtTM GCOMETatQARUM 

Oinnefl aatem pantboke ttii qiiivis chorda circuli ofcul** 
toru tanquam dtacnetro & {>ar4tnetn» defaiptse, & re- 
(flam D T contingentcs in D^ eandon habenr curvatmai 
cam Lmoi projpQiht in ponQo IX, QuaKtu curvaomfe 
a Niwtom in Opere poftfatihib nuper edito explicata eft 
pocius variaiuo radii CurvaturK ^ eft enim lit fluxio ndH 
curvaturas apphcata ad fluxioottD cunrse, vel (fi R de^ 
Inqcet radkioi cirCuIi ofculatorii & S arcum curvaej ut 

R 

Hr • Ipfa autem Cunracura eft inverfe ut radnis R» & 

S 

— R 

variado curvaturae ut : ^ qu^eft tneofiira anstdicoo^ 

RR8 
tadua curvi & circub ofcohtorio cootenti Hanma 
f ^tf m una ex alwi <]ata faeife <jierinw> Variatio ndi 
curvaturae in curva quavis D£ eft at tangeos ttguK 
O V S vd D Vy; & in Parabola cjaavis eft fctnpct ut tan- 
gpQf fpigqli content! diametro per panaum contajiot 
iranfeunte & rcfia ad curvam perpendiculari. Hacc 
dx^hcoremace fcqucnti gcricrali dedaci pofliinc. 

fig. 14.. "Sij.'TheoV. til. Sit D pun£fum in Lima quavii 
ge^mitriia datum^intttrrot DS diamefgr ctreuli ofctila^ 
untf^r D dtt€fa curva in tot pun^is D, A/ B, &c. 
%upt ipfa (fii/imenfiumm ; duc4itiir DT curvam condn- 
itm in D, qtia turvam fiat in funRis I, faTr. htnarih 
f'atckrihlis^ iff occurrat iangeni^ut A K, B L, l^c. in 
K," Lj &f^; eritqUe variatU curvotur^t^ Jhe trtmfuru an^ 
t^i <mM3u5 cArva & circuh ofculatorh tt^mprehenfi^ di* 
re£ft ut exceffiii quo fumma reciprocarum fignuntis Uk- 
iMis p T fdnflo^ cmmam D fsT toMgeittihts A K, RL, 
i^c.^ iirmin$tis figperat Jkntmam rnipf^arufn fignwUis 
Mm pun^ ^ tnrou termiiatisyii iihfirfs ut r4iiu$ 

curvatur^^ 



Pr&firktatiliis getter alihks. 1 9 



*•■*•••" 



t*nmmm, ifc •'0^»^+5l-*' ^^'^ -fit-' 

Ducatur eriitn'reda Di curvam fecans in /,/, &c. 
circulum bfculatorium in tl ^ fitquc angulus i DT quatn 
ffdAihliK} bojQd Aipplcmennim ad duos redos bifecetur 
re£biDii^, quas Une»i geomenricx propoficx occurraC 
in pundis 0, tf, ^, &c. & du&ac cangentes tfi, J/, &c. 
fecenc redam Di xapun£tii i^ /, &c* erirqup per pro- 

^ — ^ — &€• Proinde coincidentibus refiis D* 
& DK^ feu evanefcence angub IDK, eric olrima 

DR^x D; •»"* Di - M - hL "'*''• ®*'''^ 
perpencficularis cangenti in T, atquc occurrat circub 
ofculatCN-io in r\ cumque Girt ultimo ad R/ uc #T ad 

w-k •> u- R' ^' r/xDS 

*^ ' DRxD/ DRxTr DRxDT* 

r/xDS 

live -^^ • Menfuia MCtm aagoli contaftui rDc* 
DT3 ^ 

curva 6c cirgulo ofculatorio content!, five variario curn 
vfcarst« eft ut ideooue ut -' - x *^^ ^ •— * ^ 

§. 1 8« Variaib flMcm radii conricom, fire hvjua Qp<i. 
Mead • tUwtmm defciipc^ tx ptioii AciHime oolligkor. 
JimAia eoiA S I, SKy SLt Ax. 4ric bM vviaiioradil 

C a afcu« 



20 De LiKEARVM GsOWET^R^CARUM 

olctdatorb at cxoeflbs^uoibKiifiatitigetttiQmaD^^ 
&RS, DLS, ace. fi^ift iOiiMxkn «i^^ 
lorum DtS, &c. ' CreHilt attteffr'«tttv«ldrft • ^aa;t> D 
verfus #, & iptintiitui' radius iMbiflalorttil^ <fMk$ «rdB 
I^# tahgU circulup olculftorium t^ k' fetemej velcum 



nuitiir cucvawra a'D vcrfus /, & aujctor nidius drculi 
ofculatorii^ quodes arcus curv« D/ tabgic arcum circu- 
iarem extcme vel tranHt intra ^trculum & cabgentem 
tdcoquc cum D R fit ulcimo mmor' q^Mti D e^ vd cum 

^ 19. Suinatur igicur in taogoite DTredU DVttaut 

* ■ 3s _J^ 4. -_ 4> &e. 1- i-.LLL''.irfec. taBBUr 

DV DK^PL^ 51 '^J"^'" 

• •■#'•4. «.*'*il» • 

/y, conJttituanir angulus S D N ae^ualis D V^ atque 
Qcoirrae xefta D N circuk) ofculatorip in N ; & Para- 
bola djameurp DN defcriptay cujus jpar^oiecer eft D N, 
guseque redam DT oontingit in D^ eandem babebit 
r^rjacionem curvaturx cum Liaea geometrica propoGca 
jifi pun£)x> P» E^ iirdem prfncipiis aUa qucxjue cbeore- 
^u deducuntur, quibus Variatia curvaturx in Lioets 
goometricU groeraUter denoicur. 

§.aa Ut b2C cheoremata ad fo/ipam magis geome- 
tiicam reducantur. Lemmata quxdam Tunt prxmitcenda^ 
qitjbu^. ixyAxif^ i^ divifiotie redarup;) harmooici am- 
Fii.1^4 plior & geneialior reddatur. In Veda quavis Dl^ 
fiimptis aniualibus Xcgmentis D F & F Cf, ducantur a 
f^mSto quovis V iquod doo eft in re^ D I tres redx 
VJP, VF, VG) ^.quarcaVL.ipfiJDIpaiaUda^ ac^ie 

.h^.€pat90i 9^i^ CI. D. Vi l^Jiifft, Hannonicalci 
.' dicunnir. 



Pnprieiatiiia gimr^bus. * , >X 

odiboi oonirrit^ ijf4f(ftl'tffl»mce fiecfttur. Occtifrfc[ 
wdfar DC l|iM09W9*N» VD, V 

puii6^ D, A» QiQ)|:f79W>e pA ad DC uc AB ad BC 
Ducatur cnicq'|^r<|l^^um A reda M A N ipfi D 1 p^ 

rallcla» qux occurrac^ redis VD&VG inMdcNj 
& ob aqudca DI* fif OF G, ^qualci mint M 
Eft autem.DA,|ul DC ut AM (five AN) adV6, 
adeoquc ut AB ad ^C. Manifeilum eft redam, quae 
uni barmooicaliw parallda eft, dividi to xqualia leg- 
meQU $ tri^ rdiquii, Occurrat reda B H pafaOek 
ipfi VF reiiquif VG, VC, VDinB, KScHj eric- 
queVKad KB mFb(rd DF) ad VFadeoquedf 
VK ad K H, &;pfoinde B K = K H. 

§21. Hinc feauicuf^ fi reda quaevis a quatuor redia 
ab eodem ptmAa dudiaiecrtarharmooice^aliaiDquatn- 
vis redam qux tiir quatuor redis occurrk barmonice fe- 
cari ab itfdem; earn vero qux paradlda eft uni qoatuof 
redarum ib regmenca osqiialia divtdi a tnbus reltquis. 
Sit D A ad t> C ac A Bad B C, jubgantur V A, VB, 
VC&VDiOCcurtantrcaiaeMAN, DFGipfiVC 
paraUcte rtdis VD, V A & V B In M, A, N Be D, 
F,G; eritqueMAad VCutDAadDC^velABad 
BC, adeoqueut AN adVCj MA = AN, &DF 
= FG ; 8c, per prascddentein, reda quaevis quae ipfii 
VD, VA, VB, VC occur richarmonice fecabitur ab 
iifilein. 

% 22. Ez pimdo b ducantur duae redse D A C, T)ac pjg^ , ^^ 
redasVA&YCi^tesInpundis A, Cat^eir,r;«^t. 
jundx Ac & fliC'fibi cHutuo occurriant in Q, &duda 
V Q barmoiiiii^'r^bit redatn D A C td alikn quadl- 
Vtt redam etVoiii^ ti ad ealHem tedaa dudam. Secet 
enim V (^rtdam A C in B, & per pun&um Q, docatttr 

C 3 v€da 



^2 DelitVlA%VU GcMABTILtCARUM 

.tiAi MQ.N pmM% ip6 DC, qcne occumticatf 
Dtf,VA&VCin paodn M, R<cN$ cMifM fie 
MR«d MClutDA idDC, &MQtd MNiaeideai 
T«tione, ertt qutx)tie R Q ad QN ut DA td DC. 8ed 
1lQ.cftadQNut ABadBC Qtiare DAeftadDC 
tit AB ad SC. H« eft Pr9f. loma, £t». I. ttStkmam 
conicsrqm CL Dt la Hire. 

S'l- 5k D A ad DC ut ASadBC, cnti|ie ^^ 

« 

'XqusUfi iuoamst Tfl.*dtBtrcQtiA jpTaf tun -sr^ cc j^j2 pmit 



pundhi A & C funtitd eafdem mlcontmrias panel fundi 
D. Sint impritnif pundia A & C ad etfikoi partes puaAt 
D, cumque (it DA xBC = DCxAB, /./. DA x 

t><>-PB c= DC X DB— DA, vpl DA xiMf^^TBC 

s:DCxDA--DB erit »DA X DC 3 DA X DB •f 



DCxDB. ad«oquc^3 = ^^ + g!^. S«t«nc 

«.a> }. VonStM A flc € ad contiariaa partca fooiRt p» eritfie 
^d DAx DB-*DC s= IX: x DS4^DA, ^d D A x 

DB+DC = DC X DB:^ A , adwjiic ~g = * 
'•— ^ cAimfUQAaB&Ciuot«dcafdfimfm<$f«Qfti 

^' ^^'db "^ d'a ~ ^ ^^^"^ P^^ ^ ** 

. fuQt ad ofiicfn parks jnioAi D* Siigktu^ datispuftap 
D j6c f eaas Vf & VC pofitiQQc, ducanir^^x pugdo D 
Ada 9u»ri8 iWp -pccuutas jo puocU$ TV & Q & JD 

-ca6em rcAa fitmatar feCBpcr D6 iu « R nr +^ 



Pr&prUtatibus generaUbus. .2% 

4- f^-pi, ubi fuppopitvir tcrminos — & f— iifdem 

vd contmriis fignis ifiUneodos efle prout pandh A & C 
fuqt ad eafdem vel concrarias partes pun&i D, erit Locus 
/ pundH B jpfa barmonicalis VG quas redam DFG reSae 
VC panUdam fecat.in G ica F6 = DF; quasque 
tranfit per punfium Q.ubi (dofta Dae quas iifiiein reAis 
VF ft VC occunrat mat^c) jundae Ac et ^ fe mutuo 
decu(&iit. 

$24. Si in reda DA fiimatur fetnper Db ica ut/7^ j. 

^ = g^ +.g~i cjucatur DFparalldarca«VC 

qux reOas VF occurrat in F, & DH parallda redx VF 
quae xtOx VC occurrac in H, & duda diagonalis H F 

' eric hopis pun|^ b-^ nam ex bypothefi -^-1 = rf »«& 

DB sc a Di^ adeoque cum VG fie Locus pundi B eric 
pun&um b ad redam H F, ii pun^ A iSc C line ad 

IT 

eafdem partes pUQ^ P. Si autem fupponacur sr- = -— 

T-r ^ ^9 eadeQ) confirm^ inferviet pro determinando 
D C 

^&p b^ fi fub^ituatur Iqco re£l« VC alia w refix VC 

parallda ad aequalem dKhuiciam a pundo D fed ad con« 

tiariaa paitcf . 

§ Z5. Ex punAo date D ducatur rcda qaams DM 

quK iribus redis pol^tiooc datisxiccurrat in pundlis A^ Q 



Ej & fuxnatur femper pM itauc gL. - ^+^ 

r 

4- p^,;- t^bi termini func contrariis fignis affici^idi 

quoties refts DA^ DC vd DE fiint ad contrariai partes 

C 4 pun^ 



1^ D« LtM^ftsM Gs^«r<^i4%iiuM ' 

ipmSK D>i favpotOM ^^ ^^.A^^;^^ eri^ae 

fi^'one datam^ per ««odfiai« Gc>inBnfiw9i»V*«P pcobfe* 
tpatis 6cUe » dtftis .pcffidtur.^ iSint VA» VC & o £ 
ti;ips reftsB pofitipne datae, dccooppleatai^ panlldograai* 
ipum DFVH, ducendo DF ^ DH redis VC 8c 
VF refpcdive panlldas, dc oceurrai reda vE diagpoali 
hkfi; ^nnde eompleatfirparallefogcfnmutnD/vidii- 
ccodorcaas D/ & IX& redis vE & HF |«mlldai qm 
rc^is HF&iiEocQUrjraQtnpiuiStt/4^i; 2(diaf9* 
halU bf crit Ipcus puodi M. Oip(t|i:|a(,ciwi fo^ DA 
ic&is HF & &/ ip L£c Mj ctitqiMbCX praecedeoDbiii^ 

-^- = JL+ ^-^•+>JL + .» . AUa 

* • 

conftrudio ea ^r/. as. 4cducitar. 

• $ z6. Reda qutr'a ex puddo datb D duStai occurrat 

redis pofiuone dacis in funSfy A^ B^ .C, £» &€. et in 

-r p.p.t &c. eritqueLocuspQndiM ftniperadre£hin 

pofnione daum, Oemonftraior .id oodum imec^ 
dicntis. 

//i'. 1 8. 5 27, Thcor. iV, Ciw Jajm^jfunam P nwh^ftur 
nSfa P D f ttir occurrat Lima gtometrica cujufcunqui Or- 
Mnh in ut pun&h D, E, I, Wr.' ^V )pfa ejl ilmmfio- 
num^M ftin eadcm re£ia Jumtur fimpu f tA itam 

T7l ** PD '^ PE "** fl "^ ^t.{uH}iin»t4mi- 



mtum Tigylamjiefks pfcrlptam ^^^finmf fiffnikm^ 

Ducitur etiiol' ii^ifio^ t^'tbda ^uaevb'^ j^|itiofie ^ 
PA, qins cu9^ powrntjn xoc pimQif A; 1^ G^rtaw 
quot ip(k eft dinMnfioouAi.'^ Duoottttr rediat AK, BIj^ 
CN carvmi itf Ms pwiSis cofitthgeocel^' qase ocoirnnc 
refitx PD in tofidem puofitf k» Ly i^', d&c. ec per if^^ 

+ Sec UikIc pT^ ^ttfJis eft huic fusnipa^ cui^^ 
poGtione Ittiir'ri^ PA. & inaoetiitra(9st AK, b!L. 



f, &c. dum rdOt PD circa PbiumP revoivitui^y 

eric punauffl M ad L1iieamre(9am^per Articulum pra:- 

cedentemi qila^))er Jbperiiisdien&exdatistang^tibua 

AKyBL,&q^ dfetenmnati poccfi:. > 

§28* Sicut 1^ P Iff teedium idft bannonknim i^ 

duasrcattPD&FEyCiim •. s ^^p^^^^ 

liter Pm dicattir iM^/m^ faanbonicum inter refia^ cpuf- 
libet P D, PE^ PI, &c ijuarw wimeniacft ir, con 

dato P refia qusris duda Ljneam g^ometricam lecetio^ 
toe punftb qnot ip& eft dimeDfio^m^ in qua iiimatiu;. 
lempv Pat mediiun harmonicttm inter iegawqta omqia 
dodiSB ftd ponAuMiktiinrP'&tttmQi cermidatiL drtc 

punaum ai id je^i^o;^ Lncaoa. Biit «iai JUsr '^ 



Pti~Pa^^ 

adeoiqiie Pfft adTM is n idiinitatdn; cumquepiinAiim 
M & ad cfjA^|S|Iiioiaoivptf praacei^ 

ad 



2^ D^LtMSAlttfMGlLeMlfflftARtrM • 

i4 teStm UpeWf Atfv koc t<^ Jlworemi Cnifif» 

''4^ eideai«£Siw. 
kfrmonicacD incpr omo^ pjices; ^i9 jr = " 'f' r* + 



T 



S. 



liid^ «r ladkiMt 



omnibus j, ^^ f^ &c. m fe inutuodiiai?^(jtq|ie P fymppk 
fadorum cum radices omnes una dcmpca in fe mutuoda- 

Cunt9r,crijP=;^+ j'f ^ + i+a^ :=;^, 
«deoque M = ^. Sic, fi ssquatio fitc[uadraticay ci^us 

radices d»« fiot (f jt i» erjt M = - ±: ( afluippti 

^quatipnc gewrali fcaionum conicgrw ^rt. i. pro- 
pofir4) ^^f^^^^^^:^. In iBquadane cqWcf ciwiP 

ires ladiccs funt II, i, r, cf it M = -^ ^ = (fi affii. 

^matur .Squatio generalis Lin^ruQ) Wtii CtoHpis il 



i 4^. 43kfHrnuiC t«EUs 9fMm ^^^u$9m€c ff/y «k 
{Man^PduAati LiaeiB geomccricse in puodis D, E, i» 
&c, ct ^, r, 1^ {?c. fitoMC JP #^ jw^diyo? ^i^fpfwicHBi 
inter ftgaenta prioris acfpun^lum P & curvam ecrmi- 
;Mt%ific 94t modJiail fa^uriBCBiciitti mtt bgrnrnxH^MtSim 

ericque 



J . 



critqoePH=:-?^vdPHadPm«P«d~. Secec 

yx 

cnim tbrcifla cumm ui tot pundis B^ C^.F^ &c. iqtioc 
tp& eft diminifiontifo; cuhique tikiiniia ferminun tsqua- 
WMis (i, #. y) & ad BP x CP' x FP x 6cc. in ratiohe 
'cmftanci, ot %» {Art. 5.) oOendaxiiis, eric (per ^//i t.) 

V = bt+ erf '•*^rp + *^ *'~^Pii==B'^ 

4quiMttinreAif;ff« ?Y) Pmx\^. la leAiarfbiift 

P / y 

%%%. Si «*ifi^9urpiop9fit&oid0frak:a4m^ 
^ratip c« principiis f^t, A^ebrakis j^jit^ C9 qpc Je- 
quentis Limmath perfici potdic &t abfci^ AP == 4*, 
«diaM PDbBi; ciUaw i^/tfcmm jcyiatioaii {jitiorfii 
gewMPftricwa defimentis V = A^> ^ Erv-x 4. Qr*-» 
•^ &c. pendtitdi cQffikiens P s=z as^t ^ bsfi-^e^^z 
+ &c. et fie (^^uantitas qgi^ ^OOf tor ducendo termi- 
imiBi quemqiie qoamiQicis V in ^indicem ipGui x in liec 
Wrmipo &: ili?JdCDdo per ^^,1 /. ^ fit <i= «A;r^x + 

•-I X B*«-» + *I»y 0-3 +^ (fineifiaeftqaaii* 

dtas quaoi -r. diqiinus). I)u^aturOr<iti»a{]|^^iUBan- 

Adam ^jmsviii datum A>p can «bfeH|ii confUraat, 
Ifatquer^tePD, ^ D « t>^ at dwe ^ r « * J d««OT 

/PsFtr, Afi9it* liEHiWllfl««efl)r>4e(|iMv 

••d OKlimtaiD u & tbfdffiuQ sj ^ iGquationis novse^ 

cum 



^O De LmEARUM GfOMETltlCAItUII 

S E C T I O II. 

» 

De Xjineis fecundi Ordinis^ five SeSionilm 

ft , 

$ 3).]C^X ib cpz genefflHter de Lioeb geocnetticb in 
veSdOQc ptittA uciMuitntf nfDf ^ fjpvjDt^ oiniflc 
jnroprtetite Ll&eimm fecdntfi, tertii^ &: iiipaionitn Or- 
^imiffl. Qtias aid ttOkfOti tatAca CpcSbuit opdmt de- 
rbntMr et propriemibiu GtaA, qam figurt bifis eft 
Cddi. Verutb tit ufiis HbrnfetaMm prMerfenddait di* 
riits pateat, ic flgonrum Analogbt ffluftrtaar, opens pfo-^ 
tiun «it ttfrutoqoayietfliAioBesac pmnffi^dediittrs. 
Doftriai.«(iecm conicA 4e JDiametrit, eaniiiK]iw Ordi- 
oatis (4iilbut paialbia (iint k^dae teSBoocm Qoaoageoref 
fld VctliciB diamecri] & de panHdanim fi^gmefitis quae 
redis quibufcunque occurnmc, & Afympcociis totafii- 
dttiiMftjit et iis qosb Af. 4^y 5t S^ oBbeotkHmt. 

fig* 20. § 34. ReOss AE & FG rcdtitmi cooicae JDibvtt oc« 
curfHiit fibi ttMtOD in pimAo P) dute AK, BL, F M, 
G N fedtkniein coatiogjencei ocdiftant redtae HE per P 

dote iiifiaildia K^ L, M^ K j erhque fecnper ^ + 
PL ^ Ka "*" PK '^ ^^*^** ^^ cunwocoirniii 

ad eafdem partes pun£ti P eadem praspoountur $goi' 

itTque quae funt ad oppofitas partes pundt P ligna [M* 

Rl. zu poQuotur ccntfaria. Hinc (t bilecetur D £ ifi P, A^ ^ 

puoAq P ducatur reda quseyii kdaauan fccaos m 

pupfiif 




^i^- »S . 





..j».^»»— 



^O De LmEAHUM GfOMETRICARUII 

S E C T I O IL 

De Xjineis fecundi Ordinis^ five Se^ionibus 

$ 3).lCVJt ib (fsat genefflHter de Lioeb geocnetrfcis in 
fe£^i6ne pritni dembaftnui tifnr, fpoote fluuflC 
jnroprietste Llfiemitb fecdntfi, tertii^ &: fiipaiOfiitn Or- 
^imiffl. Quas aid iS^ooef todicis fpedbihe opdae de* 
rivibcdr tt proprietatibiu QttxA^ <pm figun bt& eft 
Cddi. Verutb tit ufus tSuofeimfifm pveedemidin dt- 
riits pateat, dc flgonmrn Analogbt ffluftrtaar, opens pro-* 
tiun ertt harutoqQOyietfliaioBesac pnMitflkdediieere. 
DoftriaiiuceiB-cotucA de XXamecrk, euoaKjiw Ordi- 
oatis (4iiibut paiallela (iint k^dae feftioQem conongeBCef 
fld Vctlifiii dlametrl) & de pvafldatum fqgmefitis quae 
redis quibufcunque occuminc, & Afymptodt, toCa fit- 
dUiMfluit et{i$qosbA/.4^,5t j^oftaiftfiiac 

/!$r. 20. § 34m ReOss AE & FG redtitmi cooicae iofciipae oc- 
curfHiit fibi ttMtOD to punAo P) du&e AK, BL, F M, 
G N fedtkniein coatiogpicet ocdiftant redae FC per P 

dote in iNmaif K^ L, M, K j erhque femper -L j. 
A "^ Ka "*" PK '^ ^'''** ^^ cunwooairm ia 



ad eafdem partes pun£ti P eadem praepcmuntur $giii« 

iifque quas funt ad oppofitas partes pundt P Cgna prae* 

Fit. %i. poiMintur ccntfaria. Hinc fi bilecetur D £ ifi P, &: er 

puiiQq P ducatur reda quaeyia kSoaoxm fccans io 



Tab.ivt. 



'^uf. «/ Ji. 




^i^- »S . 





IkHidis A et B, unde ducamuf re£be AK et BL dirtf fttH 
coDtiDgenccT quae re£him DE fccetit in K et L; tdt 
ieln^r PKsiPL. C^ fi P£ feftioAi MM ocfliirlftt^ i?^- 2^« 
fitqae P pintftum uU diameter que Mfrttt ftAM ipfi 
DE (MlrdUtt cMmd d^ctrrii; oil ta bat qttoqae cald 
PK=PL. 

5 Sj. Cbncumnt fta« A 6 et F6 IbftidAi tiXiUskFtg. 23; 
ittTcf ipne h pan6to ^ ; dti&iiitur itlllse hs&onM con- 
tiogentet in pundis A et F qux (ibi mutuo occUritnt jtf 
K, & jiindA PK cnmlMt per ocuirrMi ffi»Cli«nM ^tis 
ftaiDilttli ccmHHgiiK in puodift ft «c G. ftcMBllQi 
^K nott tranfbtt per occurllua lefivodi MUontnk M^ 
geaciiub ih B et d| kiifaB weumt feiNiltiio L; etkh^ 

que fit ^ + p^ :± p^ + _ per prxcedentem, 

eric PL=PN: & coiociidtt ^unai L«If«ottMi 
ffpoftofib. 

$i&. M«A»h Mion« pit«t re^ AO et dF IStd 
HrutUD odcu^itre in w pottdb ted* LK; kleoqift 
tniMb P, K, 4r, L e£[k in «tAem i«ai Linia. Mmc 
dtfii triTmi pUkV^ cofttafius A» 6 ft!*, cUni duabus 
tingemfbyjs A R et FK, fcftlo cohica facfife dercribitur. 
Rcvdvatur enim reda K ^ P circA tangfentimn occur- 
fiirii K 0(1 ?6lum, qu« occurrat rcAis Ati ec {:* B in 
ftonftJsP tt »; ftjunZhc A«r, tlf occurfii fuoG de^ 
tctifbbkt tetliohem cdhicam quae iranfibRpcr tria punda 
data A, Bj^&condftgct ^cdas AKdtFltin ActF. 

^5>- ^tferismancntibus,occunantrc£heAFctBci/jv 24; 
M itoutao in puhSo ^, Cat^eiites A It et B L in R. 
ttqdttahg«t« Ft ct GL in ti.; &punaa ft,», (^ec 
p crunt in eadeib rcSa linea; Gmilitcr occurrstoc tan- 
gcntC8AKccG<iin«i tangcntea BR ct FK in « ; & 

punda 



02 D€ LlK£ARUM GEOMETRICAftltM 

pondt Pt m» »9 ^ ctimt in eadem rc& linei. DefiXMi<* 
ftntur td modum Art. 35. 

$38. Hioc ditisqaacuor puofiii cooctduf A» B, P^ 
G cum uoict ttngeote A Ky occurfui redtnim AB et 
FG9 AF ec BG, atq|iie AG et BF» ddwnc puoatP, ^» 
ct vr; junAaetutem P^, P «-, et ^ v iecabonc ttngemem 
dftttm AK in tribus puoAii n^ Ket R undedudx jnG, 
KF» RB CoBdoDicm oooicam contii^eot in pundis datii 
G^FecB. 

f 39. Datii quituor taogentibus RK, KQ,, QJUUEl 
ft uoico puoAo Qoniiflm A, occorfiis tangentium R K 
etLQ, LRet QK dabunc pundta ai et n. Jungnitur 
LK et nm; Qc ocoirfiia reOimffl L K et RQ> L K et 
nm, RQet nmf dabunc punda tr, P et/j jimdaevera 
PA, «- A et ^A iecabunt tao^eates RL> QK et QL in 
puadUs ooQCidua B, F et G. 

$40. Dati8quinqtiepiinAiscontaftusA)B,F,Get^ 
junflse GF et ^reftae ABoccurrant inpunaisP ctX; 
JModsB AF et A/occuiiant redfae BG iD/etjr; & 
jun&e P/y Xjt occurfu fuo dabunt piind^ mi uodc 
duAx mA et mG Tedioneni conicam cangemin AecG; 
& fimiliter determinantiir nStx quae cunram condngem 
in punfiis rdiquii B, F ttf. 

§ 41. Dentur quinque refix fedionem contcam goo* 
ttngentes, VK, KQ^ QL, L« et »V j occurfui nmgqi^ 
tium VK et LQdabit punQum m j occurfus tangentium 
KQ et Lu dabit pundum «; juhgantur mn^ L K, VL 
et mui rcAa LK fecabit redam mn in P$ ficreda LV 
fecaUc ip&m nw in X; junfta autem P X iecabit cm* 
gentei VK ec » L in punAis contafiua A et B. Similiter 
reliqua punda conta^ determinantur. 
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§4.2. Datis tribus tangentibus AK, BK, et RL^ cum Fig. 25. 
duobus pundts concadhis A et B, facillime deterariQacur 
terduflOy per Jrt.\y Occurrat enim taogena RL re- 
liquis tangentibus in R ec L, atqiie jIunfbB A L et B R» 
fe CQUtuo decuflebt in «-, junda K ^ fecabit tangentem 
RL in certio pun£to contadhis Fs & ieAio conica de- 
fcribi poteft ut in Art. jtf. 

% 4.3. Dencur quatuor tangences K Q> QL, L IB. et pi^^ 26" 
R K cum unico puoAo D fedionis conicae quod non fit 
in aliqua quatuor tangentium Inveniantur punda P, p 
et TT ut in Jrt. 39. Jungantur P D, ^ D, et w D j & 
duda PZ tc&x p D parallela occurrat redse RQ in 2; 
& bifariam fececur PZ in S^ &duAa^Sfecabicre&am 
'PD in E punfto corvx ; vel occurrat PD redfae RQ.in 
Z, et (per'^r/. 23.} iecetur P D barmonice in set E. 
Duda autem D v fecabit jun&am p& in e, et'E r fecabit 
ipfam ^ D in </, ica ut haec quoque'punfta d^ e fint ad 
curvaxD. 

§44. £]( puQ<3o K ducancur duas taogentes ad ie-/i]f.27; 
£lionem conicam in A et 6 j ex pundo A ducancur redheff. i» 
dusc AF et AG fecflioni occurrentes in F ec G ; junda 
BG fecet AF in P, et junda BF fecet re£lam AG in ^ ^ 
eruntque pun&a P^ K, «- in eadem reda Linea, per 
Jrt, \6, 

Verum propofitio hxc generalior jpft. Si enim % 
jpundo quovU K ducantur dux re£!ae K A a, K B ^ (e- n 2' 
^onem fecantes in pun£Hs A, aeio^ bi et ex pun3is 
A et ii ducantur rcdae ad fe<9tionem AF et ^ G^ juncSa 
autem B F fecet « G in P, & dufla h G fecet AF in ir ^ 
crunt puofia P, K, V in eadem re&aLinea; quodvariia 

modi^ alias demonftravimus, unde expedicam methodum 

« 

olim deduximus fedionem cooiGaqi defcribendi per data 

D quasvia 
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quasvis qUtnque punda. Sint A, tf, B, i et F punfta 
quinque data^ concurrant reStx Aa eiBbin K^ jua- 
gaotur AP ct Br ; revolvativ xeStSL P K «- circt Polum 
K3 quse occurrat his re&is in «" et P ; et d\i£tx aP^b-r 
concurfu fuo G fedibneoi defcribent. 

Fig. 28. § 45- Sit P pundum datum extra (edHoneiD co- 
nicam, uode duAa quzvis fedioni occurrat in D et E ; 

ct G ^ = ^ + ^ crit &1 ad Ltneam redam AB 

quae fedioni occurric in pun&is A ct B, ita ut Ai&x, PA 

et PB, erunt contingentes feiEUonis. Si vero pm&amp 

fit in medio punflo re£lx AB intra fedionem, fitque 

2 1 — I 

— = - 4- - .locus puodi m erit reda a A per P 

fm p d pe "^ 

duda ipfi A B parallela. Tangentes ad pundla D et E 
femper concumint in re£la A B^ et tangentes ad punda d 
et e in reda ah. / 
Fig. 29. § 4f(. Contingat reda DT fedionem in D, uode du- 
ff, f • cantur duae qusevis redae D E et D A, quae fediooi oc- 
currant in E et A. Occurrat DE redae AK fedionem 
contingenti, in K ; et duds £N» KM ungenti DT pa- 
rallelx fecent D A in N et M> fumatur in reda DE, 
D R ad EN ut KM ad K E, & circulus ejufdem curva- 
turae cum fedione in D tranfibic per R. Nam pcx Art: 
QV* 1 I KE 



14. eft 



DV^xDR DE DK"^D£xDK 



p,,, DExDK QV* , ^,, T^„ 

^ KE " ^ DV» "^ (q"0»»» Q V : DV :: 

„^ J KM : DK : : EN : DE) ^^^^. Quod fifiierit tan« 

gens AK parallela redae DE, (/. #. fi DE fit cvdinata 

diametri 
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dJUmetri per A tranfeuntis) erit DR =: ^ , vel DR ad 

DE ut EN * od DE* ; ut alibi demonftraviaiuf Jrt. 1 75 • 

TriAatafl dc fluxioQibus» Si in hoc cafu DE fit diat&eter^ 

E N^ 
erit , adeoque D R, sequaiis paratnetro diametri 

DE, ut (acis notum eft. 

$ 47« Ducantur re£be DT, DE» quaruco prior fefiio- />v « ^^ 
fieio conicam contiiigat in D, pofterior ddem ocaimtn. u 
JD E. DticanJr D A qwe bifecet angulum E D T et fi»* 
dboni occunrat in A ; jungacur A E^ cui occurrac in V 
I'eda DV parallela redfae quae cur vam contingic in A ^ et 
dual VR paraHeli te&x DA, haec fecabic DE in R ubi 
circulus ofculatorius occurrit vcStst D E ; eritque D R 
diameter curvaturae (i angulus EDT fit reduai Eritenim 
VR ad AD ut ER ad DE, et ut DR ad DK ^ unde DR 

ad DK ut DE .d EK. adeoque ^ = j^^-- ^^, 

or oportebat, per Jri. 15. Si autem fie tangeos AK pa^ n. 2» 
ttWth, redse DE (quo in cafu tangentes AK et DT 
^Bqmles coofticuunt atogulos cum rtAa D A qu« proiode 
perpendicularis eft axi figurx) coincident punda R et £^ 
& circulu€ ofculatorius tranfibk per puo^m E. Se- 
quitur quoque ex d\&i$ reda^ EK, DEetERefibiii 
progreffione geooietrica. 

$48. Occurrat refia quxvis DE fediooi conicft In D pu 2 1 
0f E, eoncurrant teStm corvaoi cootingeiKes ad D et E 
in puo£lo V. Sit DO A diatnetcar per D curvai, & fi 
confticuatur angulus DV r =r E D O, erit D R ( = 
iDr) chorda circuli oCculacorii. Ducatur enim AK fe* 
dionem contingens quae re£tx DE occurrat in K, et tan- 
genti E V in Zj ducatur E N parallela tangcnti DT 

D a redam 
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xtQzm DA fecans in N ; cunxjue Gt DR ad K A ut EN 
ad EK; (itque EZ (=^ AK) ad £K ut VDadDE, 
crit VDadDEutiDRadEN; adecNjiK triangob 
P V r ct £ D N fimilia et angulus X) Vr lequalis aogub 
EDO. Hanc methodum deccrminandi circulttm ofcu- 
latorium dcmonflravicnus in traflara de fluziombusi Art* 
375. fed non adeo brevicer. 

r ' §49. Variacio curvaturas, five tangens anguli coo* 

taAus (edioDe conica & circulo ofculatorio compre' 

. benfi, eft dire^ uc tangens anguli conteoci diamttfo 

quae per eontadum ducicur & nortnafi ad oirvaoi, & 

Fig, 32* inverfe ut quadratum radii curvaturae. Sit enitBDR 

diamecer curvaturae, Sc haec variaiio ad pttii6iam D eric 

ut ' - ^ per Jrt. 1 7. gdeoquc, cum fit D V ad Dr 

EN 
ut DE ad EN, ut -—---—-. Variatio autctn radii cur- 

DExDR* 

vaturx eft uc cangens anguli EDO. Qiiod fi roSa DO 

circulo ofculatorio occurrac in n^ parabola &metro & 

paratnetro Dn defcripca, quseque contingit refbm D T 

in D, ea eric cujus conca£his cum fedione<ft intiiniiSi 

igtxArt.i^ 

plg^ y%^ ' % 50* Casteris maoentibuay ez pundo V ducanirreSa 
VH drcuUim ofculacorium concingeos in H; jungatur 
HD, cumque fit angulus R D H complementum atigoli 
DrV ad Kdum, eric RDH = DVr = EDO ; adeoque- 
variacio radii curvacurx erit ut tangens anguli RDH^ 
& CDinctdemibus reAi« DR et DH variatio evanefcit. 



SECTIO 



Praprietatibus generalibtts. 5^ 

S E C T I o m. 

De lams tertii Ordinis. 

$ 5X.r\£ Linets tcrtii Prdioi$ five curvis fecundi ge- 
neric, uberius nobis agenduni eft. Do^lrinaoi 
conicftm, variis modis u(que ad faftidium fere, tra£b- 
runt permulti. Haac autem Geotnetrias univerfalis 
portexn, pauci adcigerunt ; cam tadien nee fterilem efle 

• nee injocundam ex fequepcibus, ut fpero, patebir, cum 
ptneter proprietate$ harum figurarum a NiWto$to olim 

. tradicas, alias fine plures Geometrarum Attentione non 
indignse. Oflendimus fupra, redam fecare pofie Li- 
neam tertii Ordinis in tribus popdis^ quoniam i£(]ua- 
tionis cubicx tres funt radices, quae omnes reales efle 
poflunt. Reda autem quae Lineam tertii Ordinis in duo- 

' bus pun£li$ fecac,eidem in tercio aliquo pundo necef&rio 
occurrit, vel parallela eft Afymptoto curvae, quo in 
cafu dicitur ei occurrere ad diftantiam infinitaol : iEqua- 
tionis enim cubicae ft duae radices fint reales, tertia ne- 
ceilario realis erit Hinc reda qux Lineam tertii Or- 

. dinis contingit, earn in aliquo punSo Temper fecat 1 cum 
conta<flus pro duabus interfefttonibus coincidentibus ba* 
bendus fir. Refia autem quae curvam in pun<^ flexus 

' contrarii contingit, fimul pro fecante habenda eft. Ubi 
duo arcus curvae fibi mutuo occurrunt^ pun&um Duplex 
formatur, & reda quae alterum arcum ibi contingit in 
eodem pundo alterum fecat. ReiSa afotem alia quaevis 
ex pun^o duplice duda in uoo alio pun£U> curvam fe- 
fat^ fed pon in pluribus. 
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§52. Prop. I. Sint duac parallels, quarum 
utraque fecet Lineam tertii Ordinis in tribus 
pundis ; Re£ta quae utramque parallelam ita fe- 
cat ut fumma duarum partium paralielie ex uno 
fccantis latere ad curvam terminatarum sequalis 
fit tcrtise parti cjufdcm ex altero fecantis latere ad 
curvam tcrminatse fimiliter fccabit omnes re6bas 
his parallelas quae curvse in tribus punftis occur- 
runt; peryfr/.4. 

§ 53. P R o p. II. Occurrat re&a pofitione data 
Lineae tertii Ordinis in tribus pun&is ; ducantur 
duac qusBvis parallelae quarum utraque curvam 
fecet in totidem puhftis ; & folida contenta fub 
fegmentis parallelarum ad curvam & redam po- 
fitione datam terminatis erunt in eadem rationc 
ac folida fub fegmentis hujus redtae ad curvam & 
parallelas terminiatis, per Art. 5. 

H^ dux proprietatet t Newtffu dim txpo&m fueniot. 

J^^. 33,- §54. Prop. III. Caeteris manentibus ut in 
propofitione praecedente, occurrat refta pofitione 
data Lineae tertii Ordinis in unico punfto A, & 
folidum fub fegmentis PM, Pw, Pp unius paral- 
lelae contentum erit femper ad folidum fub feg- 
mentis pN, ptty pv^ alterius parallelae ut Iblidum 
AP X ^£« contentum fub fegmento AP & qua- 
drato diftantiee iF pundi P a punfto qqodam t 
ad folidum Ap x Ip^ contentum fiib fegmento 
A^ et quadrato diftantia? ptmfti p ab Modern 
pundlo ^, per An. 6. 
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. ,§55. Prop. IV. Ex dato quovis punfto P/i^.j^; 
ducatur reda P D quae Lineae tertii Ordinis ocr«. i. 
currat in tribus punftis D, E, F, et alia quaevis 
refta PA quae eandem fecet in tribus punftis A, 
B, C. Ducantur tangentes AK, BL, GM, quae 
reftae PD occurrant in K, L, et M ; et medium 
harmonicum inter tres reftas PK, PL, PM, co- 
incidet cum medio harmonico inter tres reftas 
PD, PE, et P F, per Art. 10, & 28. Si auteni 
refta PD curvae occurrat in unico punfto D, in- ^^ 2. 
veniatur punftum d ut in Art. 6. & medium 
harmonicum inter tres reftas PK, PL, PM, erit 
ad medium harmonicum inter duas redtas PD et 
t Pi in ratione 3 ad 2, ipcvAri. 12. 

^56. Prop. V. Revolvatur refta PD circa 
Polum P, fumatur fcmper P M in refta P D 
sequalis medio harmonico inter tres reftas P D, 
P E, et P F, eritquc locus punfti M linea refta, 
per Art. 28. 

Atqu6 hsec eft proprietates harum Linearum a Cotf/fo 
ioventa. 

§57: Prop. VI. Sint tria pundla Lineae ter- »,. 
til Ordinis in eadem re6la Linea ; ducantur reftae 
curvam in his pundkis contingentes, quae eandem * 

feccnt in aliis tribus pundtisj atque haec tria 
punAa erunt etiam in refta linea. 

Occunrat reda FGH Linex tertii Ordinis in tribut 
pundis F, G, ec H. Reftae F A, G B, HC, curvam la 
Jiis punAia conciDgeiites eandem fecent in punAis A, B, 
C} & base poDfta erunt in rcda linea. Jungatur ^im 

D+ AB, 
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AB, & haec tnnfibic per C; fi enfm fioi potcft, occumt 
cutvas in alio punAo M, tangmti 8 C ta N et re&e 

FGHinPiCumqucrKij + ^g+p5jj = ^ + 

^ + p^» per Pr^/.+. erit PN = P M J quod fieri 

n^oic mil coincidant puoAa N, M, et C. Re^ igitur 
AB tnolit per C. 

$. 58. CVrtf/. Hinc fi A» B, Q fint trta puoAa Lineup 
Isrtii Ordinis in eadeoa re^ linea» dudas autem AF cc 
EG curvacn contingant in F et G, & junfta FG curvam 
denuo fecet in H, jun&a C H curvam cootii^ec in H. 
Si enim reda curvam contingeret in H qux eandem fe- 
Cirec non in C fed in alio quoVia punfio, foret hoc pern- 
Aum cam cribus aliis A, B^ C, in eadem reda, que 
igicur (ecaret Lioeam tertii Ordinis hi quanior pundis. 
Hoc autem fieri non poceft. Incidi autecfi prime in haac 
propofidonem via diverft fed mintss eirpedita^eandefn de» 
ducendo ex Prop, 2. Similiter fi refta A/* curvam quo* 
que contingat in y^ & du£la G/ curva? occurrat in b^ 
jun6U C b erit tangens ad punftum b. Et fi a punAis 
A^ B, C, Lioeae tertii Ordinis in eadem re£ta fitis> dq- 
canmr cot xt&x curvam contingentes qoot dud poflimt, 
erunc femper tres coou&us in ea<fem refii. 

Fig^ 36. § 59- Pr^op. VII. Ex punfto quovis Linese 
tertii Ordinis ducantur dqae re^ae curvam cpn- 
tingcntes> & reffta contaftus conjungcns denup 
fecet curvam in alio pundp, re^^ cuivam in 
hoc pun6i:o & in primo pundo comtngentes ^ 
mutuo fecabunt in pun&o aliquo curve* 

ft 
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- Es puoctD 'A dociiMr' wctac cnrvuft coatioDfiiitcs bi 
F etG, jiifldi FC tmnm ftee^ift H, tmhmfm 
contiBgat inH recta H C quae cunrae occurrat inC, 9c 
-ducta AC erit oirvastttgens ad pundum A. Sequitor 
ex CorMirio prspcedcfite^ coincideiitibus enim A ec B 
reda CA fit tangens ad punAutn At 

5^0. CW« r. Si ex puiiAo cunne C diicantar doaa 

TtStx eaodem contiogences in A et H, & ex poBdoaL* 
tenitro A cootiogencee AF et AG ad curvaiD, reAiper 

oontadua F et G dufta cranfibit per altemm puddani 

ft 

^61. Ctrri. 2. Cootingat re^ AC curvamio A,f>]^ .jv 
eamque fecer in C, du&Bautem AF et C^ ctiivam 
oootiiigant mFeeH^ rcAa per eontadus duda eamde^ 
nuo lecet inO» & junda A G corvanixootinget m O. 
Qood fi dbicdb C ^ ex puofibo C ducatiur ad cucyam 
€«n coottogfoa ja ifr ; &junAa6iF^^G, cunraBOCCur* 
raot in/e(^».diida& A/ec A/ enmt tai^imtei ad 
puoda fttg^ 

% 6a. C9rol. 3. Sit A pondum flexus contrarii undc /Ti^. jg', 
dudae A F et A O airvam ooo ti n gapt in F et G jimda 
FG fecet curvam in H, &: du£fai AH curvam contioget 
in H. Si enim tangent ad pundiun H curvae in alio 
quovis pando ab A^diverib occofreret^ reda ex boe o&- 
curfu ad pondum flexos contrarii A duda curvam in A 
contingeret, quod fieri nequit. Maniieftum autem eft 
tres tantum dua pofle redas ex pundo flexus contrarii 
curvam contingehtes pneter earn quae in hoc ipfo^nmdo 
fimul tangit & fecat, atque tres contadua cadere in ean- 
dem redam Lineao. Ex fido pondo flexoa contnni 
tres redie dudfe curvam iia coodnguK ut tres eoocadna 
^t in eadem redi Sint enim F, G, H, in eidem 

I re^ 
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feOi,^ ufKk taoBtotfs duAae cooveiuAQC in aodcn piado 
cur¥0e tf» quod aon fit puodiuD flcrop cootraris; duo^ 
^r oi ourvfoi cootingoos in ^r, qoasquc et occurrat id «» 
4c junAa /H curFam taogec in H, per banc propoGtio- 
9010 i suieoquc redx #H tc aH curyana CQCUjiiiiBrait in 
codem puofto H. ;. #• 4?. 

§ 63. Prop. VIII. £k pundp quovis linese 
tertii Ordinis ducantur tres redae aiiVam con- 

tingentea in tribus pundtis ; re6bi duos quofris 
contadhis conjungcns occumit dcnuo curvac, & 
ex occurfu ad tcrtium conta6him dufta curvam 
denuo fecabit in punfto ubi rjsfta ad primum 
pundum dufta curvam continget, 

^k' 3 7« £' puo£)o A» Linm lerdiOrdioii ducuttur trei rectr 
AF, AG, ct A/, curvana coodngeiva io eribui piioctii 
F, G, ct /; recta G/ quss bonim duo qoanris oon- 
jungic iecec carvam deouo in N, et recta ex hoc puncto 
ad certium contactum F ducta curvam (ecet in g^ nun 
juDcta A^ curvam continget in g. Ducanir enim 
recta A C cqrvaip contingent in A qtise eandem ftcet in 
C^ cumque puncta G, N, et/, (int in eadem recta, & 
tangentes ad puncta G et / tianfetnt par A, fequitur 
(per Br9p. 7.) tangBntem ad punctum N tranfire per C. 
Ounque puncta F, N, g^ Tint in eadem rea^ tang^tes 
ancem F A et N C curvai occurrant in A et C, fitque 
AC tangenfi ad punctum A, tangens ad ponctum g tran- 
.fibitperA. 

§ ^4. Conl. Hinc fi eurva defcribatur, ex datis tri- 
bus punAifl contaAus ubi tres reAae ex eodem punfio 
curvs du£br earn oontingunt, invenitur quaitum po»- 

Aim contaAaiiibi refla ex eodem pando corvaa dodi 

3- eaS 
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ctsi condogit. Atquc hiix: colligicur ex eodem cuivse 
{xiii£to quatttor Mmura radaa duci poflc LtfMam tcrtif 
Ordiw oooclogentop prsecer reftam qu^ io hoc ipfi» 
pundo curvam concingir. Si cnim reftac gc eodem 
curv9 puodo duci poflenc earn io quinque pundis a>n« 
tingentes, plurcs re£bs numero indefinitas curvam con- *" 
tiagentes ex eodem punfto duci poCfeoc; ut ex pne- 
miffis <%:ile colligitur. Hoc aurem CoroUirium poftct 
facilius demonftrabitur. Vide infra, jfrf. 75. 

%6^. Prop. IX. Ex punfto flcxus contrarii /jy^^ 58^ 

ducantur tres tangentes ad curvam, & refta con- 
taftus conjungens harmonice fecabit reftam 
quamvis ex punfto flexus contrarii duftam & ad 
ciirvam terminatam. 

Si( A pwi^tum fl^qs contrarii, A F, AG, ^t AH» 
rectsp curv^ conUBgvmtes in punctis F, G, ec H, Es 
puocfi9 A ducattir cecta quarvi^ curvam fecans in B et C^ 
& rectam FH in P; eiitquePB ad PCuc BAad AC. 
Cum enim tres tangentes ad puncta F, G, et H, in eo- 

dem puncto A conveniant, erit per Prop. 4. - + —^ 

eft medium barmonicum inter duas rectaa P B ec PC ad 
curvam terminata^. Q^ Linearum certii Ordinia F<^ 
prieeas eft fimplicitatia ipfignts, 

$6£. C^o/. I. Hefta qiue duaa qoafvia k&s ex 
. pimAo floxiK contiarii dudaa id curvam ftcat harmo- 
Me» ffo^it quoque alias quaf via rsdai ex eodem pimdto 
«luAtf & ad curvam terxpinatas* 

s4 
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$ 67. Cord. 2. Si reda Ai^mptoto pttrdda per 
fm&um flexua coDtrarii duAa occumt rbfift FH m R 

& cunrac in O, erit 57^ ss -r^, adeoqucR A=2RO. 

RU KA 

//^. 39. $68.Prop. X. Refia duo punfta flexus 
contrarii conjungensyeltraniicper 3^™ punAum 
flexus contrarii vel dirigitur in eandem plagam 
cum crure infinito curvae. 

Siat Acta punpta flexus contrarii, jancta A a cmrae 
occiirrat in a, ericque a quoque punctum fiezus concnra. 
Si enim taogens figurae in puncco a curvas occunerec in 
$lio quovis puncto g^ fovent A, a^ /, in eadein recta* 
Verum ex bypothefi funt A, «, et a in eadem recta, quae 
igitur Lineae tertii Ordinis occurreret in punctis qoatuor. 
Sic A punctum flexus contrarii, & recta A O afympeoto 
parallela curvae occurrat in O ducatur OQcunrara cod" 
dngens in 0, & fecans in Q, juncta A Q^ tranfibit for 
D ubi curva afymptoton fecat, 

* •* 
Z*^. 38. §%• Prop- XL Dudis ex punfto flexus 

contrarii A tangentibus ad cunram AF, AG, 

AH i. & duabup fecantibus quibufoinque ABC, 

Ak, juhftae Bb ct Cc vcl B^ et bC fe mucuo fe- 

c^unt in refta F H quae contaftus conjungiiu 

Occurrat enim recta B3 ipfi F H in Q, et BC eidem 

in P; jungannir QA et QC; cumque fit AB ad AC uc 

;PBadPCperPn^.9. enint Q.A, QB, QPetQQ 

•hanaonicaks, adeoque Ab fecabit rectam QC in ^ ec 

• ipfam FH in /, icaut Aifit ad A^ ut/?iad^r; &pfo* 

inde erit c punctum carvac, per Prep. 9. unde icquitut 

converfe rectas BicxCc conveniic in puncto Q rectae 



i 
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F H ; dc fimilitarofieadkor recess Be ec ^ C jibi mutuo 
occarrere 19 fwcco f csjufileai reccae. 

4 70. Ccr0l. I. £x pimfto quovis Q. ^edae FH du- 
cantur ad curvam red» QB, Q.C9 ctni fecaatca m 
punftis B, t^ MecC, r, N; tuiq junAse CB, e^, MN, 

convenient in punAo flezus cootrarii: A 9. jonSseBe ec 
^C, MretN^^ B» ct Cr, NB ^ MC, cooyemcoc iii 
redaEH. * 

§71. Cirel.2. Tangeates ad puoda B ec Cconve* 
Qiunt in pundo aliquo T redae FH ; &(iapundoquo* 
vis T in re&a.FH fitoducantur tangentes ad curvam * 
ro£he contadus conjungentes vel traniibunc per pundoni 
flexitf concrarii, vel convenient in reda FH. * ^ 

§ 72. Conk 3* Dato pun£to flexos concrarii A, tc 
pun£Us B^Qyh^€^ ubi dux redae ex eo dufibe curvam 
recant, datur re&a FH pofiiione ; jun£be enim B^ ec Gr^ 
occnrfu fiio dabunc punfhim Q, & jundarum Be ctiC 
occurfiis dabic <;, dudaque Q^ ea eft quae concafius F» 
G, ec H, conjungic. His autem quinqua pundis dacis 
cum aliis duobus M ec m, determinacur Linea tercii Or- ^ 
dinis qux per hsec feptem pun&a A, B,C» i^ r, M, m^ 
tranfic & in pundo A habec flexum concrarium. Ex 
pun£tis enim M ec m dantur N ec », ubi dufbe AM ec 
Am curvam fecant. fie bis novem conditionibus Linei 
determinacur. Si autem dencur tria punda M, m^ ecS^ 
haec dabunc tria alia N, 9, et i; unde darentur undeoem 
conditiones ad figuram determinandam^ quae nimiai 
funt. Similiter dato pundo flexus comrarii A cum 
pundis F,C, (adeoque tangentibus AFec AG) et pundts 
M ec ;» quiburcunque, datur redk FG,fldeoqaepuada 
Net»9 etdcterminacurcurva. ^ _ ' 
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Fig.Ao. %Ti*Cir^.^ Coodngant reftie HB^ HC, cunwa 
in B ec C, et junOa C B titnfibit per A| jnOx CG or 
FB concurrenc in puii£to curvs V, fC duda VH cwvam 
conftngec in V. T«DgcD9 autem ad puadum flczua 
ooDtrarii A decermiiiatiff dacendo A V coi occurrat in L, 
reOa PL ipfi A tf pitalkla & Ufiacaada PL in X $ jimd^ 
cnim AX erit tangena ad ponftum Au Occarrat cniin 

tangent ad A reds FH in S } eritque p_ + rs 

^ , = (quoniam A C fecatur harmonice in P ec B, 
PF 

adeoqucVA,VF,VP,«VG,liarmonicafc»)pj^. Eft 

^itur PK mediuai harmonicum inter PSet PM; unde 
fiPLparaUck re£be A H occurrat redis A V et A S in 
XccL,emPX = XL. 

41. §74' PROP-XIL Ex punAo lineae tcrtii 
Ordinis A ducancur duae reft* curram contin- 
gentes in F et G, jun6b FG curvas occurmt in H, 
& uogen^ ad punftum A fecet curvatn in M ; 
jimgsltiir HM) cul occurrat FLK ipfi AH paral* 
lela in L, & fumatur FK = aFL ; turn jun&i 
HK, re6ta qoftria AB ex A duOa harmonice 
fecabitur a xcBm HK ct HF in N, P, « t a curra 
in B, Ci ita ur^NB crit ad NC ut BP adPC/ 

, Occurm eaim recta A B tangentr HM inT, eritque 



PB "^ PA PC ~ FA ^ Pt^ ■«''^Vic jg 
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- ' - r= I, + J- = (per conftructionein, & i&tfr- 

mm.) ^. Undc fcquitur rectam NC fccariharmo- 

nice in punctis BecP, vel NBeflead NCutBPad 
PC. 

§ 75. CoroL I . Hinc fi duae quasvis re^ ex Adu£be 
fecentur in N harmonice ita.uc PC fie ad PB uc CN ad 
BN, onmes xtGtst ex A edudas a redis H P et H K fi- 
ihilicer harmonice fecabuntur. 

% y6, Corel, 2. Si curva pundum duplex non babeat, 
eamque Tecer redta HK in duobus pundis /et ;, diiStto 
A/ et Ag erunt redae curvam oontingentes in his 
punAis. Coincidat enim pundum B cum pundo N, 
quando N perTenit ad / occurfum redae H K cum 

cum, ideoqttecump'g + |i =^» «it^^ = 

p - , et coinctdii C com B, et reAa ex A duda corvam 

tunc concingit. Ex altera parte, fi redU A/ curvam 
contingat tranfibic reda H K per /^ ob' aequaies enim 
P B, P C, in hoc cafu, coincidunc punda B et C cum 

N. 

§ 77; C^ol. 3. Si reda HK in foto pundo Hcurvae 
occurrat, duae tantum tangentes duci poterunt a punAo 
A ad curvam, viz. A F et AG. Quacuor taotum ad 
fummum tangentes duci pofiimt a pundo quovts Linear 
tertii Ordinii ad curvam ut AF , AG, J^f Ag. Si cnirai 
alia qusevis tangens duci pofTet a pun&o A ad curvam ut 
A^, reda HK tranlir^t per puhdum f^.et quatiioi( 
punda Lineas tertii Ordinis forenc in eadem reda, viz. 
H| /, gy <p. ^ E. A, 

§7*. 
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§ 78. Prop. XIII. Si ex punfbo linex ter- 
til Ordinis duci poffunt quatuor rtftss cuivain 
contingentes^ re£tae conta£his conju^gentes con- 
venient Temper in punfto aliquo curvse, & refba 
quasvis a primo pun£to du£ta harmonice ieca- 
bitur a curva & re<5tis binos contadus conjun* 
gentibus. -^ 

Sit Apuoctum curvx, A F, AG» A^ et A/, reccae 
curvam contingentes in puncds F* G, y^ ec g. Jim- 
pustur FG ec fgt quibus occurrat recti qusevis ABC (ex 
A ducta curvainqae fecans in B ct C) in P et N; & 
TCccaNC harmonice fecabitur 10 B etP, ita ut iemper 
fit NC ad NButCPadPB: Sequitur ez €«-«/. z. 
prascedentis. Rectas aucem FGct/g concomint in 
puocto curvs H; & fimilicer recite F/ttGg conve* 
siiiinc inE» atque FgetG/kkR^ «tE, Reninrpuncta 
curv93 per idem CoroUariuni. Atque bee eft pofterior 
duanun proprietatum Lineanun tertii Ordinis quas de- 
fcripfimus in cractatu de fiuxionibus, Jrt. 402. Qiiod 
fi recu A M curvam conttngat in A, et fecet in M, 
junccae ME, MR, MH, curvam tftngent in puncds E, 
R,Hs Screcurum AEetHR,ARetKE,AHetR£ 
occurfiis erunt quoque in curva*. 

$79. Corol. Cumigitnr fint redx HK, HE, HP, et 
H C, harmdnicales^ fi reds H B et HC corvasoccar- 
rantint etr; cnintpunAaA, t^ et r,. 10 eadem refia 
Itnea* Occurrat edm junda A^ curvas in ^ et ^ atque 
yfiHFin ^^etHKinn; cumque fit ii^ ad 11^ ut ^ ad 
f» patet r dOTe in reda HC ^ & reciproce fi f fit in reda 
HC et £ in reda HBj erunt A, ^, r, in eadem redi 

$80; 
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§ 80. Prop. XIV. Habeat linea tertii Or-/>^. 43; 
dinis punftum duplex O, Ex punfto quovis 
curvsB A ducantur duse redbe AFet AG curvam 
contingentes in F et G j dufta FG curvam fecet 
in H ; jungatur OH. Refta quaevis A B ex A 
dudla curvae occurrat in punAis B et C, reftse 
FGinP, &rc<SteOHinN; &re6bNPhar^ 
monice fecabitur in punftis B et C, ita ut PB fit 
adPCutBN'adNC 

JuQganir enim AO quae rcdae FG occumc io ^ ct 
tangcDti HL in /; cumque lie O pundom du{dex, erit 

^1' ^|Ij I.Z X 

■7^ + ^'=^ "-r '\ >adcoque — + — = — , 

/O^/A k^pe ^ pA^ pt pO 

Secatur igitiir/iA barmoiiice in ^ etO, ita \xtptC\itApti 
ut /O ad OA, ct harmonicalcs funt Hp^ H/, HO, ct HA. 
Occurrat reda P A tangeuti L H in T, cumqpe fit 
«,i,i_a,i .1 . 



PC * PB ' PA PA^PT' PC 

P^ "^ Fa "*" FT "^ ^' confcqucntcr PC eft ad 

NC ut PB ad BN. 

§ 81. Coroi Si caogens H L occurrat reds GZ ip6 
AH parallel b Z, & fumarur GV=:2GZ, duOa HV 
tranfibit per pun&um duplex O, fi modo curva tale 
pundum habeat. Vel fi reda Gra occurrat refiis AH 
et HR in tf et r, jun&e r A et R^, fedecuiSmt in nif 
jundta Hm tranfibit per puadum duplex O. 

§ 82. Prop. XV. Ex punfto Lineae tertii 
Ordinis ducantur duse tangentes, & ex alio 
quovis ejufdem pun&o ducantur refts ad con- 

£ taftua 



5a. De Line ahum Gt6*tE*ftieMiuM 
tasgafit^. ad hoec duo myva-.'i^vtfiAAimcodMi 

Fig. 4) . "Ex pcMfikr A dacimur tefbe A^^t Ad turvaa cott« 

P, jmgmv PF «t BG ciilvstActiktt iii p^^ 

punQ9 aliq^o cue «86 K. DeteriniaatUf ai^ca punAum 
B» ducendo te&am P C qu^ o^van qoqfiq^t ia P^ et 
fecac in C j; G eaim junj^atur AC occurcct denuo curvx 
•• 10 punAo B. 

Own cnitn punfla F, K, P, fint in «idcm wfiBi, 8c 
tahgentesad pUD&a F et P curvam fecent in A f:c C ; 
feqiaitur tangcntcm ad pundum K tranficu^m per B» 
£t ob reAatn LC P, tangens ad puoftutn L cnnfihit 
quoqueperB. 

f!g' 44- § S). C^ro/. Sine igitur A cc B doo qu«vis.punda in 
Ljnpi ccrdi Ordinis i ex utroquc ducamur qoacuor rcflae 
curvatn in aliis quatuor punAis condngepces, viz» A F^ 
AG. A/, A^ J « Bis BL, Bi, BI. Jun^Sx FK ct GL, 
FL ct GK, F/ ct Gi, G/ ct F>t ; iibi mutuo occurrent 
in quatuor punAis curvse, P, Q^ ;, /i 8c fi ducaocur. 
tangentes ad baec quatuor punchi> hx occurrenc cunrac 
& fiU mutuo in pundo C ubi re£bi A B corvam fccau 
Unde fi iinc tria paiuSta Linex tertii Ordinis in cadem 
redft, & ex fingulis ducantur quatuor tpStat curvam ooo- 
tingentes in quatuor alits pundis, rcda per duo quaevis 
pxmQsL contaiStus duda curvam fempcr fccabit in alio 
aliquo pun<^ conta£hi8 ; & quatuor bujufinodi rc£be 
per idem pun£lum contadhis fempcr tranfibunt. 



• •i «a w •^ 
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§ 84- P R ^1^. XVI. ^Bt F ec G puaAa duo jsi;^. 43^ 
Lilies tertii<Diidliii8v ka fiiinpu ue ftdbsii'A.er 
G A curvam in his punftit coMifigoiiCiv convt-^ 
niant in pun^bo afiqup curvx A. Siunatur in 
curva aliud i)uodm pun^m P, imde ducarttur ^ 
ad puoAa FecGtedacPFetPG^iwcQrvas 
occumlrit in K €t L; junga^tur FL ee GK, * 
atque harum occuffus Q^erit ih curva* Tari- 
gentes autcm ad pun6ta K et L tibi mutuo & 
QUVYX occurrent in pun^to aliquo curvse B, at« 
que cangentes ad pundta P ec Q cpnvenienc in 
piindo curya^ Q ita ut tria punda A, 6, Q (int 
ineademre^, > 

Ducatur enicD t^ngeos ad punAom P qnse curvae oc- 
currtc in C, & duda AC fecec eandem in B^ & du£tae 
BK, BL, cnmt tangencies Md pimfift K cc L, per prxce- 
dencem. Occtthrar rcQa LP curvae in Q; Sc fi reda 
GK non cranfeat per Q, occynat curvse in f. Qiioniaoi 
igicur tria punda L, F, Q» fimc in eadem red^, tan^ 
genres voro ad L et F curvam fecent in B et A, fequicur 
(per Pr&p. 7.) tai^tem ad punSum Q tranfire per 
ponduaiC. Similiter, cum fint punda G^K^et;, in 
cadem re£b, tangentes autem ad punda G et K tranfe* 
ant per A et B, tangens ad pun^m q tranfibit quoqu^ 
per puodum C. Utra(}ue igicur reda CQ, C^, curvam 
contii^ prior in Q, poflerior in f • Coinciduot igituf 
pun^ Q et ;, (i enim diverfa die ponamus^ f^uitur 
per Pr<^. 8. ptures quam quatuor tangentes duci polle 
ad curvam ex eodem punAo C Sint enim A/ et A^ 
reAsB quK curvapi CDBttDginc in/ ttg^ 8c duQas L/^ 
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. ( Lf, curvam fecent in mttn\ 6c redbe Cm, Cii,miiic 
tangeotes ad punda m tt ir. Quare habercmus quinqae 
tangentes ex C ad curvam du^as CP, CQy Cm, Cn, eC 
Cf i quod repugnac C^r^/. 3. Prop. 12. 

. $S;. (7or«/. I. Dato pun&o Pj ubicua()ae rumantur 
puqdta F et G, modo tangentes ad base pundta in curva 
convenianc, datur pundutn Q, ubi jund^ F L et G K 
occurrunc fibi mutno & curvae. Et (i a pundo P 
ducatur jcfla quaevis PNM qux curvae occurrat in NT et 
M, & junftx QM, QN, earn fecent in w et a; erunt 
punda P, ff, et m, in eadem reda iinea. Oftendinnis 
cnicn tangentes ad punda P et Qi fe matuo decuflase 
in pundo curvx.* 

Fig, ^j. § 86. Cord. a. Si funiantur quatuor punda F, G, Kt 
L, in Linea tertii Ordinis, ica ut tangentes ad punda F 
et G, conveniant in aliquo pundo curvas, & tangentes 
ad punda K et L, conveniant quoque in aliquo pundd 
curvx, dudx F K et G L concurrent in pundo curvx, 
& dudx F L et G K fibi mutuo occurrent in pundo 
curvx. 

§87. Prop. XVII. Sint F et G duo qusevis 
punda Linege tertii Ordinis^ ubi fi redae du- 
cantur curvam contingentes, hst fe mutuo feca* 
bunt in pundo aliquo cunras. Sumantur alia 
quatuor punda airvae L, K, /, g^ ita ut du6kas 
LP et GK conveniant in curva, atque redse F/ 
et G^, in ea quoque conveniant ; tunc du£tae L/ 
et g K, fe mutuo fecabunt in curva, ut & du£b£ 
Lg et K/. 

Tangentes 
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TangentQ^ eoim 94 punfbt fctgk mutuo decuffiint 
in curva, per Pnp. ^4, ut & cangences adpundaKcc 
iay p^r eandem. Adcoque per Ccrol, 2. praecedentb, 
jixnStx / L ct K^ convcniunt in curya, ut et /K ct 
gL. 

§ 8-8. Lmma. Deotur trcs rcftac IC, I H, ct C Hj/ijr, ^^, 
poficione; & tria punAa F, G, S, quae fint in eadem».i« 
redb Imea.^ Sucoatur punftum quod vis Q. in reda I C, 
^naa Of occurrat re£te IH in L, & junfta QG rc6te 
HC in P; jungatur FP, du£b SL occurrat redis FP ec 
QP in /f ct N; atque pun&a ^ tc N erunt ad refhs po- 
fitione datas. Jungatur onim IN, quae occurrat redac 
OS in m, & ducatur per N parallela redas FS quae oc- 
currat rcdis IC,'I H, «t LQ;, in punflis x^ w, et r ; oc- 
currat rc£la FG redia I C, I H, ct H C, in tf, *, ct h. 
C^uoniam N;r eft ad Nr ut O0 ad GF, ct Nr ad N « 
ut SF ad S^ j crit N;r ad Ntt (adeoquc ma ad fnb) ut Ga 
k S F ad GF k S^, /. /. in data rarione. Datur igitur 
|>un£lum m, adcoque redta INm podtione^ & fimiKicr 
eft pundum k ad podtione daram. 

§89. CoroL CoincidcntibuspundisSctG, coinciditiy, 2. 
quoquc punfiutn m ^cUm 'pundo G. Jungatur igitur IG 
qux re'dx H C occurrat in D, & du^ C F occurrat 
re£be H I in E, turn junda D£ crit locus puodU K ubi 
du£be GL et FP fc mucuo decufTant, 

• § 90. P R o P. XVm. Sit PGLFQK quadri- ^^ ^^^ 
laterum inlcriptum Bgurac, cujus fex anguli tan- 
•gant Lineam tertii- Ordinis ut in Prop. 16. 
Ducantur redtae curvam contingentes I C, C H, 
HI, in tribus punftis Q, P, L, quae non fint in 
cadem x^&i y jungatur IG quae tangenti CH oc- 

E 3 currat 
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ciicratinDt et HF qiM tangtnti CH o<ttiiTtt in 
£; erufit punfta D9 K, E^ in tadfisi^ refta liK^ 
quas quidem cufvam in punAo K jQoiitiaget. 

Suppooatnu^ cnim redas QFL ctFKP XDOveri cjita 
jpoluQiF^ 2C tectab L G P et QKC circa pohimG^ 
{wocea attteai Q^ h\ et P, dcfeni 10 taqgcodbus QI>U 
etPCi ^^ pttKOjm K OMnrcbicur lufoctf DE, per 
C^r^l. prODoeckiiii Uode fi puoctt Q, L, P^ ferantur 
ai curva qitte Im recca« Q^It If I,^ etPC^io bkpuoccii 
condngte, sioiPebUar quoqM iq pxcy% quam recta D £ 
contioget. Sed per Pr^. 15. 6 puoct^ Q^ L^ P^ fe* 
laocur in Uoeai tertiiOrdiois propofit^p^pctuto K QK^ 
vcbitur ia eadeia» quam igitor recta DE coodmgit in Kit 

%9t. Ctnl,!. SiDHtfearfiracl»AFvttAC(9]aeair« 
Tado coDfemguBt fai F e( O) Mpqrnuit icgcbb IH (qvaa 
curviai coomiit in L) laponccisMeitMi jupctiMP 

ftcetcaogeiiceiiiApai^ &juiict»Q>{ tafpoteipAP 
Sia«; rccEa^^tnnfiUtperKt 4^; curran id boc pHOcto 
comioget; atque qqacuor puocta D!, <f»^Eto eninc in 
eadem recti Imea* 

§ yft. C0r«/, 2, £:( doobitt punctif( omrse quibat 
^oqueC et B ducamur ad curvanbquatyqr cootii^entea 
-bins ex fipgulia^ CQ ec CP ex punctp C^ BL ec BK ex 
puncto B, fintque barum taDgendam occurfus I, H, £, el 
D; turn ductae L(^et £H fe mutiio r<pibuQt lo puncto 
piTTae Fs atqoe junctanim LP at I D occorfin leiit in 
pmcro corvas 6 ; ttogentes waAtm td^pimcca ¥ ttGAt 
«QUtuo fr^bmt ip piim^to curyer A quod eft in eadem 
Itcca 'cucD punccia C c( S. 

$ 93. C«ra/. 3. I)atJ9 tribus punctis Lines terdi Dff- 
dinis quae lint in eadem reaa» he duabus tangentibdi tx 

l^roQi lingi^ d^ctia ad curvani poiicipxie 4fltff» feir 

pwcoi 





functi coatictiit <kterminancor per banc propofitioaem. 
Sine A, B,C, H^ cdliMpUAit^ diti fa l^dm nctl^ AM 
«t A N taogdiX^tt At £M]^^.er EDS^ t^ngeooes ex 3 

quaetpiioribuKBC^rntittiPcMtiN^ f» 4.^> ^ioitque.Cp Cjt 
G £ taogen^tt .euerti(^ jp^ctQ^C ductx; atquc occurrat 
CD ipfis B ivi BDJ AM, ct A N; in H, D, A, ctr, & 
JC£ iifdem in I^ E, v^ ec m. His pofitls^ juncca N^ kcisk- 
bk taogentctti £frtn puncto cdntactos Q^Md fccabic 
ifangentetp CD in puncto contattus P, I D fecabic tan- 
gentem AN in poncto conuccus G, EH tangentem AM 
in contactu F^ mb fecabic tangentem 6H in L, & de^ 
Qique »f tangentem B£i in K. Quamvis auteni Problema 
ui hoc cafu determinatum (it, folutiones taxnen plures 
admltcit. Diverfae eiiim Linese tertii Ordinis, fed nu- 
Aiero dtf nir^, per tfia poncta A, B, et C, daci poffiint 
OQoniq(entei fex it£ISis poficbnd ^tas A M, A N, BM^ 
BD, CD, ec €£. Occomt cnim Nr fw^oBti C D in 
/, reda MitangedttCEin^y I D taitigtmi AM in /; 
EH tangent! AK- in ;, »^ tai^enti BM in /, ctmiMi- 
genti BD in k ^ atgoe Ltnea tertii Ordinia quse condirio- 
nibus propofitis fatlsfiicit contingec redas CD ee C£ vel 
in P et Q» vel in ^ et f Ea cpntinget re&as AM ec AH 
vel in puniiis F et O vel in/ ec ; j rcftas auteoi B M 
et BD vel in If, itT^y vel i^ / ct k. Conftat igicur plufcs 
Lmeas tertii Ordinis problemaciscbnditbnibus fatisfacera 
. pofl^ fiod numero determinaias, adeoqiie problema afle 
determinatum * . 

§ 94» Carol J^ Datis duobus punftis Lines tertii 
Ordinis A et B^j^tangentibus quoque AM, AN, BM,BD 
pofidone datis cum tribus pundis'contadiis F, C, et L» 
dMr pondui^ K ubi re^ B D curvam cootingit. St 
q)im dacastur re^ N^ et L F, harum oCcarfu dabitur 

* Su^U ftue dtfunt in fcbemate* 

ft ^ i pun£lum 
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pun£bum Q. & ducta QG Iccabit €ODttogentem BD ia 
puncto contactjs K. Dacur qooque puncnim F oc- 
curfus rectanim LG et M^ vel rectsmxm M 4/ et F K i 
tres enim rectse LGy^MJ^ tc¥K^ neceflario convMihmC 
in puncto P. Sic M # ^/ N quadrilatenitD qiiodvis, fu-* 
manir punctum qoodvis Q in diagonalt N # et P in dia- 
gonali Mdj recta quxvis QFL ex QL duett fecet latent 
M/ ec M N in F et L, ducta PL fbcet latus Hd in G, 
jungatur QG quae latus dt fecet in JC ; acque puncta 
F» K, P, erunt Temper in eadetn recta linea, per (iipe- 
rius ofienra. Unde cbnilat problema non ideo fieri im- 
poffibiie, quod oporteat tres rectas LG, M^, et FK, in 
eodem puncto convenire, 

47- i §95* Prop. ^IX. Sint D, E, F, punfta 
Lineas tertii Ordinis in eadem reAa, (intque tres 
redbe curvam in his pundis contingentes fibi 
mutuo parallelse. In rcfta DF fumatur punftum 
P ita ut 2PF fit medium harmonicum inter PD 
ct PE; & fi alia quae vis refta per P dufta cunrae 
occurrat in /, dy et e^ erit femper zFf medium 
harmonicum inter Pd et P^. Supponimus autem 
punda d ct e elle ad eafdem partes pundti P, 
punAvKB autem / eife ad contrarias. 

Occurrant enim tangentes DK, EL, FM, rectas ^in 
punctis K, L, et M s eritque per Art. 9. • — - - _ 

bus parallela barmonice fecet rectam PD ica ut PE fit ad 
EQ ut PDad DQ^ et Q.;occurrat naxfdinf) 

p'M 
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Proprietaiikus generdlihus. sy 

■J A = (quoniam Pj eft ad PM utPQadPF^ 

PM Pf 

&«hypothcfiaPF = P<i, adeoqueiPMrrPj) 

PM , PM , ' " "^ P/ . Pi ^ P-' ,. ^. 
ifj^ eft^medium harmonicum inter Pd ec P#. 

§ 9^. CwA I. Jungannir DdetEi quae convdiiaiit 
in poocto V, junctae VQ et F/ crunt parftlld«; & 
prodpct4 VQ, doDcc occurrac rc^ fd in r, crit ?/ = . • 
i ?r, ReAa enim PD fecatur barmonice in £ et Q»ez 
hypotbefi, adeoq^e eciam reOtz ?d fecacur barmonice in 
4 et r, per Jri. 21. undc P/ = i Pr ; cumquc fit PF=a 
i P Q»; Tequicur re£Um F/ parallelam efife barnK>nicaU 

VQr. 

* § 97. C<?r«/. a. Similiter fi fumatur in rcfla D F ^ 

punAum p ita ut apD fit xqualis medio hannonico inter 
p E et ^ F, & re^ qusevis ex ^duAa curvse occurrat in 
«ribUs punfiisy ecU fegmentum hujua rectse esc una parte 
puncti p ad curvam tettQinatom ae^quale dimidk> snedii 
harmoniqi inter duo fcgmenU eodem pun^o p et curv2 
id alteram partes terminaca. 

§ 98. Limma. Ex centre gravitatis trianguU ducawr 'if* 4** 
itBsz quxvis qux tribus lateribus trianguli occurrat, & 
ftgmennim hujus redae centro gravitatis & uno trianguU 
latere terminatum erit dimidium medii barmonici inter bg" 
inenta ejuldem re^ centro gravitatis & duobua aliis tri- 
anguU lateribus terminata. Sit P centrum graviutis tri- 
anguU VTZ; occurrat refla FDE per P duSa lateribus 
&i F, D, £ ^ fintque pun£ka D et E ad eafdem partes 

punai P i eritque ±, = ^ + ^. Ducatur enim 

Mr punOumP^refia MPL latcri VZ paralleby^uslaceri- 
.1 bus 
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^ VT^ZT^ occumt in het M et ro^ YH paraDdr 
latcri ZY in N J cumquc fit MP = PL^ et ^TLsi VU 
Ob fimilit triaqguli T LM, VLN, ^rit LM = ?LN; 
Unde LN = LP, ise FN ci 2PM, prohidc fi to occof- 

fat rq^ VN in K,frit(per^r#.2i}fltaV.;^^+|^ 

■EC *— ■ - SS — r-« ' . V . . • 






VZ, TZ, lincam tcrdiOrdiidi dtafftatquc ca- 
dttti rcda lineaper tres contadus ic per Fcen- 
trum gravitads trianguli VTZ} rtfta quaeifts 
per hoc centrum dufta curvae occurrat In pundo 
c ex una parte & in punftis a ttt ex altera (^uf- 
dcm ccntri gravitatis parte, efitquc iPi* medium 
harmonicum inter fegmenta Pa et Pi. 

Ofxoint aiiai re£U Ptf hMilia»triio8aB VTZ in 
J^d,tt«i &i«aaeVNhceriTZpinIlabBfaiii eoe- 

■ 



imdeFr.eftdiim(ruim medii hannonid kic^rcdv P« rt 

i%.5o. § 100. Prop. XXI. Sit V punftum dupler 
in Linca tertii Ordinis, VT et V2 re6i^ curvani 
in hoc pundo ccti^ihgepte^) qyibus. in T et ^^ 
occurrat redbt TZ, curyam con^ingens in F ita ut 
FT = FZ; jungalw FV, ia qua fuxTuitur F P 

. . occurrat 



occurrat lii OiKus punftis a, *, ^, quoromtf et 5 
fitit ad tsSdtm partes pun^ P, r ad J)artes con- 
trarias^ erit femper aPc mc^um barmomcim 

interfcgmcntaP^ctP4> feu^=^4-p^* ^ 



CbmeDimbifecetiirTZinF^ ficqueFP=|FV> 
DnnifeftQm eft panAum P efle centrum gravicttfa tiian- 
giili VTZ; cwiKyie fit poafium'Pinxefift FV^oar per ~ 

§ xoi» Car^. I. StJMQgaator le&BsVtfy. V^« etsF^ 
erk P qivxpif fentnuii graTkttis trkogyli bifce teQii 

ommt icSff^Ec kirn tin fttii&mferFmmqmlkFti^ ' 

§ioa. Cpfd.^. ReOa pa: pno&iffi duplex diifi»p«> 
rallela reAs F c barmonice fecabk ip&m P « in i ka ut 
Poeiicaditf'ttPjadPi; quxv^odudturaponaoiP 
fell jr oteorfttA fBAaniin curvun ftiatcb coiitingentiutn 
perallcia eft reda cy figiiram cootii^gend in e. 

§103. CmLy Datis duobus pondis tf ec f ubi refta 
qosmiesPdadacarreoccuTritjdaturtertiuQi^; jun^ 
gantor cnim V^ et Fr qux fibi mutuo occurrant in m^ 
IbinaturFnexaherapartepandi FsqualisipfiPjH) et 
juofti V« Iboabic reaam P « in »* 

{ Z04. Pro?. XXn. Ducatur per punj£bim Fig. 51^ 
quod vis P t^Sbi qu£ dirigatur in plagam crurum 
mfinitprum & occurrat curvse in punftis a ttc\ 
ikicaiuir per idem punftum refta quaevis turvam 
fecans m pun^ D, E, F^ quasque reftis curvani 
li^ n ct ^ conttn^entibus occurrat ini ttm^ atqde 

af^mptotQ 
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afymptoto cruris infiniti in / ; & fi puo&a D, E^ 
ky m^ ly fint ad eafdem partes pun£ti P, punftum 

▼cro F ad contrarias, ^^^ p/ = ^ + ]^ — 

^ — jl — ^, ubi termini cujufvis fignum 

eft mutandunx quodes fegmentum ad oppofitas 
partes pun£ti P protenditur^ 

S^c{aiti2r ex 72^, I. tfr/. 9. eft eoim per hoc dieorema 

P*"^ P/^ Piw~PD"^PE PF* 
. ( 105. CtrJ. i« Si reda PD docatur per eoncurfiiai 
tangeniiiiin 0i ec cm^ Sc fumitur PM ae^pialis medio 
•bvmooico inter reOas PD, P£, PF, fecandam Jrt. alL 

erit ^ z= - — - — % adeoque 7 PM erit mtdiumhaF- 

tpomcum inter P/ et i Vi. Quod fi tangmtes ai et 
^m concurrant in ifb pundo M^ alympiocoa quoque 
per M tranfibit. 
fig. 47. . S io(. Carols 2. In cafu Pr^p. 19. ubi tres contadus 
funt in eadem reda linea & cres tangentes parallebe, fii- 
matur pundum P uc in Propofititnt 19. fitquie 41 Pc 
afy mpCPK) paraUela, occurrant akttim tai^ent^ redae 

PDin i ec w, eritque-^ ^ ^ + iT"' ^^* ^' aequalis 

r 

dimidio medii barmoDici inter Pi ec Pm. Quod fi tui- 
gentes akticm concurrant in eodem pundo redae PD, 

trie P/ = i Pii quooiam vero in Pnp, 19. p>=p - 
+ ^» ericPtf =:Pr. • 
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$ 107, Cn'J. 3. Idem dicendum eft de ctfu Pr$p. 20« />v j n 
u\n ores contaAus D, E, F, fuoc in eadem reSsl qus 
tmnfit per P cemruiD gravicatis triaoguli V T Z tangeo- 
tibus conteatt. Si autem altera redarum curvam in 
vel c contingentium (pofiu a?c afympcoto parallela) fit 
tcStx t)P paralleUy abibit Afymptotos in infinitum, erit- 
que crus parabblicum. ' 

§108. Corel. ^. lifdem pofids ac in Prfp. 21. ^Sit 
ePa afymptoto parallela, occurrant tangentes ai^ cm^ 

re€txVF inietmy eritque*- =^ + h"« Undo 

B curva diametnim habet, cum base neceflario tranfeat 
per pundhim duplex V, & per pundum curvae F ubi bUFsg. 52. 
lecatur tangens TFZ, fumatur ab F verfus V, FP=iF V, 
dttcatur cPa afymptoto parallela, & tai^ens at quae di^ 
metro occurrat in i, & ex altera parte pundi P fumatur^ 
fuper redlam P V« P/ = ^ Pi, & reda per / duOa ordi- 
natim applicatis parallela erit afymptotoa curvae. Si vera 
tangens tf i fit diametro parallela, erit cms cur vac generis 
parabolici. Propofitio Niwtoni de fegmentis refitae cu- 
jufvis tribus Afymptotis & curva terminatia facile fequi* 
tur ex Aru 4. ut ab aliis olim oftenfiim eft. 

• 

§ 109. Prop. XXIII. Ex punfto quovis T^Fit.KXl 
Line£ tertii Ordinis ducantur duas qusevis re£be 
DEI,D AB, quae curvae occurrant in pundtis E, I 
et A, B -, ducantur tangerites AK, BL, quae redae 
DE occurrant in K et L. Sit D G medium har- 
monicum inter Tegmenta DE, DI, ad curvam ter- 
minata, atque D H medium harmonicum inter 
Tegmenta D K, D L, ejufdem redlae tangentibus 
abfcifia. Sit D V medium geometricum inter 

DG 



/ 
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DGetDH» ducaturVQjmallfJttasgaitiDT* 
que ocoirrat ttdse DA in Qj & fi diculus ejuf^ 
dem curvaturae -cum Linea tertii Ord jnb propo* 
iita in pun£boD occurrat re^ D£ in R, erunt 
HG> Oy et 2DR continue praponioiudes. 

Nam per Tbnr. U. {Art. 15.) eft 5^^g=^ 

'^J5l PK DL'^FQ 5T!~ DGxDH 
3 ^ (qttooiam DV* = DG x D H 5^ imde QjT* 

= xHOxDK,ideo<]iie HGad QVm oy ad aDR. 

$110. C$nl.i. SutnatarigknrllriDredaDBcertii 
(iOpoitibn4» rcAia HO et4<lV, i&pqp«kfcidaib 
rc6be DE ad p«ahi« r farahit noBTnriftfi tii^ 
ad punfium D ia ceotro cifciiU afimlaam fireckciili 
ig'ttfdemcorvatttfiBOiwiUaqipiapofit^ 3j 

punOaEi I^ K^L, fine ad cafiloiii pairM .puo^ D pooo 
Ma r fiuMBdum eft ad ea&iein vd cotm^^rias pi^ 

dan piaiAi pnmcDHiB^oreftFcloiiQorquainDG, 
I. A prout CDfldiuinhannooicuin inter fcgmeoca DK, DL 
taofcptibus abfciffa majus eft vd minus medk> barmo- 
oico inter fqjinenta DE, DT, ad curvam termisata. 

$111. CmL 2. Si aogulus EDT blfecetyr reda DA> 
critQy = DV,ct2HGxDR = DV« = DGxDK, 
adeoque HG ad DG ucDH ad iDR. 

51 la. Cord, I. ReviilKatiirffeaaDAcrcpapoIufflD> 
man^ite xc£kk DB^ et HG, di£Ceieoda medionim har*^ 
fiiteieonim DH et DO^aqgebitur vd miMecur jn da- 
plicaii mioiie rodtt VQ* <^i^ ob dafju^ dxxdam 

drcuK 



tircuB ofcuktbHlDR, manet quantita^ ^-p, tpatt^- ' 

§111. C:W. 4. Si Cangeatiii^ AK erfi L alterai£^, . 
ut BL, fit'rcftae l>fi JwftBda, ducanmr OX^ 
ct KZ paraHete ttSm DT ramm to D cood^-^! 
genti, qus 1^ AB occiirranc ta X,^ Z; eritquo 

<?Xxgz: :^ j_ . 1 __£^ =«L -i 

DGxDKxDR " DE '^ Dl DK DG 

dk-dgTdT'^^ DR 

DG, &proiiidocritutaDK— DGadKZiciGXiid 
DR. Si Qnq^ AK tvadatqpoq^e ptnUdft rqA»D£ 
(quod in his %uris condogpre poteft) erit DG ad G^ 

utGX ad *DRi iwa to hcK cafii gg-^^^^=g^ 

tdcoque6ae^=r0Sx3l»: " ' 

§ 1 1 4. Cml 5. Si Tcfla D E fit afytnptDto pamllda; - 
adeoqiie cartSe defcuitat in mid panfto E prasttr ipEim 
D» fitque fimut tafigens BL ^jmpccxa^pmlUiA^ ducacis 
EY parallcta So^nd DT quad occurtat reSbxi i)A ki% 
critqucKEadKZutEYadDR* ^ " 

^115. Ctfr0/.'6. Si fit b punaufai fldcus cobtrarii^ ^ 
coiocidet jH^idum H cum G^ cvanefcente liaca HO, 
adeoqueevdUtDRiofiniteixia^a, i^#. curvatunini^ ' 
eft ad pun&um fiexus coDtrarii quam in circulo quaptutri-. 
vJBmagDo; ut alibi yioque Qftiariifnag^ tra£lacufi drflth; . 

^^i6. C0rol.7: SilVpiBatttB4ii9liK^ &Ai(|«q^A;f. 
tdto paraMda,8cptc ttft < m t eac VQ^KZ^ tangittaCT 
ftraUeiie toda^ D A in Q #K^ ^(fno wcmtt D¥ 
«^iDptdt» iB^Li iitfarDHiDottittlMmao^^ 

• SvPPUFigitrsm, 
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DK « DL, eritqiK aDH— DG ttl KZ at DL et Df^ 
ttque VH : HN : : VQ.: D R. Si reda DA bifecd 
angulum TDV, efit DR : DV : : DH : aVH. 

^/•5^. §117- Prop. XXIV. Sit D punftum quod- 
vis Lineae tertii Ordinis, occurrat tangdns ad D 
curvae in I, fitque DS diameter circuli ofcula- 
torii, quae curvae occurrat in A et B ; unde redae 
duftae. curvam contingcntes fecent DI in K et L ; 
fit DH mpdium harmonicum inter D K et DL, 
' & fumatur D V ad D I ut; D H ad diflFerentiani 
redlarum 2 D I et D H; eritque Variatio Curva- 
turae in verfe ut reftangulum SD x DV ; & junfta 
VS, variatio radii curvaturse ut tangens anguli 
PVS. 

Nam per Theer.lU. {4rt/tj.^. wriafio cunrttune eff 

DS^DK"'"DL DI"" DS^DH~M 
I 2DI-DH I , ,/ . . 

= D^^DiKW==Ds7DV- Vamaotutemra. 

DS 

dii Ofculatoril eft ut -— , adeoque ut tangens anguli 

DVS, per Art. 18. Parabola autemquae eandem habebic 
curvaturam & eandem variationero curvaturx cum Linca 
propofita, determinatur ut in Art. 19. 

jff!g^ 57. § '^9- ^^^' ^^ tangens B L fit tangenti ad D pa* 

* nllela, erit DV ad DI ut DK ad I K ; & fi utraque taok 

gentium AK, BL, fiat pairaUdaapGlTr, erit DV = DI, 

fii.^i* adeoque variatio curvaturse, inverftutDSx DL Quod 
fi m hoc cafu fit DTparallela afj^mptoto curvas^ eva-> 
nefcet variatio curvatune. Quemadmodum tgttur ev»- 

nefcic 
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nefcit rariatio curvit«rae in verticibiii apom iefttoaua 
coQiaurami'cft fimOiccr cvanefcit in vertidbas dime- 
trantm Linetnun cerdi Ordiois qine ad refioi angDlot 
Ofdioirim appUcatu bifecant; 

&IW. SuotaotemaUapIurinatlieoranttadetafl^ 
taw 6c curvatura LtDeanun tcctH Oidioii. Smc e.g^^ 
F ee G duo punda LinoB.tcrtii Ordinia iinde tangeoM 
AiteccMicununtincurYainA. nrodocatur FG dooee 
cumaoccunraciDH. SttTACtaiq^adpiiaaiuaA» 
gc confHtuatur angulus FANsGATadconuanai 
partes Kdarom FA»GA, (ecetque AN re6taoi FG ta 14. 
Et fi circoU o(ailatom occunuot refix F G 10 Bet i^ 
critGBadFiucfeaaDgulumNFHadNGR Sk 
CDim pmiAa tf ipfi A quamproidiDum, ff^^gooBbk f^t*K 
ipGf FyG,Hy quamproxima, eritque AFtf : FQf :: GF* 
FB. FG/(=:HG4):HFi»::FH:Ga mb(^ 
6F/) : AGdr : : ^G : GF; undo AFtf : AGtf :: FHx 
iG:FBxGH::GN:FNii]iideFB:G#::MFH: 
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IRR AtL 
>AGEt7. lintz. fcrH^r. ?i2. p. 2f . t i. 

Z IX 

draw a Lir.e, qt rinculum, over ^^ — . p. 49. before Im 

general wxitM §54. p. 61. 1.2. fcf ^j^^ read 



IM 



p« 87. 1. 14, read — . p, 88. i. 14. (opply 8. p. 

til. 1. 8. after £^', aSd-f-^^ p. 1 2 7. ]. laft but two 
f.M^f. p, 148. I. i6. r. — 49*. p. 194. 1.2. r. ) 24.* 
0.227. ].«//. r- as are. p» 238. 1. i. lor Uieft r< tiips^ 
p. 2 JO. l.fiMilt. for — 4j*» r. — tf*Af. p. 267. fc 2j. fcr 
4^, ?• 4^*. p. 283. !. 7. r. dividmgby ch^. 

Id a p p e k d I c k. 
P. so. I. ult. pro Art. 27. lege Art. 28. p. 32. L i6. 

pio P ct G, lege G et F. p. 33. L i; pco Z. kge 

*• P< 34* 1* 23. pro Art. 14. lege Art. 15. p. 36: 
1. s. pro £ Z lege £L Z. p. 39. I. 20. pro propriecatt^ 
lege proprietas. / P* 43- !• 9- pro Art. 75. lege Arc 77* 
p. 4g. L I ;• pro ^ lege b. 

The Subscribers te 

J*^. MACLAURINVViEW of Sir Isaac 
Nkwton'j Philosophical l^iscovs&iESf 
will be f leafed U take Notia^ 

THAT this Wo a K (which vvias premifea at Chrifi- 
mafs laft, bat delayed by anaroidable Accidents) is 
ftow in the PreS, and will be fini(hed in May next. They 
aiCy therefore, defired to fend in their Names to C. D^ndii 
Selhrfti A. Miliar and J. Noar/e, ovcr-againft Catke- 
rem-ftrnt in the Strand i J. WbifUn, Fkttftrtet ; 7 . Fiet- 
^er^OTferdi Tburlboume^ GambriJge% J Leake^ Baiit 
HiUfard^ Tvrk ; M, Brfftn, NdWcaJiL ; G. Hamiifv ited 
7. BalfiMr, A. Kincaid, Edinburgh y J Barry, Gla/g^i 
fsrptiar, Aberdeen ; .7. ^^itb, Dmblih: In whoft Hands 
% SpaciMtN of tJ^ Edition is to brfeen^ and by whom 
Itasca I PT ION ft are taken in.' 

N. B. All Mr. MaclauHinS MMthemdiical and Pbi- 
lefepbical Papers were, hy his WilU l^ft in the Handt 
. «^Martin F'olkci, E/q; freftdent of the Royal Society 1 
Andrew Mitchcl, Efq\ tsnd the Re^'trenJ ^fr. Hill. 
Chaplain toHu Gkacz the Archbijbcp p/ Canterbury, 
Bv luhofe Atpoiatrntnt and DireBien this ITerk it ptb* 
UJbtd. 

f ' . AUG 1 ... Ibid 
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